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PREFACE. 


SOME justification is perhaps necessary for the appearance of 
another treatise on Electricity and Magnetism, in view of the 
numerous ones already existing in English. This book is the 
result of a demand encountered in my own experience in teaching, 
and is based upon various courses of lectures that I have delivered 
at Clark University, during the last six years. The classical treatise 
of Maxwell, which must always remain as a point of departure 
for the modern treatment of the subject, is ill adapted to the 
purpose of a text-book. To ask a student to attempt to assimilate 
the contents of the two volumes of Maxwell im a year, or even 
in two years, is only to expose him to the severest pangs of mental 
indigestion. Again, Maxwell’s own views are there presented by 
him with not the greatest clearness, while severe demands are 
made upon the student’s mathematical attamments. The excel- 
lent treatises of Mascart and Joubert and of Watson and Burbury 
- follow Maxwell with considerable closeness. Professor Gray’s 
admirable treatise, though containing much recent matter, suffers 
under the disadvantage of being in three volumes, while the very 
convenient little book of Mr Emtage is somewhat restricted in 
scope. Professor J. J. Thomson’s altogether delightful Elements 
of the Mathematical Theory, which appeared when the present 
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book was nearly ready for the press, while extremely modern as well 
as clear, is addressed to a somewhat different class of students 
from that contemplated in writing the present book. 

The theoretical writings of Hertz, Heaviside, Cohn and others 
have resulted in the systematization of Maxwell’s theory and have 
made possible improvements in the mode of its presentation and 
nomenclature not contemplated by him. The extremely important 
and original contributions of Mr Oliver Heaviside are unfortunately 
but little adapted to the use of the student on account of their 
very voluminous character as a whole, as well as of an extreme 
conciseness of expression in individual parts. The few brilliant 
chapters on theoretical matters left by Hertz are hardly by way 
of exposition, but rather of a summing up of the conclusions of 
the theory. 

It has been my aim in the preparation of this volume to 
present to the student the results of the theory as it stands to- 
day after the labors of Faraday, Maxwell, Helmholtz, Hertz and 
Heaviside. Here it may be convenient to state what I consider 
to be the essentials of Maxwell’s theory as distinguished from 
the old theories. To this question may very well be made the 
answer of Hertz: “ Maxwell’s theory is Maxwell’s system of equa- 
tions.” But to specify more fully the points of difference, they are 
in the opinion of the writer: 

1°. The localization of the energy in the medium. 

2°. The magnetic action of displacement currents. 

While starting from the standpoint of Energy, I have not 
thought it advisable to abolish the usual terms repugnant to so 
_ many writers, who assuming the attitude of Maxwellians par 
excellence, deny the existence of Electricity. Maxwell himself 
was not one of these. Feeling that the consideration of the 
Newtonian Potential Function is indispensable, not only for the 
old theory of action at a distance, but for the modern theory, and 
in addition that it introduces the student to many of the methods 


that he will need in various branches of mathematical physics, I 
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have prefixed to the treatment of Electricity a rather complete 
treatment of the Potential by itself, including the properties of 
polarized distributions. It has been the custom of English writers 
to include chapters on the Potential in works on Analytical Statics, 
as in the cases of the admirable treatises of Routh and Minchin. 
It will probably be admitted, however, that the inclusion of this 
subject in a treatise mainly devoted to the consideration of rods, 
strings, and billiard balls is no more appropriate than in one 
devoted to Electricity and is less likely to attract the student of 
the latter. 

It is unfortunately the case that graduates of our American 
colleges are as a rule insufficiently prepared in the departments 
of mathematics necessary in approaching the subject of mathe- 
matical physics. In fact, I know of but three text-books on the 
Calculus in English, those of Greenhill, Williamson and Byerly, 
that give a treatment of Green’s Theorem. I have therefore 
considered it expedient to prefix a mathematical introduction 
giving a short treatment of the important subjects of Definite 
Integrals and of the Theory of Functions of a Complex Variable, 
indispensable to a study of the Potential Function. For the same 
reason, I have included a treatment of the fundamental principles 
of Mechanics ab initio, including the deduction of the Principle of 
Energy, Hamilton’s Principle, and Lagrange’s Equations of Motion. 
I have followed the example of Boltzmann in making the deduction 
of the equations of the Electromagnetic Field depend on Hamilton’s 
Principle by means of the properties of Helmholtz’s Cyclic Systems, 
the treatment of which is here added. These chapters are ex- 
tracted from my lectures on Dynamics. In this manner it has 
come about that the book is nearly half finished before the word 
electricity is mentioned. This may be objectionable to some 
persons, but I consider it of great importance that the student 
should be well supplied with tools and practised in their use 
before he is called upon to use them on a new and unfamiliar 
subject. The physical difficulties connected with electricity are 
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great enough without being mixed up with mathematical ones. 
It is also a pity to have the student get the idea that certain 
theorems pertain to electricity, when they really are simply 
matters of geometry or analysis. I have whenever possible at- 
tempted to bring out the geometrical or physical nature of the 
processes involved before coming to the electrical application. 
Thus these introductory chapters may serve as a sort of general 
introduction to Mathematical Physics. 

After a treatment of the problem of Electrostatics in a single 
medium by means of the Principle of Virtual Work the usual 
methods of attacking electrostatic problems are treated. These 
chapters pertain to either the new or the old theory. I have 
then inserted the chapter on Electrokinetics, somewhat out of its 
natural order, in order to bring out the geometrical ideas involved 
in the so-called Law of Ohm. Of these application is made in 
the treatment of Dielectrics and Magnetizable Bodies, which is 
carried out in such a manner as to show the close parallelism 
between the two classes of phenomena there treated, a point not 
always insisted on by Maxwell, but clearly brought out by Hertz 
and Heaviside. On account of this the symmetrical notation of 
Hertz is adopted in preference to that of Maxwell. I have 
however kept the term induction used by Maxwell for magnetism 
alone, instead of the term polarization used by Hertz, which I 
have used in the more usual sense of moment of unit volume. I 
regret not having been able to respond to the appeal made by 
Boltzmann to future writers to follow Maxwell’s notation. I feel 
that it is more important to have a good notation than a familiar 
one, and that it is a first essential of a good notation that it 
should be symmetrical. The indiscriminate mixture of Greek, 
Roman and German letters used by Maxwell is as unfortunate 
as the dissymmetry with respect to electrical and magnetic 
phenomena. 

It is hardly necessary to say that vector methods have been 
used throughout, although the abbreviated notation of Hamilton 
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and Heaviside has been little used. It is easy to lay so much 
stress on symbolism that the student loses sight of the real sim- 
plicity of the method. In order, however, to show its extreme 
utility, particularly in connection with the operator V, the essen- 
tials of the quaternion notation have been explained in the first 
chapter. 

As the aim of the book has been to present an introduction 
to the mathematical theory of electricity, little or no reference 
has been made to experimental methods—in fact it seems that 
such subjects as standard cells, dynamos, or galvanometers should 
be treated in a separate work, and I have no desire to add to the 
large number of such already existing. At the same time it is 
hoped that the principles involved in the various modes of mea- 
surement are all herein contained. 

The figures with which the book is illustrated, while but a few 
of them are new, have in no case been copied from existing 
figures, but have been, if necessary, recalculated, and in every case 
redrawn on a large scale and photographed down to the required 
size. For the amqunt of labor here involved I am under great 
obligations to Messrs W. P. Boynton and T. W. Edmondson, 
fellows of Clark University, who have undertaken the whole 
matter. As the proof has been read only by the author, it is 
probable that a certain number of errors have crept in, which it 
is hoped may be excused. 

In conclusion my aim has been to present a brief, connected 
treatise embodying the essential points of the theory and suitable 
for assimilation by the student in a period of time not exceeding 
a year. To this end I have considered only the usual methods of 
_ treating the various subjects, and included enough examples to 
illustrate their working, and no more. If it be considered that 
unnecessary matter has been included it may be replied that this 
may easily be omitted, and that it is safer to include too much 
than to make unwarrantable assumptions regarding the know- 


ledge possessed by the student. If the book shall succeed in 
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clearing up some of the difficulties generally encountered by the 
student and in inducing him to read the classical writings of 
Maxwell, Helmholtz, Hertz and Heaviside the object of its author 


will have been achieved. 


A. G. WEBSTER. 


WoRcESTER, Mass., 
Dec. 23, 1896. 
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ERRATUM. 


Page 140, lines 12 and 18, for revolution read translation. 


MATHEMATICAL INTRODUCTION. 


CHAPTER I. 
NUMBER. 


1. Rationals and Irrationals. The primary objects of 
study in Arithmetic are the natural numbers or ‘integers, 1, 2, 3,... 
forming an unlimited sequence. Of these any two a and b may 
be added together, and we find the fundamental law that 


a+b=b+<a. 


This is known as the commutative law. For more than two 
numbers, we find that 
(a+ b)+c=a+(b+c). 
This is known as the associative law. Any two numbers may be 
multiplied together, and we find that multiplication is subject to 
the commutative law, 
ab = ba, 
to the associative law, 
(ab) c =a (bc), 
and in addition to the distributive law, 
a(b+c)=ab+ace. 


Defining the operation of subtraction as the inverse of addition, 
so that c is defined as the result of subtracting b from a if b added 
to ¢ will give a, we find that the operation of subtraction is pos- 
sible only if a is greater than b. We are thus led to extend our 
definition of numbers in such a way as to call that to which } 

- must be added in order to give a, a number, in the case where a is 
Pg than 6. We are thus led to the conception of the negative 
=. 5. 1 
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integers, which we can add, multiply, and subtract according to the 
same laws as the natural numbers. 


Defining the operation of division as the inverse of multiplica- 
tion, so that a divided by 6 is c, if c multiplied by b will give a, 
we find that the operation can be performed only when b is a factor 
of a. We are thus again led to extend our definition of numbers 
so as to call that which, being multiplied by 6, will give a, even 
when b is not a factor of a, a number. We are thus led to the con- 
ception of fractions, which may be operated upon like the positive 
and negative integers. Every fraction is of the form m/n where 
m and ” are positive or negative integers. This system of 
numbers suffices for all the ordinary operations of arithmetic, 
including the solution of equations of the first degree. 


Any number may be raised to any power, the process being 
known as involution. If we define evolution, or the operation of 
taking a root, as the inverse of involution, so that the bth root of 
a is c whenc’=a, we find that the operation can be performed 
only when a is one of the series of numbers, 


If we further extend our definition of number, so that that 
which raised to the bth power will give a, even in the contrary 
case, we are led to the conception of rational numbers. No 
irrational number can be expressed as the quotient of two integers, 
though for any given irrational a we can always find two integers 
such that their quotient differs from a by an amount that is as 
small as we please. In symbols, if ¢ is any given positive number 
as small as we please, we can always find m and n so that 


m 
——a 
n 


<G, 


By |a| is meant the absolute, or arithmetical value of a, irre- 
spective of sign. E.g., the square root of 2 is an irrational, but 
the rules for the extraction of square roots enable us to find a 
value that differs from it by as little as we please. The ordinary 


theory of enumeration shows that we can express any rational — 


_ number in terms of any integer, b, called the base, as the sum of a 


definite number of terms, each of which is the product of some — 


integer less than b by some power of b with positive or negative 
exponent, or else as the limit of a sum of such terms, where as the 
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exponents of the negative powers increase regularly in absolute 
value, from a certain term on the coefficients are all obtained by 
the repetition of a certain definite group : 


@ =Anb" + An, 0714+... +a) +a,+0_,b7+ a,b? +...44 4b, 


e.g. = = 310° + 2:107, 
61 - ce 
am LOT OL0%+- 1105 + 6:10 + 61078 +... 00 


No irrational number can be so expressed, though by taking a 
sufficient number of terms we may obtain a number differing from 
the given irrational by as little as we please. The coefficients in 
this case never repeat indefinitely. Since irrationals can not be 
expressed by means of a finite number of terms each of which is 
rational, they are defined by their properties, or as the limit 
approached by an infinite sequence of rational numbers. 


2. Limits. If we have a sequence of rational numbers, 
Mh, Uz, M3, -.., following each other according to a given law, and 
can find a number A, possessing the property that, corresponding 
to any arbitrarily given positive number ¢ however small, we can 
find a number pu such that for all values of n greater than p, 


|dn—A|<e, n> pM, 
then A is called the limit of the sequence. 


E.g. the sequence 


i! pie Paseo 
a@=1+=+- Op teeeee 


1 uf 
a =1, t=1+5, =1t Ane S 


a 4 
has the limit 2, a rational number. 


The necessary and sufficient condition for the existence of a 
limit is that when e is arbitrarily given, we can find a number » 
such that for all integral values of n greater than yp, and for any 

positive integral value of p, 


| on — Antp | < & 


If the latter condition is fulfilled, even though the sequence 
has no rational limit, the sequence has a limit, which defines an 


irrational number. 
1—2 
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The sequence 


1 ie PACU ES 
a,=1, =1+ 5, os s=lt5ta, % weltgtagtz, gas 
does not fulfil the above condition, for 
| Qn — On+-p ere pera Tt me Ti nip yh 


which cannot be made as small as we please, for all values of , no 
matter how great n be taken. 


On the other hand, the sequence 


mal malts, u=l+p a tps 3° 
a=1+ lL + - aap d > ends 
1.2: 1,2..3 jel i2aee 
does satisfy the condition, for 
1 
Mat Ont = 152, 8). 
l+s5texperpte ; ' 
nm+2  (n+2)(n+8) (n+2)...... (n+p) 
1 1 1 1 
Bie soot ailta taut he eee 
“rastorstt ate t-sta) 
Leh aca n+1 (n+ 2)? n+2 
i (n + 2) 


which is less than ¢ as soon as n is taken greater than 1/e. 


This sequence defines the irrational known as e, the natural 
logarithmic base, which is not the root of any algebraic equation 
with rational coefficients. The class of irrationals is in fact much - 
larger than the class of algebraic irrationals, which led to their 
inclusion in the number-system. 


3. Complex Numbers. The system composed of the rational — 
and irrational, forming together the real numbers, is still not suffi- 
cient for the solution of algebraic equations. For consider the 
simple equation 

e+i1l=0. 
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Since even powers of all real numbers are positive, there is no 
real number that has a square equal to—1. If we further extend 
the idea of numbers, so as to call that a number whose square is 
— 1, we have a means of satisfying the equation. If we denote the 
new number by 2, defined by the equation 7? = —1, we may multiply 
it by any real number, positive or negative, integral, fractional, or 
irrational, and thus get a class of new numbers, known as pure 
imaginary numbers. Evidently no imaginary number is equal to 
a real number, for the quotient of two real numbers is always real. 


If we consider the sum of a real and an imaginary number, we 
arrive at the conception of a complex number (in the narrow 
sense). ‘Two complex numbers are equal when their real parts are 
equal and their imaginary parts also. Any equation containing 
complex numbers is accordingly equivalent to two equations con- 
taining only real numbers. In particular the equation 

a+ bi =0, 
where a and Db are real, is equivalent to the two, 
a=0 and b=0. 


A complex number vanishes only when its real and imaginary 
parts both vanish. 


4. Complex Numbers in the Extended Sense. As we 
have formed numbers by multiplying the real and imaginary units 
1 and 7 by all real numbers and forming sums therefrom, so we 
may still further extend the notion of numbers to include sums of 
terms each formed by multiplying any number n of different units 
by real numbers. Such numbers are complex numbers in the 
extended sense, a number involving n units e, being an n-fold 
number. The units may have any properties by which we wish to 
define them. If they are all independent of one another, it is 
obvious that two complex numbers are equal only when composed 
of the same number of each unit ¢,, so that any equation contain- 
_ ing all the units is equivalent to n equations containing only real 
numbers. In particular, a complex number 

C= O16, Obs cane. + Gnen, 
vanishes only when the coefficient a, of each unit e, is zero. 


Two complex quantities satisfy the associative and commuta- 
tive laws with respect to addition, and accordingly the sum of 


DAO, + Ages v.02. + Gye, and b= 616, + Bola «+--+: + Brnén 
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is defined as 
a+b=(a4+ By) e+ (42+ Bo) Go «0.0. + (G+ Bn) en- 
With respect to multiplication, the units are commutative with 
respect to real numbers: 
abe,ce, = ae,bce, = abce,e, = e,e,abe, ete. 
The associative and distributive principles also hold, so that 
(dey) €s= a (€,€,) and either a (e, + €s) = ae; + es, 
or Cy (Cs + Ct) = Crs + Cr Ot: 


We may accordingly define the multiplication of any two com- 
plex numbers 


(1D CHa BCE ane + Gn€n) (Bie: + Boo +--+ + Bren) 
= a8," + A, Bol1€. a eeeee oh a, Bn@en + 29 ,62€, + Ar [32€2" + eeeeee 


It will be convenient to consider a system of units of such a 
nature that imstead of the commutative property with respect to 
multiplication we have e,e;=— e@e, where r and s are different, and 
for any r, e?=—1. 


If we consider a set of three units, each possessing the above 
properties, and in addition the property that the product of any 
two taken in cyclic order is equal to the third, we have the system 
proposed by Hamilton, and denoted by him by the letters 7, j, k. 
Accordingly by definition | 


ij=—jish, jh=—hj =i, ki=-th aj. 


Multiplying each equation by the first unit appearing in it, and 
observing the associative law, we have 


ij =0j =—- Hi =- (i =—hi=-j, 


pte Ke a 9) c= AGH) a Nee 
kki =k = — kik = — (kt) k= —jk =—1, 

necessitating 

PaP=h=—1, 


Even powers of the three units are real, and equal even powers 
are equal, while odd powers of any unit are equal to real multiples 
of itself, and equal odd powers of different units are not equal. 
The product of two threefold complex numbers of this system, a 
and b, 
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(ai + Bj + yh) (at + BY + o/b) = a0’? + BBP + yy'k? + aB'yj + Ba'ji 
+ Bygk + Bj + yolki + ar/tk = — (aa’ + BB’ + yr’) 

+ (By — 8") t+ (yal — ar’) + (a8! — Ba’) k, 

is accordingly equal to a real number plus a complex number of 
the same system, and this may be considered as a fourfold complex 
number compounded of the units 1,7, 7,4. Such a fourfold number 
was called by Hamilton a Quaternion. We shall in this book 


seldom need the fourfold number, but shall frequently use the 
threefold one. 


5. Geometrical Representation of Numbers. ‘The 
natural numbers may be represented by an unlimited series of 
points laid off at equal distances along a straight line. If we take 
a certain point to represent zero, the positive integers will le on 
one side of it and the negative on the other. Points between the 
integer points will represent fractions and irrationals, and to every 
real number will correspond a point. For any rational number we 
may find others lying as near it as we please, and as we have 
already stated, for any irrational we may find rational numbers 
lying as near it as we please. It may be shown, however, that 
between any two rational numbers, however close together, there 
can always be found an irrational, consequently the rational 
numbers do not form a continuous series. It may be shown that 
every point on the line corresponds to either a rational or an 
irrational number, so that the whole series of real numbers is 
continuous. Quantities which, like the real numbers, require for 
their specification but a single given quantity, which may take 
any of an unlimited series of values, are said to have one degree 
of freedom. It is also said that there is a single infinity of such 
quantities. 

Complex quantities in the narrow sense, involving two 
different units, 1 and 7, cannot be represented by points on a line. 
If however we lay off the real numbers on a straight line, we may 
lay off the pure imaginary numbers on a line at right angles with 
it through the point representing zero. The point 7 is to be taken 
at the same distance from zero on this line that the point 1 is on 
the other line. The two lines are called respectively the axes of 
reals and of pure imaginaries, or the axes of X and Y. Any 
complex number a =a + 87 may now be represented by a point in 
the plane whose rectangular # and y coordinates are respectively a 
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and 8. Whatever the values of a and 8 we may always find a 
corresponding point, and to every point in the plane there corre- 
sponds a single complex number, including the real and pure 
imaginary numbers as particular cases. As each of the real 
numbers « and 8 may independently assume the value of any of 
the single infinity of real numbers, there is said to be a double 
infinity of complex numbers, or a complex number has two degrees 
of freedom. The distance of the representative point from the 
origin is called the modulus of the complex quantity and denoted 
by |a|=+¥Ve2?+? since it includes as a particular case the 
absolute value of a real number. The angle that the radius vector 
from the origin makes with the X-axis is called the argument of 
the number. This representation of complex numbers in the plane 


was proposed by Argand and Gauss*. 


The threefold complex quantity a=ar+@j+ yk, not being 
capable of representation in a plane, may in a similar manner be 
represented in space. If we take three mutually perpendicular 
axes, points at equal distances from their intersection will repre- 
sent the three units 7, j,k. Multiples of these by real numbers 
will be represented by points on the axes of X, Y and Z, and any 
complex number at+§j+yk may be represented by a point 
having the rectangular «, y and z coordinates a, 8, y. For every 
complex number we may find a point, and to every point there 
corresponds a complex number. As each of the real coefficients 
a, 8, y may independently assume any of a single infinity of values, 
the complex number has three degrees of freedom, or there is a 
triple infinity of such complex numbers. The distance of the 
representative point from the origin was called by Hamilton the 
tensor of the complex number. We may apply the term modulus 
to the tensor, and use the symbol 


| a |=+ Ja? + 6? +9. 


In this book the arrangement of the axes of X, Y, Z will 
always be such that the motion of a right-handed screw along the 
axis of X will turn the Y axis toward the Z axis. This will be 
called right-handed cyclic order, Fig. 1. 


* Argand, Essai sur une maniére de représenter les quantités ek dans 
les constructions géométriques, Paris, 1806. 

Gauss, ‘‘ Theoria residuorum biquadraticorum, commentatio seounda. ” Werke, 
Bd. 11., p. 169. 
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6. Geometric Addition. Instead of the point representing 
the complex number a2 + 8j + yk, we may fix our attention upon 


Z 
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the line drawn from the origin to the representative point. This 
line is a geometrical magnitude, which is completely specified only 
when its direction as well as its length is given. Such quantities 
are called vectors, the name arising from the significance of the 
operation of carrying a point from one end of the line to the other. 
Quantities which do not involve the idea of direction, and are 
completely specified by a single number, are distinguished by the 
name scalars, the name arising from the possibility of their repre- 
sentation upon a linear scale*. To specify the direction of a vector 
we must give two angular coordinates, which together with its 
length make three data. We may otherwise specify the vector 
symmetrically by giving its projections on three given mutually 
perpendicular axes. By projection on, resolved part or component 
along a line, we mean the product of the length of the vector by 
the cosine of the angle included between the direction of the 
vector and the positive direction of the line. If the angle is acute, 
the projection is positive, if obtuse, negative. In particular the 
projections of the vector on the axes of 7, 7, k, are the coefficients 
of 7, 7, k, in the representation of the vector by the complex 
number. It follows from the definition of addition of complex 
numbers that to add two vectors means to find a vector whose 
components are the sums of the corresponding components of the 
_ two given vectors. This vector may be described geometrically as 


* Tf real, Complex scalars may also be used. 
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the diagonal of the parallelogram formed from the two given 
vectors as sides, or as given by applying the initial point of the 
second vector to the terminal point of the first, and constructing a 
new vector joining the initial point of the first to the terminal 
point of the second. Either of these geometrical processes shows 
that the addition of vectors is commutative. The addition of 
vectors in this manner is known as geometrical addition. When 
such geometrical addition of vectors is meant, as distinguished 
from arithmetical addition of their tensors, we shall denote the 
quantities to be considered as vectors by placing a bar over the 
quantity otherwise used for the tensor; e.g. the equations 


R= Xit+ Yj+ Zk, 
R=|R\=J/X? + VY? + Z, 


are examples of vector and scalar equations respectively. 


7. Geometric Multiplication. As we have seen in § 4, 

by direct multiplication, the product of the two vectors 
R,=Xi4+Vij+Zk and R,= Xh+ Vej+Zk 
is —(X,X,4+ VYiY,+ 4,2.) +(V,2,—Z,Y,.) 4 
+ (ZX, — X,Z,)9 +(XiY.— YX.) k. 
Of this the scalar part 
— (X,X,+ YiY,+2,Z,) 

has an important geometrical meaning. The direction cosines of 


the vector R being denoted by cos (Kz), cos (Ry), cos (Rz), we have 
by the definition of the projections of R, 


X= EK cos( hz), Y= i cos (ity) Z = ie cos Gig 
Consequently, 
X,X,+ ViY,+ 7,2,= RR, {cos (R,x) cos (2,2) 
+ cos (R,y) cos (R.y) + cos (fz) cos (2,2)}. 
The factor in the brackets is equal to the cosine of the angle 


between the directions of R, and R,. Consequently the scalar 
part of the product of the vectors R, and R,, or the scalar product 


of the two vectors, which will be denoted by the notation SR,R, is 
equal to minus the product of the tensor of either multiplied by | 
the projection of the other on its own direction 


SR,R, = — R,R, cos (R,R,). 
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In order to avoid the inconvenience of the negative sign in 
this, Hamilton’s notation, we shall call the negative of the scalar 


product the geometric product and denote it by lel so that 
(1) ba? X.Y, + Y,Y; 42,2, = R,R, cos (R,R,). 
If two vectors are perpendicular, their scalar product is zero. 
The vector part R, of the product R,R,, or the vector product, 
which will be denoted by the symbol VR,R,, has the components 
oe ),7,— 7,Y,, Y,=27,X,—X,Z,, Z,= X,Y, — YX. 


It is to be noticed that the suffixes 1, 2, 3, appear in cyclic order, 
as do the letters in the terms on the left and the first terms on the 
right. If we multiply these equations by the corresponding com- 
ponents of either R, or R,, we get identically, 


eS 
(3) RR; = X,X;+ ViY,+ 7,2; = 0) 


TN 
Tglis= A545 + Y5),+ 2,4,= 0, 


showing that the vector product is perpendicular to each of the 
vectors involved. Squaring and adding the equations (2), we get 


Re = DG a Vis = “3 — ¥? 73 Je Le Y2 ane Zax? ae n.€ Vis 
ae y.€;, Ve zi Vix 
— 2(V,Y.2,2,+ 7,2,X,X,+ X,X,V,Y,) 


=(X2+ V2 +22) (X2+ V2+ Z2)— (X,X24 VY, + AZ) 
= R2R2(1 — cos? (R,R,)) = R2R? sin? (R,R,), 

so that 

(4) R, =| VR,R,|= B,R, sin (R,R.). 


The vector product of two vectors is accordingly perpendicular 
to their plane and its tensor is equal to the product of their 
tensors and the sine of their included angle, or geometrically, to 
_ the area of the parallelogram having them as sides. 


The equations (1) and (2) show that 


RR a RR, VR, R, =— VA,R,. 
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The vector product of two vectors is drawn with respect to 
their plane in such a manner that 
the rotation of a right-handed screw 
advancing in the direction of the 


VRiRe 


R 
, vector product would turn the first 
\ vector towards the second, as is seen 
Ap by making the two vectors coincide 
Fie. 2. 


with two of the unit vectors 2, j, k. 
If two vectors are parallel, their vector product is zero. The 
vector and scalar products of two vectors cannot vanish simul- 
taneously unless the tensor of one of the vectors vanishes. 


Nore. Although the above consideration of vectors has been 
inserted for the sake of logical connection, we shall seldom make 
use of the conception of a vector as a complex number, and when 
the term complex number is made use of we shall mean a complex 
number in the narrow sense. We shall frequently use the terms 
vector, scalar product and vector product, the latter being defined 
by the equations (1) and (2) above. 


CHAPTER II. 
VARIABLES AND FUNCTIONS. 


8. Functions. A real quantity is said to vary continuously 
between two values a and b if it assumes successively all real 
values, rational and irrational, comprised in the interval between 
and including the values a and b. The notion of continuity was 
arrived at by considering the motion of a point which at successive 
instants of time occupies the positions of all the points between 
those representing a and b, and by the nature of motion cannot 
omit any intermediate value. 


A quantity y is said to be a function of a variable x, in an 
interval from a to, b, if for every value that w may take in the 
interval ab, there is assigned a definite value of y. A function 
defined in this somewhat restricted manner is called wniform, or 
one-valued. We may extend the definition so that for each value 
of w, y may have several values, in which case it is said to bea 
multiform, or many-valued function of x This definition, due to 
Dirichlet, is independent of the question whether we can find an 
analytic expression for the value of y in terms of w or not. For 
example the analytic expressions 


(1) Oy Hy @ + Agl® + 0.00. Ant”, 

(2) Sar eee 

G3) Jo=a, } 

(4) @altoto+ot are : 

(5) goatee et canoe : 


14 VARIABLES AND FUNCTIONS. [INT. II. 


: GP 

(6) SIN @ = & — ot aya vere ; 
Sates baste ie 

(7) BT i Ol ae Ee : 


are all functions of # in any interval from a to b, where a and b are 
both positive or negative finite numbers different from zero. Of 
these the first three are examples of the class called algebraic 
functions, or such as are defined by an algebraic equation between 
z and y. An algebraic equation is one in which only a finite 
number of powers with finite integral exponents and products of 
such powers of the variables appear. All other functions are called 
transcendental, and the last four above are examples of such. All 
the above are uniform functions, except (3), which has two values, 
one of which is the negative of the other. A function such as (1) 
is called a polynomial, or a rational entire or integral function. <A 
function such as (2), or the quotient of any two polynomials, is 
called a rational fractional function. (3) is an example of algebraic 
irrational functions. (4) and (6), being defined by convergent 
infinite series of positive powers of w, are called integral trans- 
cendental functions, and the quotient of two such is called a 
fractional transcendental function. The distinction between 
rational and transcendental functions is similar to that between 
rational and irrational real numbers, depending on the matter 
of finiteness or infinity in the method of specification. 


A uniform, continuous, integral, rational or transcendental 
function is called holomorphic. 


A function taking the value 1 from the value «= 0, inclusive, 
to = 1/2, exclusive, the value 2 from #=1/2, inclusive, to «= 3/4, 
exclusive, the value 3 from « = 3/4, inclusive, to # = 7/8, exclusive, 
etc, and a function defined as taking the value 1 for all rational 
points, and 2 for all irrational points, would be, the first difficult, 
the second probably impossible to define by analytic expressions. 
The former, being perfectly defined for every real value of # from 
zero to 1, excluding the latter, satisfies the definition of a function 
in that interval, while the latter satisfies it in any interval, 


9. Limit of a Function. If y=/(«) is a function of the — 
continuous variable « in a certain interval including the value =a, 


and if there exists a number A having the property that to any 


8, 9] VARIABLES AND FUNCTIONS, 15 


positive number e, however small, there may be found a corre- 
sponding number 6 such that for all values of h of absolute value 
less than 6, 


| f(ath)—A|<e, [h| <6, 


then the function is said to approach or converge to the limit A 
in the neighbourhood of the point z= a. This will be denoted by 
the equation 


lim f(x) = A. 


The necessary and sufficient condition for the existence of a limit 
at a is that 


| fat+h)—f(ath’) |<e, 
iia O emilee leo, 


where e, 6 have the same significations as before, and h and h’ are 
any values whose absolute values are less than 6. If the above 
condition is satisfied only when / and h’ are positive, the function 
is said to approach the limit on the right of a,if when h and h’ are 
both negative, on the left. A function may approach different 
limits on the two sides of a point. Itis not necessary that a function 
should be varying always in the same sense in order to approach a 
limit, e.g. the function 

y= asin &, 


which alternately increases and decreases, approaches the value 
zero as a limit in the neighbourhood of z=0, The function 


ag 
approaches the limit zero on the right of «=0, but not on 
the left. 


B|H 


The function 


Syne 
agen 


does not approach any limit whatever in the neighbourhood of 
« =0, for in any interval, however small, from 

= etd to #= wae } 

~ (4n+1)7r ~ (4n +3) a’ 


where n is any integer, however great, the function takes all 
values from 1 to — 1, 


x 
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If a function does not approach any limiting value for a 
certain value of the variable, it must be otherwise defined for such 
a point; e.g. we may assign to the function defined at all points 


except 2 =0 by the analytical expression sin = any arbitrary value 


for the point «=0. The function will then be completely de- 
fined. 


A quantity that approaches the limit zero is called an m- 
jinitesimal. 


If y is a function of « defined in an interval a to b, where b is 
as large as we please, a number possessing the property that, when 
M is a given number as large as we please, 


| f(a) —A | <e, o> M, 
for all values of # greater than MV, is said to be the limit of y as 
increases indefinitely or, briefly, as # approaches infinity. This is 
denoted as follows : 


lim f(#) =A; 


ub 
eg. lim 62 = 1. 


e=0 
If in the above definition, we change VM to a negative number 
whose absolute value is as great as we please, and consider all 
values of # less than M, we say that A is the limit as w approaches 
minus infinity. 


If in the neighbourhood of a point «=a, when M is any number 
as great as we please, we can find a corresponding number 6 such 
that for all values of h, whose absolute value is less than 6, 


| f(at+h) | >, [ele o; 


then y is said to become infinite for =a. If,as above, we change 
the definition so that y is less than any negative number, y is said 
to become negatively infinite, or 


lim f(#)=— 0. 
The function 
iP: om 
y => ie sin 7 


fails to approach any limit, finite or infinite, in the neighbourhood 
of the point #=0, by reason of its continued oscillation between 
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greater and greater positive and negative values in any interval, 
however small, including zero. 


10. Continuity of Functions. A function is said to be 
continuous at a point «=a, if for any positive e there is a 8 such 
that 


| f(a+h)—f(a) | <e, [r|<68 


for all values of h whose absolute value is less than 6. 


If the condition holds only for positive values of h, the function 
is said to be continuous on the right, if for negative, on the left of 
a. A function may be discontinuous at a point by reason of jump- 
ing abruptly from one finite value to another, becoming infinite, or 
oscillating through a finite or infinite range in an infinitesimal 
interval. The last function defined in § 8 is nowhere con- 
tinuous, and the next to the last is discontinuous at the points 


1 
1/2, 3/4, 7/8, etc., for the first reason, the function e* is discon- 
tinuous at «= 0 for the second reason, and the functions 


Pet Tip Loe 
sin—, —sin-—, 
ax aw ax 
1 
are discontinuous at the same point for the third reason, e* is 
continuous at the left, discontinuous at the right of the point «=0. 


A discontinuity arising from a finite jump, or an infinite in- 
crease or decrease, 1s called an ordinary discontinuity, while one 
arising from an oscillation is called a discontinuity of the second 
kind, and the value of w# at which it occurs is called an essentially 
singular point for the function. 


11. Derivative. In the neighbourhood of any value of the 
variable a, the difference-quotient 


S(@+h)-f@) “ies —f (2) 
(a@+h)—a 


is a function of the increment h of the variable. If this quotient 
approaches a limit as fh approaches 0, the value of the limit is 
called the derivative of the function f(x) at the point 2, and is 
denoted by /” («) or es 


Pe A Tas Se) 


da oh 
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If a limit exists on one side but not on the other, the function is 
said to have a derivative on one side. If no limit exists at the 
point «, the function has no derivative at that point; e.g. the 


; ere i A 
function sin — has no derivative at the point «= 0, although the 


derivative at any other point however near is 


— 20087 
which does not approach a limit as w approaches 0. The last 
function defined in § 8 has no derivative anywhere. We may 
also find transcendental functions defined by analytic expressions, 
which nowhere possess a derivative. The function proposed by 
Weierstrass, 


n=0 
Ff (#@) = b" cos (ax), where 0 <b <1; ais an odd integer, 
n=0 
may be shown to have nowhere a derivative*. 


12. Functions of two or more Variables. If two real 

variables # and y vary continuously in the respective intervals 
BH< LK XN, Y<sy<Y, 

and if to every possible pair of values of w and y is assigned a 
value of a quantity w, wis said to be a function of w and y. For 
any particular value of x, wis a function of y, and for any particular 
value of y, wis a function of x. Suppose that for a certain value 
y, u considered as a function of # approaches a limit as # approaches 
a. This limit will in general depend upon the value of y, let us 


call it 
lim wu = ® (y). 
c=a 


It may again approach a limit as y approaches a value 6. If we 
consider the limit approached by w considered as a function of y, 
we shall have in general a function of a, 
lim u= WV (a). 
y=b 
If « then approaches a, we may have a limit, which is not neces- 
sarily the same as before, 
lim jae lim w rye A, lim lim w = lim V (2) = B; 
y=b e=a ( y=b x=a 


\ 
* Weierstrass, Abhandlungen aus der Functionenlehre, p. 97; Harkness and 
Morley, Theory of Functions, p. 58. 
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5 ax 
e.g. the function wu = i has 


lim 
y=0 


lim 2 = lim (0)'= 0, 
x=0 y=0 


since the limit for x does not contain y, while 

pe oo 

x=0( y=0 
A function of two or more variables is continuous at a point 
a=a, y=b, if for any positive value of ¢, however small, we can 


find 6, and 6, so that 
—|f@th y+h-f(@yl<, [hl]<& |[k| <8 


for all values of h and k which satisfy the above inequalities. 


A function of two variables is not necessarily continuous if it 
is a continuous function of either variable; e.g. the function 
ay|(x+y") is a continuous function of # for any value of y, even 
y= 0, and of y for any value of w,even «x =0. It is not a continuous 
function of « andy at «=0, y=0, since u =0 for «=0, irrespective 
of the value of y, and u=0 for y= 0, irrespective of the value of 
#, but if we select pairs of values of w and y, such that y= ma, we 
have Sr angen fea which is discontinuous with the value w=0 at 
z=0, y=0. 


Derivative. If w considered as a function of w, for any par- 
ticular value of y, has a derivative as before defined, this derivative 
is called the partial derivative of uw with respect to a, and is 
denoted by f, or by 

He lim 
Ue 


pe eIG)) 


If . considered as a function of y, say $(y), has a derivative, 
- this is called the partial derivative with regard to y of ep , and is 


Ox 


- denoted by of lim Yt _ = $y) 
=0 


ee {iim feeb ys Daley . 
n=0 © (a=o h 


2—2 
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It is evident that 
C james 
Oyox  dxdy’ 
if f and its first derivatives are continuous functions of # and y. 


The definitions here given may be extended to functions of any 
number of variables. 


13. Point-Function. If a quantity has for every position 
of a point in a region of space 7 one or more definite values 
assigned, it is said to be a function of the point, or point-function. 
This term was introduced by Lamé. If at every point it has a 
single value, it is a uniform function. Functions of the two or 
three rectangular coordinates of the point are point-functions. A 
point-function is continuous at a point A if we can find corre- 
sponding to any positive e, however small, a value 6 such that 
when B is any point inside a sphere of radius < 6, 


| FB) - f(A) | <e. 


We may have vector as well as scalar point-functions, the 
length and direction of the vector being given for every point. A 
vector point-function is continuous if its components along the co- 
ordinate axes are continuous point-functions. 


14. Level Surface of Scalar Point-Function. If V isa 
uniform function of the point VM, continuous 
and without maximum or minimum in a 
portion of space 7, through any point Min 
the region tT we may construct a surface 
having the property that for every point on 
Fie. 3. it V has the same value. 


B B’ 


For let the value of V at M bec. Then since ¢ is neither a 
maximum nor minimum, we can find in the neighbourhood of M 
two points A and B, such that at A, V is less, and at B, greater 
than c, and that in moving along a line AB through m, V con- 
tinually increases. If the line AMB is displaced to the position 
A’M'B’, so that E 

| V(A)-V(A) | <e- VA) 
and | V(B)-V(B) |< V(B)-<«, 
then V(A’)<c< V(B’), therefore there is a point WM on the line 
A'B' for which V=c. 


. 


4 
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As AB moves continuously WM describes a line, and this line in 
its motion describes a surface, for every point of which V=c. 
Such a surface is called a level surface of the function V. A 
level surface divides space into two parts, for one of which V is 
greater, and for the other less, than in the surface. 


As examples of point-functions we may take (1) the length 
of a line drawn from the point WM parallel to a given line until it 
cuts a given plane. Its level surfaces are planes parallel to the 
given plane. (2) The distance of M from a fixed point O. The 
level surfaces are spheres with centers at O. (8) The angle that 
the radius vector OM makes with a fixed line OX. The level sur- 
faces are right circular cones with OX as axis. (4) The dihedral 
angle made by the plane MOX with a fixed plane through OX. The 
level surfaces are planes through OXY. 


15. Coordinates. If a point is restricted to lie on a given 
surface S, the intersection of that surface with the level surfaces of 
a function V are the level lines of the function on the surface S; 
e.g, in examples (3) and (4) above, if S is a sphere with O as 


_ center, the level lines are parallels and meridians respectively. 


A function f(V,,V>...) of several point-functions is itself a point- 
function. If it is a function of one V only, its level surfaces are 
the same as those of V, for when V is constant, f(V) is also 
constant. 


Let q%, qs, qs be three uniform point-functions. Each has a 
level surface passing through the point M. If these three level 
surfaces do not coincide or intersect in a common curve, they 
determine the point M, and we may regard the point-functions 
$i» Y2) Jz aS the coordinates of the point M. The level surfaces of 
91> Yo» Ys are the coordinate surfaces, and the intersections of pairs 
(192), (429s), (G31), are the coordinate lines. The tangents to the 
coordinate lines at M are called the coordinate axes at M. If at 


every point M the coordinate axes are mutually perpendicular, the 


system is said to be an orthogonal system. 


16. Differential Parameter. The consideration of point- 
functions leads to the introduction of a particular sort of derivative. 
If V is a uniform point-function, continuous at a point M, and 
possessing there the value V, and at a point M’ the value V’, in 
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virtue of continuity, when the distance MM’ is infinitesimal, 
V’—V=AV isalso. The ratio 

i 

MM’ As 
is finite, and as MM’=As approaches 0, the direction of MM’ 
being given, the limit 

aes ele 

AsueimSian ics 
is defined as the derivative of V in the direction s. We may lay off 
on a line through M in the direction of sa length MQ is and 


P as we give s successively all possible 
directions, we may find the surface 
that is the locus of Q. 


Q 
N Let MN be the direction of the nor- 
mal to the level surface at M, and let 
M v MP represent the derivative in that 
Fic. 4. direction. Let M’ and N be the inter- 


sections of the same neighbouring level surface, for which V= V’, 


with MQ and MP. Then 
A Va A Vig 
MM’ MN MM’ 
As MM’ approaches zero, we have 


ag Vigo Vie eee eee, 
me INS. lim yy yp = 098 PQ. 


Hence a5 = 3y 8 PMQ, 


that is, the derivative in any direction at any point is equal to the 
projection on that direction of the derivative in the direction of 
the normal to the level surface at that point. Accordingly all 
points Q lie on a sphere whose diameter is MP. 


The derivative in the direction of the normal to the level 
surface was called by Lamé* the first differential parameter of the 
function V, and since it has not only magnitude but direction, we 
shall call it the vector differential parameter, or where no ambiguity 


* G, Lamé. Legons sur les coordonnées curvilignes et leurs diverses applications. 
Paris, 1859, p. 6. 
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will result, simply the parameter, denoted by P or P,. The 
above theorem may then be stated by saying that the derivative 
in any direction is the projection of the vector parameter in that 
direction. The theorem shows that the parameter gives the 
direction of the fastest increase of the function V. 


If V is a function of a point-function g, V=/f(q), its level 
surfaces are those of q, and 
_OoV_dVog oq 
Sate pire Uae 
: og ’ 
and if de) tee dy, (q).A, 
where the sign + is to be taken if V and q increase in the 
same, — if in opposite directions. 
Suppose now that V=/(q, qo, qs..++-- ) 


OV _oVoq  oV oq , OV 09; 
ds Og, Os rf 02 Os + ag, as Baws sia 


BGs, Dy, s+... denote the parameters of q@, qo, ..+++ the above 
theorem gives 


P cos Coe =—— oh cos (hs) + a hy COS (heS) + +000 


Now + tae he is the parameter of V, considered as a function of 
qi, and we may call it the partial parameter P;, and since P; and h, 
have the same sign if ~— > 0, opposite signs if aay. 0, we have in 


Ogi Og: 
either case 


aa cos (h;s) = P; cos (P;s), 


and mcos (1s) = 2; cos (Ps) + P, cos(P,8) + ....<3 


This formula holds for any direction s and shows that the 
parameter P is the geometrical sum, or resultant, of the partial 
parameters, 


Hence we have the rule for finding the parameter of any 
function of several point-functions. If we know the parameters 
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ig Pepete of the functions q,, qo....+ and the partial derivatives 
ad ‘ ae “Aieet we lay off the partial parameters 

P;=+ hige aie ane ’ 
in the directions h,, hy...... or their opposites, according as a >0, 
or the opposite, and find the resultant of P,, Ps, ....... 

If the functions q@, qo, ....-. are three in number, and form an 

orthogonal system, the equation 

P=P,+P,+P,, 


gives for the modulus, or numerical value of the parameter 


Pia PPA ees 


Examples. (1) in §14. Let the distance of W/ in the given direction 
from the plane be wu AV= Awa Oe , where a is the angle between 
a 


the given direction and that of a perpendicular to the given plane. 
A 
Cee il ane 1 
An cosa COS a. 


If the given direction is perpendicular to the given plane P=1. 
Accordingly for g,=%, q=Y, 9;=%, the rectangular coordinates of a 
point, we have P,,= P,=P,=1, and for any function f(a, y, 2) 


2 
r-(@) +G)+@)]. 
dz 
The projections of P on the coordinate axes are the partial parameters 


P, = Pecos (Px) =~, P,=Peos (Py)=©, P, = P cos (Ps) =Z. 


Consequently, if cos (sa), cos (sy), cos (sz) are the direction cosines 
of a direction s, the derivative in that direction 


oh = P, cos (sx) + P, cos (sy) + P; cos (sx) 
oV 


aV oV 
=, 008 (sa) + me (sy) + 3, 098 (sz). 


P may be written in terms of the unit vectors 2, 7, k as 


Pia et war oe 
Ete emai et 2 Oe" 
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? on Miah RON oe 
The operator 2 agit ay + ke which gives the vector differential 
_ parameter of a function, was denoted by Hamilton by V. (read Wabia). 


If f(x, y, z) is a homogeneous function of degree n, by Euler’s 
Theorem 


ee opal of 
Daa. Yay & ane 
or nf = P {x cos (Pa) + y cos (Py) + 2 cos (Pz)}. 


Now the = parenthesis is the distance from the origin of the 
tangent plane to the level surface at x, y, z. Calling this 4, 


nf == Po, pu+¥, 


or the parameter of a homogeneous function is inversely proportional 
to the perpendicular from the origin to the tangent plane to the level 
surface. For example, if n=1, 


V = ax + by + cz, 
Pcos(Px)=a, Pcos(Py)=b, Pcos(Pz)=c, P=Na@+0 +e. 


The level surfaces are parallel planes, and the parameter is con- 
stant, 


Past, Vaa3Nei Ose 


V is proportional to the distance of the level surface from the origin. 


If n=2, Vg ee 


P cos (Px) =~", P cos (Py) = 2% , Picos( Pa 
1 


Gy a; 


a familiar result of analytic geometry. 
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17. Polar Coordinates. If we call the point-functions of 
Examples 2, 3, and 4, of § 14, 7, 0, ¢, 
we obtain the system of spherical, or polar 
coordinates. @ and ¢@ may be called the 

Z co-latitude and longitude. The level’ sur- 

faces of r being spheres, the normal coin- 

cides with r. Accordingly 
or or 
an’ or” 
The level surface of @ is a circular cone 
of angular opening @, (Fig. 5), and 


Big. 5. 
Ze e og _ dg 1, t 
C ea on rdd rr’ hese 


The level surfaces of ¢ are meridian planes 
through the axis of the above cones, (Fig. 6), and 


V) 


Oe | 


i is: Ob orp Obie meee 
Fia. 6. dn. =r sin Ode, On rsin Odb resin @’ 
ik 
Wrath 


For any function f(r, @, $), the partial parameters are 


Oh eee OL, 
De = orate ore 

he bar hte, ACIS 
Po=trghe=t- Ap, 

gels te leno 
eS! Ses coesny cP) 


The total parameter, the resultant of these, is given by 

wn ah ivory 1 ZA 
oe & + A (50) + asin? 6 ce ; 

18. Cylindrical, or Semi-polar Coordinates. If we take 
the rectangular coordinate z, the perpendicular distance from the 
Z-axis, p, and w the longitude, or angle made by the plane includ- 
ing the point M and the Z-axis and a fixed plane through that 


axis, we have the system of semi-polar, cylindrical, or columnar 
coordinates, for which we have immediately, 


\ 


askin eee 
p 
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The parameter of a function f(z, p, w) is the resultant of the 
partial parameters 


at 


19. Ellipsoidal Coordinates. The equation of a central 
quadric surface referred to its principal axes is 


a y? 2 


where a, a, a; may be positive or negative. If they are all 
negative, the surface is imaginary. 


1°. Suppose one is negative, say 


Az == 2. 
while Oy =F waa 0% 
Let Go > 6. 


2 2 
The equation a8 Es a = - =1, The surface is cut by the X Y- 


plane in the oe oT +£=1, 1, whose semi-axes are a and b, and 
whose foci are at a eee from the center 
Ja? — B= Ja, — Os. 
The section by the ZX-plane is the hyperbola 


with semi-axes a and ¢, and foci at distance Va? +c?=Va,— dy on 


the X-axis. 


The section by the YZ-plane is the hyperbola 
yp _® 
‘ Ne 
with semi-axes b and c and foci at a distance Vb? +c? = Va,— a; on 
the Y-axis, 
The surface is an hyperboloid of one sheet. 
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2°, Let two of the constants @,, a, a; be negative, say 


d,=—b*, a, =—C?. 
The equation is 


The sections by the coordinate planes and their focal distances 
are 


YAY - = 4 =], Hyperbola Ve + & = Va, — Qs, 
tie ——- 
LX ie aie Hyperbola Ve+e = Va, —4s, 


yz %4"= 1, Imaginary Ellipse /—(@—@) =Va,— ay. 
The surface is an hyperboloid of two sheets. 


3°. If a,, a2, qd are all positive, the sections are ellipses, and the 
surface is an ellipsoid. In all three cases, the squares of the focal 
distances of the principal sections are differences of the three 
constants @,, @2, a;. Accordingly if we add to the three the same 
number, we get a surface whose principal sections have the same 
foci as before, or a surface confocal with the original. Accordingly 


a? Yy 2 2 
- = aT 
(1) @tp'B+p +p’ 


represents a quadric confocal with the ellipsoid 


for any real value of p. 


If a>b>c and p>—c?, the surface is an ellipsoid. If 
—c¢>p>-—b?, the surface is an hyperboloid of one sheet, and if 


—b?>p>-—da? an hyperboloid of two sheets. If —a?> p, the surface 
is Imaginary. 


Suppose we attempt to pass through a given point a, y, za 
quadric confocal with the ellipsoid 
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Its equation is 


ihe os y? fs Zz = 
a? +p b? +p C+p 


> 


where p is to be determined. Clearing of fractions, the above is 
(2) (@+p)(0?+p)(?+p)—27 (0? +p) (C+ p) 
— 9 (+ p)(@+p)—# (+ p) (+p) =f) =, 

a cubic in p. Putting successively p equal to 0, —c, — 0’, — a’, 
and observing signs of /(p), 

pa Sf (P) = +0 a 

p=-e, fip)=-A(@-e)(B-e) 

p20) sip=-ye-h)@—-h) + 

p=-a, f(p)=-#(—a)(e-a) 


The changes of sign of f(p) show that there are three real roots. 
Call these 2, w, v in order of magnitude. » lies in the interval 
X>—¢ necessary in order that the surface may be an ellipsoid, w 
in the interval —c? > ~ > — 0? that it may be an hyperboloid of one 
sheet, and py in the interval — 6?>v>-— a? that it may be an hyper- 
boloid of two sheets. There pass therefore through every point in 
space one surface of each of the three kinds. If we call 


(3) BO = tae! 
3 eae ee” 


the equation /’=0 defines X as a function of #, y, z, and there- 
fore as a point-function. The normal to the surface \ = const. has 
direction cosines proportional to 


GNeEON. ON 


dx’ dy’ O2° 
Now since identically F = 0, 
oF oF oF oF 


(4) et ee 
and we have 
of 
ar (dr AGE 
Oa eC aoe 7 OF ; 


on 
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Therefore 
On 22 ie) oP 2 
G) ae +n (eae & een 
2a 
Cri 
ON yah pee ae 
Oy = (B +A) F’(A)’ 
On 22 


de (@+2r») F(A)’ 


The parameter of the point-function is accordingly given by 


ow (B)+ BIE) 


i anaes ae Cee 
(FO) (@ +P (G+ AP (P+ A))” 
: 4, 
that is = F(x) ‘ 


Now the direction cosines of the normal to the surface 
X= const. are 


(7) cos(nma) = 7 
Bee 2x te Mee ee 
os 2 “(@+2) FN ~ (a2?-+a)./— FO) 


af ¥ 
08 A) = aie WF) 


cos (nz) = + 2 
(PENN =F (A) 
Similarly for the normals to the surface « =const., 


cos (nN, 2) = + pe oe 
(@ + u)V—F (w) 


cos (muy) = + 


y r 
(P+ w)V— F(A)’ 


= en 
cos (NZ) = + (Lua eay, 


The angle between the normals to \ and yu is given by 
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a a ’ OF 
a) é +r) (@ +H) +X) 4p) 


2 1 
=e ; at 
(P +A) (P+ at VF’ (n) F’ (u) 
Now by subtracting from the equation 


a A . Dp : V4 dk 
Gee Oe Ae Ce 


1, 
the equation 
he y? 2° 
=6i 
ae be tua os ‘ 


we get 


x Le 
C+n +p 


oe eee = 
Y\ein P+p Cir C+py 


or 


a y? 
ee iemyern CED 


2 
ua CEE WTC =i ae 


Accordingly, unless X =, cos (n,n,)= 0 and the two normals are 
at right angles. Similarly for the other pairs of surfaces. Accord- 
ingly the three surfaces of the confocal system passing through 
any point cut each other at right angles. 


If we give the values of X, wu, v, we determine completely the 
ellipsoid and two hyperboloids, and hence the point of intersection 
z, y, 2 (and its seven symmetrical points in the other quadrants). 
Hence we may take X, pw, v for the coordinates of the point, 
and the family of surfaces forms an orthogonal system. A, p, v 
are called the ellipsoidal or elliptic coordinates of the point. 
We shall proceed to find their parameters in a form not con- 
taining any coordinates but », uw, v. We must find the rate of 
change of » as we go along the normal to the ellipsoid ) = const. 


Since we have identically 


a? y 2 


Papa i reaped 
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differentiating totally 
ada ydy zdz 
Coie a ve Mt aaa 


x yp 2 i 
erp tey teem 
Now if 6, is the perpendicular distance of the tangent plane from 
the origin, we have by the last formula of § 16, 


aat/a/ fee ee 
Pi (W+AP  (P+AP (Ce? +A)?’ 


so that we may write for the cosines, 


DOr 
(11) COS (N\£) = GaN ; 
8 
age 
zo 
cos (M,Z) = a oN : 


Now as we move along the normal, we have 


dx = dn cos (m2) = fe dn, 
dy = dn cos (my) = os dn, 
dz = dn cos (nz) = a dn. 
Inserting these values in (10), 
(2) 2 laaapt Get eae 


L v dr =0, 
. leryt ert Gam 
so that 
(13) h SLs = = 
Mile iy ea ee ih a ye 2 
@+ay Gray (@+ay 
In order to express this result in terms of the elliptic co- 


ordinates alone we may express #, y, 2, in terms of X, wu, v. Observe 
that the function 


Hie) = 


yy a Pe 
aa Ob paie 
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has as roots X, pw, v, and being reduced to the common denominator 


(p + a) (p + 8%) (p +e?) 
has a numerator of the third degree in p. As this vanishes for 
p=, p=, p= 


it can only be 
—(p—A)(p—#)(p—»). 


Hence we have the identity 
“3 SEA Ne sae ee 

Ot ta! 
ant) ics »)(p—») 
— (P+a)(p +B) (p +e) ° 

Multiplying this by p + a and then putting p = — a? we get 

_(@ +A) (E+ 4) (@ +2) 
(15) (a? — b®) (a? —c?) p) 


and in like manner 


,_ (PAA + u)(W +2) 
(Bb a< c*) (b? as a?) ) 
_(@+A)(C ee v) 
(?—a)(?— 
(«dE AB, y are contained 1 in the intervals ea specified, these will 
all be positive, so that the point will be real. 


If we. insert these values in 6,, we shall have h, expressed in 
terms of A, p, v. 


This is more easily accomplished as follows. 


Differentiating the above identity (14) according to p, 


} a? y? zB 
CO) -leryt ere ern 
= (p= xp = 2) (p=) 
~ (@+p)+p)( +P) 


ro Neti ia SE ace y er 1 
Be NS pa? pw pt py p +o). 
_ If we put p =X, all the terms on the right except the first, being 


multiplied by p—A, vanish, and we have 


a y 2 __—A-#)A-») 
OD) anit Gane! E+ FH E ME HN 


_W«.&E, 3 
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; it 
The expression on the left is-~;. Hence 


é2 


ignite (a? +r) (b> +2) (+d) 
(18) ha = 28, = 2 ORIEN. 


In a similar manner we find 


ee Re +4) +H) (+H) 


(u—v)(u—-rA) 
Pees (a? + v) (6 sev C ta 
(v—)) (v—p) 


and the parameter of any function V(A, p, v) is 
a LA oV OV 
P= (=) het (aa ) hye +(— ) de 
20. Infinitesimal Arc, Area and Volume. If we have 
any three point-functions q, q2, gs forming an orthogonal system 


of coordinates, since their parameters are 


fgets al Cae We 


= oi he = 
ONes tek Onie ce a Ol g 


q,* day 1, 


the normal distance between two consecutive level surfaces g, and 


gatdq is dj= iB , consequently if we take six surfaces 


QM, G+Ah; do, G+, Js, Y+Aqs, 
the edges of the infinitesimal curvilinear rectangular parallelopiped 
whose edges are the intersections of the surfaces are 
dq, dq, gs 
Wa Oe 
and since the edges are mutually perpendicular, the diagonal, or — 
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element of arc is 


4g" , dq? , dq? 
Gs hh + he? + he’ 


the elements of area of the surfaces q, qs, gs are respectively 


ds, OTS dS, _ 14 oh, ds, =o dds 


hghs h, h be kee 
and the element of volume is 
dr = dq dgadg Sass 
126% 
Examples. Rectangular coordinates 2, y, z 
h,=h=h;= 1, 
dS,=dydz, dS,y=dzdax, dS,=dady, dr=dadydz. 
Polar coordinates 7, 0, ¢, 


iceaaly he= =, hy = 


pele 
r sin @’ 
dS, =?" sin 6dbde element of area of sphere, 
dS, =r sin Odrdd element of area of cone, 
dS, =rdrdé element of area of plane, 
dr =r’ sin 0 drdéd¢. 
Cylindrical coordinates, z, p, o, 
(heel eee 
P 
dS, = pdpda element of area of plane, 
dS, = pdwdz element of area of cylinder, 


dS,, = dpdz element of area of meridian plane, 
dr =pdpdadz. 
Elliptic coordinates, X, p, v. 
4 dS, dudv Vu =e v) (mM cat n) (v a: r) (y PE 2) ellipsoid, 


AVE + E+E +H E+E + (C+y) 
dvdr V(v — X) (v= 2) (A= 2) (A= 2) 

4 (a? + v) (6? + v) (2 +7) (a? +2) (0? +2) (2 +2) 
drduVX=m A=”) Mav) 

4 (a? +2) (0? +d) (2+ A) (a? + B) (L2+ w) (C2 +p) 

eae Ardpdv (A — w) (um — v) (v —2) 

8V(a?+r)(P+A)(C+A)(G +e) (O+h) (C+) (+r) (+r) (+7) 
3—2 


dS, = hyperboloid, 


hyperboloid, 


y= 


CHAPTER III. 
DEFINITE INTEGRALS. 


21. Definite Integral of a Function of one Variable. 
If we consider a continuous function of one real variable, the 
notion of its definite integral may be illustrated by means of a 
geometrical representation. If the function y=/(«) be represented 
as the ordinate of a curve of which wis the abscissa, and if between 
two points «=a, «=b, we place any number n—1 of points 
ea, ieee Tipe p—,, and in the intervals between them erect 
ordinates to the curve at points &,, &,...... so that 


Ge 6 Sti, Wim es < oye Ce Sy Pheer FeSO Lin =y <grees 


the sum 


S= (a —a)f (Ei) + (to — i) fF (Es) ores + (b = tna) f En); 
represents the area of the rectangles constructed on the bases 
Oy = 0h) = ck On, = a — nce ae One Up Cin, cade: on =b0—Lpay» - 


with the altitudes /(&). The value of this sum depends on the 
form of the curve or of the function f(z), on the choice of the 
points of division, ...... &,, and of the points &, within the 
intervals. It can be shown, however, that if all the differences 6, 
are less than a certain value 6, all the values that S can take are 
confined between certain limits, and if the number of intervals 
increases so that 6 decreases without limit while 6,+6,...... + 8, 
remains always equal to b—a, that these extreme values of S 
approach a common limit. This limit will represent the area of 
the space bounded by the axis of X, the ordinates erected at the 
points «=a and «= 5, and the curve representing the function 


y =f (2). 


\ 
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This conception may be extended to any function whether 
continuous or not, and the limit, ¢f there be any, approached by the 
sum 


k=n 
lim S=lm > & /(&), 
N=00 n=o0 k=1 


as the number of intervals is made to increase without limit, is 
the definition of the definite integral of the function f(x) from a 
to b. It is denoted by 


| ; Hie 


J (@) is called the integrand, a and 6 the limits, and ab the field of 
integration. Evidently the letter 2 in the symbol may be replaced 
by any other without affecting the integral. If the sum has a 
limit the function /(#) is said to be integrable in the region from 
a to b. 


22. Condition of Integrability. The oscillation of a func- 
tion in a given interval is the difference between the greatest and 
the least value that it assumes in that interval. It is evident 
from the definition of continuity that if e is a positive number as 
small as we please we may always find a number 6 such that in 
any interval less than 6 and lying in the region ab in which the 
function is continuous, the oscillation is less than e. 


Tet &...... £, be a system of ordinates for a system of sub- 
division #,...... Opand. letre,’...... E,’ be a different set of ordinates 
contained in the same intervals 6,, d,...... On: 

Then 


3 8,/(E) — 2 Bf (Es) = 2 8(f(B) -f()). 


Then we may find 6 so that when all 6,’s become less than 6, 


every 
lf (Es) PEs) i< 6, 


and consequently 
© 8, (f(b) —F (Es) <2 Bie= (ba) 
As n increases indefinitely, e decreases indefinitely, and 
lim 3 8,/(G,) = lim 23, (G)), 


so that the selection of the ordinates in the intervals does not 
affect the limit, if one exists. 
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If LZ, is the greatest value of f(x) in the interval 6, /, the 
least, so that the oscillation in that interval is D,= JZ, —1,, the 


two sums 8, =H I, and S;= $ 6,1; must approach limits as n 
1 il 


increases indefinitely, for S, is always greater than S,, and as we 
increase n, S, can never increase and S, can never decrease. Now 


the sum > 5, f(E,) always lies between S, and S,, therefore if their 
1 


difference > 5; D; approaches the limit zero the sum ey, FT (&s) 
i 1 
must approach a limit. 


Consider now two different modes of subdivision of the 
interval ab, 
4 / id 
eer arate Gy os SLC Oc oes eee Eats 


and the corresponding sums 


S=58,f, and S’=3 8; fy. 
il 1 


Let the points a, ...... ikea VOT Cah enraeee “4 taken together 
form the system 7, ...... %p— and let 
Pi = Ty —a 
| ee ee ie 


Pp= 0-1-1. 


In the interval 2,_,, w, there may or may not fall an vr. In 
general if #5; = 1p, # will be rai, (¢ 2 1), so that 


Ss = Pha + Phtaseses + Phit: 
Then 


8efs= Phat hia + Phist Sette ol + pritf nit 
+ pri (fs— Snes) + phta (fs — fr rta)- +++ + prse (fs —fnat)s 


where the /f;’s are arbitrarily chosen values of f in the intervals 
Pk> and 


S3f.=& pr fi” + P, 
il 


where 


Pe == [pra (fs =), “naa) + Phe (fs =I "Te+2) vas T Pht (fs Pei) 
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But in this sum P, for every s the greatest possible difference 
Js —f'n+z 18 in absolute value not greater than the oscillation D,. 
Therefore 


|P| < 38, D,. 


H Ms 


In like manner 


nv 1) 
2 8s fe => pr fa + PY 
where (P= > 3, D,’ 
al 
Then 35, fs - S ON ead Eades. 
) all 1 


and if lim 3 8, D, =0 for all systems of division, the limit 3 8,f, 


n=0 1 1 
is the same for all systems of division. It is easy to show that if 
nm 
the condition lim = 6,D,;=0 is satisfied for one mode of division, 
n=o 1 
_ it is satisfied for all. This is then the necessary and sufficient 
condition that the function /(#) shall be integrable in the interval 
ab. 


23. Properties of Definite Integrals. It results imme- 
diately from the definition 


[ F@ do =lim 3 8, f, 
a n=o0 1 


that if we interchange the limits a, b, since every 6, changes sign, 
the sign of the integral is changed. More generally 


(1) [ Fords [Po des [fw de=0. 


The arithmetical mean of a number of quantities is defined as 
their sum divided by their number. If /(«) is finite and in- 
tegrable in an interval ab, and 6,...... Ce mOnewe.: Sy’ are two 
divisions of the interval, from the last equation of § 22, 


fas frie = oADie be Dy. 
a ae uk 1 
Consider » constant and let ’ increase without limit. 
Then 
1) n | n n 
{ f(a) de—¥ 8,f, £38, Dj, so that 53, f, 
a 1 | 1 1 
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is an approximate value of the integral whose error is less than 

n 

2 03 Ds. 

al 


b—a 


We may put the 6,'s all equal, so that 6,;= Then 


(2) 


1_f'peyde= tim, 2 $0=9 7 im) Sg, 


n=o WU 4 


That is, the definite integral of a function in a given interval 
divided by the magnitude of the interval represents the arith- 
metical mean of all the values of the function taken at equidistant 
values of the variable throughout the interval, when the number 
of values taken is increased indefinitely. 


From the definition it is evident that if f(z) has the same sign 

b 
throughout the interval ab, | J (a) dx has the sign of (b—a) f(#), 
and if there is in ad a finite interval cd in which f(a) is not zero, 


d 
then | J (@) dex is not zero. 


In particular, if the function is continuous in a whole interval 
ab, and the integral between every two values of « in the interval 
is zero, the function must be zero everywhere within the interval. 
If therefore two continuous functions give in every interval ab the 
same value of the integral, they must be equal everywhere in the 
interval. 


Suppose that the continuous function f(x) has in the interval 
ab a greatest value M and a least value m, the integral will have a 
value lying between M (b— a) and m(b—a) and we may write, 


b 
| f@de= 4-0), 
where M>A>m. 


Since f(#) is continuous, it will take the value A for at least 
one value & of « between a and 5, so that we may write 


@) | f@de=FHO-a), axed 


The above formula may be generalized. We have always 


(4) [Fede | = |" F@|) ae 
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If in the interval ab, (a<b), f (x) and (2) are finite and inte- 
‘grable functions, and |/(z)| lies always between M and m, 


(6) | [ Fe) @d>] suf" de 


If in the interval ¢(#) always has the same sign, since 


M—f (a) and f(«) —™ are positive, 
i i (M — fr) 4 (a) de ond i ( FOE: 


BOX, 


b b 
Mf $(e)de—| fe) g(x) de 
b b 
and | J (2) b (x) dx —m | d (x) da, 
have the same sign, and therefore | d J (@) ¢ (x) dex lies between 


b b b 
u | (a) dx and m | (x) dx so that [fos (w) dx is equal to 
b 
ij (a) dx multiplied by a factor A lying between M and m. 
a 


If f(«) is continuous, there is some point & in ab for which 


J(€) =A, and accordingly 
(6) [ros@ da =f (€) [¢ (w)da, a<&<b. 


This important theorem is known as du Bois-Reymond’s 
theorem of the mean. 


24. Indefinite Integrals. Let /(«#) be integrable between 
aandb. The integral 


[°F @ de 


is zero for «=a, and for every value of x between a and 0 it has a 
definite value. It is therefore a function of its upper limit 2. 
Let us denote it by F(#). If«+h be another value of # in ab, 


Fe+h=[. i) de = | f (0) de +) ay de, 


eth 
and High) Ea) 2 | ayia, 
) =hA, M>A>m. 
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Hence F(z) is a continuous function of # If a is any number 


between a and 8, | “f (x) da differs from i J («) de only by a con- 


stant, namely the value of the integral | : f(a)dx=C. The 
function F' (#) + C is called the indetinite integral of f(z). 


Suppose that / approaches zero either positively or negatively, 
and let f(x) either be continuous at #, or have an ordinary discon- 
tinuity, 1.e., by making a finite jump. 

Then for any positive number e however small we can find a 
number h, of the same sign as h, such that for every # in the 
interval w, «+h, (at most excepting z), the value of f(x) for any 
point differs by less than e from f(#+0) or f(«—0), according as 
h is positive or negative. 

Therefore the value f(&) in the expression 


F(a+h)—F (a) =hf (), 
differs from f(# + 0) by less than e and we have 
im ACES Ded 
h=+0 


= f(@+0) lim “E492 =f («—0). 


That is, the integral | ; J (a) de = F(a) is not only a finite and 


continuous function of x in the interval ab, but it has at all points 
where f(z) is continuous a finite and determined derivative f(z) 
and where f(x) has an ordinary discontinuity, though not having 
a determined derivative, F(x) has one on the right and left 
respectively equal to f(#+0) and f(#—0). If however f(#) has 
a discontinuity of the second kind, at #, the value of 
F(a+h)— F(a) 
h : 

as h decreases does not approach a limit and #’(#) has no deriva- 
tive at a. 


The principle here proved enables us to calculate the definite 


integral whenever we can find a function F(x) whose derivative is 
J (a), for then 


| Se) Peta OV 


The definition usually given of the definite integral, as deduced — 
from the indefinite integral by the above formula, is unsatisfactory, — 
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the true nature of the definite integral being that of the limit of a 
sum. 


25. Infinite Integrand or Limit. The definition of the 
definite integral presupposed that the integrand was finite in the 
field of integration ab. If there should exist points in the region 
ab at which f(#) became infinite, the integral would in general 
have no meaning. In case however there is a single point c for 
which f(x) becomes infinite, if h, and h, are positive numbers 


c-h, b 
however small, the integrals \ 7 (ae) de, | J (x) dx have a de- 
a cth, 


finite meaning. If now as h, and hf, approach zero independently 
of each other the sum 


| fe) da+ | aa f (a) de, 


approaches a definite finite limit, the value of that limit is what is 
meant by the definite integral, 


b 
| f (@) do. 
For example, let 
a) 
f(a) = (Gear k>0, 

then for z=c, f(x) becomes infinite. 

Oke = tim ["" nin if dx 

a (@—cf j=0la ea a oF a=0 J oth, (4 — 6) 

Gy) ee) Ft ot ae 
1-k } 


There is a limit as h, and h, approach zero only if 1 —k>0. 


In like manner if the integral | J («) dz approaches a finite 


limit when the limit x increases indefinitely, then this value 
defines the meaning of the definite integral 


| : f(a) de. 
Let, as before, ; 
J(@) = (w@— cf? 


* da — (a—c)*—(a—c)* 
| ee 1—k : 
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As w increases indefinitely, this approaches a finite limit only if 
k>1, when 


ie dz —(a—c)* 
o (@—cF k-1 ~ 


26. Differentiation of a Definite Integral. Suppose that 
the integrand is a function of a parameter w as well as of « Then 
in the case of a function of x that is capable of representation by a 
curve, if we change the parameter wu we change the curve, and if 
j (a, u) is a continuous function of u, to an infinitesimal change in 
u corresponds an infinitesimal change in the curve. The area 


b 
represented by the definite integral i f(a, u) da changes by the 


area of the narrow strip added to or included between the two 
curves, and we may find the ratio of this change to the given 
change in uw. We thus get a geometrical notion of the meaning of 
the derivative of the integral with respect to u. Now by the 
definition of the derivative 
[te u+h) dx — ol u) dx 

a 


a 


d [yenunyy ene 
“ie Bd 2) ae 


= lim 
h=0 


It now becomes a question whether we may change the order 
of taking the limits involved in the integration and in making h 
approach zero. IZf f(a, u) is a continuous function of # and wu we 
may do this*, and since 


m es — f (x, wv) Sune —- 


Ae 


[fe u) du = P oS in 


We have already considered the definite integral as a function 
of its upper limit, and have found, § 24, 


ST O=5 | s@ de=sf0), 


* So Kronecker, Theorie der einfachen und der vielfachen Integrale, p. 26, (the 
word gleichmdssig being superfluous, vid. Harkness and Morley, Theory of Functions, 
§ 64). For a more careful statement, see Tannéry, Théorie des Fonctions d’une 
Variable, § 166. 


we have 
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In like manner 


| fo d= (-["7@) de) =— f(w). 


If now uw, v, w, are all functions of a variable ¢, we have for the 
derivative of the definite integral according to ¢, 


dF pe) paoh du AF dv | OF dw 
dé ee) 02 — sag tay de dw ae 


=“ “ee De G i) — Fu, mye a 


27. Double and Multiple Integrals. Suppose we consider 
a continuous function of two variables, « varying from a to 6, and. 
y varying from g toh. We may represent f(a, y) geometrically as 
the third coordinate z of a surface, erected perpendicular to the 
plane of zy. If now we subdivide the interval ab by points 


ORAS oases: p< iy <b; 
and the interval gh by points 


GY 5, assem a ae il, 
and draw through these points lines parallel to the axes of w and y, 
dividing the plane into rectangles, and at a point in each rectangle 
erect perpendiculars meeting the surface, the sum 
s=n r= 
DX (= Bsr) (Yr — Yra)f (Es, tr) 
s=1 r=1 
We < Ey < ag 
Yra<r< Yrs 
represents the volume of the rectangular prisms constructed on 
the rectangles with sides 7; — #1, Yr — Yr a8 bases, and altitudes 
S (Es; nr)- 

If as we make the number of points of subdivision increase 
without limit, the sum approaches a limit, this limit defines the 
definite integral 

iM [re y) Oar Nise lim> = cence (Yr — Yrs) fs, 
avg =o m=ns=1 r=1 


We shall find by reasoning similar to that used in § 22 that 
the condition for the existence of a limit is that the sum 


s=nr=m 
> > (x, a &5_i) (Ys ae Yar) De 
s=1 r=1 
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where D,, is the oscillation in the interval a4, 2, Yra, Yr» 
approaches the limit zero. 


In forming the double sum we may proceed with the summa- 
tion according to «# first, in which case 


n b 
(Yr — Yr—1) lim > (3 — %31) f (Es, Mr) = (Yr - Yr) f . JI (2; nr) aa, 
and the double limit is 


[nea 


Or we may sum first with respect to y, in which case 


m h 
(@; — Xs) a 3 (Yr— Yra)t (Es; Nr) = (#3 — 3) | Fee y) dy, 
and the double limit is 


[fr nay) ae 


But we have always 


2 (Yr — Yr-a) e (Ws — ®—-) f (Es, nd} 
=F le) 3 —teadf Goh, 


however small 7;—#,_, and y, —y,4. Accordingly, 


ik {ff y) ae} dy={ {{ Fe, y) dy ae= | [Feo y) dex dy. 


(In writing a double or multiple integral we shall write the 
integral signs with their limits in the same order as the differ- 
entials.) 


"s might now deduce theorems for the double integral similar - 
to those tnav we have already deduced for the single integral. In 
particular, the independence of the limit on the mode of sub- 
division, and the theorem of the mean may be demonstrated, and 
the extension of the definition made when the integrand or the 
limits become infinite. The definition of an integral may be 
extended to triple and multiple integrals in an obvious manner. 


28. General Definition of Definite Integral. We have 
in the preceding definition of a double integral assumed that the 
limits of integration with respect to « and y were independent. 
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If instead of a rectangle in the X Y-plane we should take any closed 
curve, given by an equation (a, y)=0, we could in like manner 
divide its area into rectangles, erecting perpendiculars in each, 
and define the definite integral as the limit of a similar sum for 
the new field of integration. 


More generally, let f(/) be a function of a point M, moving 
either in a plane or in space. If we divide any area S in the 
plane or any volume 7 in space up into a number of parts, take the 
value of f(M/) at any point within each of those parts, multiply 
each value by the area or volume of the part in which it is taken, 
and add together for all the parts into which the area or volume is 
divided, the limit approached by this sum as the number of parts 
increases without limit in such a way that each dimension of 
every part approaches zero, if such a limit exists, is called the 
definite integral of f(J7) through the region in question. We 
may write the integrals 


| i f(M) dS or i i f(D) dr, 


respectively. In each case, the field of integration must be ex- 
pressly specified. It may be easily shown that this definition is 
equivalent to the preceding. 


A particular mode of subdivision is by drawing level lines 
or surfaces for two or three orthogonal coordinates q,, q2, qs. We 
have then, (§ 20), 


_ dq, dq, _ dq dq dqs 
dS = hy he ihe Iilighs * 


Suppose that in two different sets of coordinates 


G92 Ys. and p,,P2,p; with parameters, ),,h.,h3, and 91,92, 9s; 


i i SIG; &: 9) Indg.dgs = i | (pr, Pr» Ps) dpidp.dps, 


when taken through any equal finite portions of a volume r. 


Then when we consider the meaning of the definite integral 
and its independence of the manner of subdivision, we see as in 
_(§ 23) that the above integrals, being respectively equal to 


[[ Iyhshsf (qs 2 qs) dt and [[] gg. (Pir Pa» Ps) a7, 
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can be equal only if the point functions 


hhshs FQ: Qe, qs) = Gi 929s co) (p:; Pe, Ds)s 
everywhere in the volume + for the same point M, denoted by 
Gi» Yao Ys OF Pr» P2, Pz In the respective coordinates. 


29. Calculus of Variations. We shall frequently in what 
follows have to make use of the calculus of variations, which, 
since we shall use it always in connection with definite integrals, 
is introduced here. 

In the differential calculus, we have to consider questions of 
maxima and minima of functions. A function of one variable has 
a maximum or minimum value at a certain value of the variable if 
the change in the function is of the same sign for any change in 
the variable, provided the latter change is small enough. Since if 
J (a) is continuous at 2, 


S(e@t+h) = f(a) + If" (a) +5, Se (LGR ances 


fet h)—fle)=hf (@) +5, fo) + cae 


If h is small enough, the expression on the right will have the 
sign of the first term, which will change sign with h. Accordingly 
the condition for a maximum or minimum is 

f'(@) =0. 

Suppose that we change the form of the function—such a 
change may be made to take place gradually. For instance 
suppose we have a curve given in any way, e.g. 

o=F,(i), y=F,(), 2=F; (6), 
where the F’s are any uniform and continuous functions of an 
independent variable t. If we change the form of the F’s we shall 
change the curve—suppose we change to 

x= G,(t), y= G(t), z= G, (0). 

To every value of ¢ corresponds one point on each curve, con- 
sequently to each point on one curve corresponds a definite point 
on the other. Such a change from one curve to the other is called 
a transformation of the curve. The change may be made gradually, | 


e.g. 
a= F,(t)+e(G,() —F,(), 


y=Fi OQ) + (Gi ()— Fi (t)), 
z= F,(t)+e(G;(t)—#; (0). 


‘ 
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For every value of ¢ we shall have a particular curve—for e=0 
we shall have the original curve, for e=1 the final curve, and 
for intervening values of ¢ other curves. A small change in e will 
cause a small change in the curve, and if ¢ is infinitesimal we shall 
call the transformation an infinitesimal transformation. The 
changes in the values of w, y, z, or of any functions thereof, for an 
infinitesimal change e, are called the variations of the functions, and 
are denoted by the sign 6. 


Suppose we denote 
de? dpe Ti 
by the letters 
and by ¢ any function 
Bey, 2,2, Yf 5 Z'y voveee COIR hth er Ad Rane pete ay OS Um, 


and consider the change in ¢ made by an infinitesimal transfor- 
mation, where we replace a, y, z by 


w+ e€ (t), 
y + €n (t), 
z+e€(t), 
where &, n, € are arbitrary continuous functions of t. 
dx mes Aa, dkx ows 
Then di or w’ is replaced ie o a ea; a and ae by it ore 


Le., by a) 4 6 Eh), 
Hence ¢ becomes 
b(t, 7+ e&, y+ en, 2+ ef, a +e€', y +e7’, ...... 2m + etm), 


which developed by Taylor’s theorem for any number of variables, 
gives on collecting terms in equal powers of ¢ 


ek 


e 
Db, @, Y, 2, U...+0. ) + eg: + 55 bs ance Mf + 7, Pet wheree , 
where 


pape +n Bt oe +E ay + nay t Sab 


2 
ba Bee SSE OTS + Bn OE can + BG 


W. £E. 4, 
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The terms ed, e°d,, e*dz are called the first, second, kth varia- 
tions of @ and denoted by 
ef, = 84, &d, = &d, chy = Sd. 
If for @ we put successively a, y, 2, a’, y’, 2'...+.. we get 
ba = €&, dy = en, oz = ef, On = OY = Oza 0) 
w=, SyY=ea, w=, O27 =0y = bzeee 


Coe eee eee eters reser eereseseseeeeee q-= = §.- S208 eeeeeereeseseeses 


We thus see that the variations of a, y, 2 are infinitesimal 
arbitrary functions of ¢, the independent variable, and from the 
last equation 


dix dké de dk 
3 (Ge) =e age ag (= Fae 


that is, the operations of differentiation and variation are com- 
mutative, for the variables a, y, z. 


It is evident that ¢; is the kth derivative of ¢ with respect to 
e for the value e=0. 


Since we may always change the order of differentiation, it is 
evident that the commutative property holds for any function. 


Let us now find the variation of the integral 
iE | “¢ CET GE nition ) dt. 
Changing w to # + 6x, y to y+ dy, a’ to a’ + 82’, etc., 
Tac =/@ Sb 1d 4 eee 
and the variations are ; 
Nees i a spat, B= | 3 Sedt, 


that is, the operations of variation and integration are commu- 
tative. (The limits have been supposed given, that is unvaried), 


These two principles of commutativity of 6 with d and | form — 
the basis of the subject. 
30. Line and Surface Integrals. If we consider any curve 


in space joining a point A to a point B, and if on the curve 
between A and B we place n—1 points, p,, po...... m—1, Whose — 


fe, 


\ 
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a#-coordinates are 2), L...... #y-,, multiply the length of each chord 


Ps Ps; V (ag = Bea) “f= (Ys = Yeay a (Zs = 25-4) 
by the value of the point function f(p) at some point 7, in the 
are between p;_,, ;, and take the sum for all the arcs into which 
the curve has been subdivided, then if this sum approaches a 
finite limit as the number of subdivisions increases indefinitely, 
this limit is called the line-integral of the point-function /(p) 
along the curve AB, and is denoted by 


[sr (p) ds = a Sf (ms) V (ee, — Hei) + (Ys — Yor) + (2p — Ze)”. 


If f(p)=1, the integral represents the length of the curve 
AB 


B 
| ds =845- 
A 


If in forming the line-integral we had multiplied the values of 
_ f(s) by the «-projection of the chord, instead of by the chord 
itself, we should have arrived at the integral already defined, 


[Fovae= lim fo), - 2), 


except that f(p) is a function not of x alone, but of the point on 
the given curve corresponding to « It will in general happen 
that as we go continuously along the curve from A, « will not 
increase continuously but will increase to a certain value C, and 
then decrease. As 2 decreases, 
however, reassuming previous 
values, we are still continuing 
along the curve and reaching 
new points and corresponding 
values of f (p) which are to be 
used in the integral. The func- 
tion f, which would otherwise 
not be uniform in #, becomes uniform when defined in this manner, so 


Fie. 8. 


that if we interpret in the ordinary manner the integral [ I (p) da, 


we must separate it into several integrals, in each of which « 
varies in one direction throughout, taking in each the values of 
f belonging to the corresponding part of the curve. If however 
we write 
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where eas V (as = oA) “+f (Ys 3 Ys)" + (@— 251); 
sh Oy — Geng ee 
nus a = ae cos (ds, «), 


and take s for the independent variable, the above integral 
becomes 


[ san= f(r) as= [feos (ds, x). ds, 


in which there can be no ambiguity. 


In like manner if we divide the area of any surface S into 
parts, multiply the area of each by the value of a point-function 
_ f(p) at some point on that part, and sum for all the parts, the 


Zz 
S 


Fic. 9. 


limit approached by the sum, if any, as both the dimensions of the 
parts approach zero, is called the surface-integral of f(p) over the 
given portion of surface and denoted by 


[[r mas 


Here if we multiply f(p) not by the area of the part of the 
surface S, but by its projection on the X Y-plane, we reduce the 


surface-integral to the double integral i | J (p) ASzy already 


treated, with the exception that the point-function depends not 
only upon # and y but upon the surface S. If, as is generally the 
case, several regions of the surface project upon the same part of 
the XY-plane, the integral must be interpreted in an analogous 
manner to that used in the case of the line-integral. If n is the 
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normal to the surface S drawn always toward the same side of the 
surface, it is easily seen that the area of the projection of the 
element dS on the X Y-plane is dS,, or dS, =dS cos (nz). We may 
accordingly write the surface integral, 


[1 (W) e08 (nz) a8 = [| (py a8. = [] FW) dedy, 


with the understanding that in the last form the integral is to be 
taken over the projection of the surface S on the X Y-plane, in 
such a manner that the projection is to be divided into regions for 
each of which the normal to S in the corresponding portions of S 
points either always towards the X Y-plane or always away from it, 
and that those parts of the integral for which the normal points 
in opposite directions are given opposite signs. It will be seen 
that this corresponds exactly to the interpretation of the line- 
integral in terms of x, when w changes its direction of variation. 
The first form of the integral above, with S as the variable of 
integration, is preferable, its meaning being unambiguous. 


31. Dependence of Line Integral on Path. Stokes’s 
Theorem. Curl. The line integrals with which we shall have 
most to do are integrals of a vector point-function. If & is a 
vector function of the point, whose projections are X, Y, Z, 
functions of a, y, z, the component of A along the tangent to the 
curve AB at any point is, since the direction cosines of the 


mae dy dz 
tangent are F > Fea? 
_ y dx dy dz 
R cos (R, ds)=X 7 +V a +47. 


The line integral of this resolved component 


Wid nity oe dy ) 
I=] Roos (R, ds).ds=| (xG+v42e) ds 


may be written 


B 
i (Xde + Vdy + Zde), 
A 


with the understanding of the previous section. 


The functions X, Y, Z, being given for every point «, y, z, the 
integral J will in general depend on the form of the curve AB. 
If we make an infinitesimal transformation of the curve, the 
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integral will change, and we shall now seek an expression for the 
variation. We have 


ee [(x.4 EE LT lbs V3 4 374 73%) ds 
cr Page 
ax G0 oY Seta 
Now 6X == 6a+ dy y + a 82, 
dx  d(6x) 
oun Deh Gk 


We may perform upon the term 


heck, 
| yi) 5 
A ds 


an integration by parts 


B ; a 
[ xo a= xb0 ap - | ee de 
ds 


where X 6a | a icatninee that from the value of the function X 6a at 
the point B we subtract its value at d. Now 


aX _OXde 0X dy 0X dz 
ds 0a ds oy ds’ dz ds’ 
Performing similar operations on the other terms we have 


sI= (XB0+ Yby+ 282) |” + [| (Ge +o oy 4% 5) 


oy a ds 
av. aY.\dy (Of. 02. 07mm 
+ (Zee +5 80+ oe bz) 4 +(5 det 5 Oy +. bz) 5 


5 a) 
ee oy ds oz ds 


oY da , oY dy ey 
\on ds oy ds az ds 


oZdxz ofZdy , oZ dz 
aa Gas ds * 2 7) | a 


~ Sy 


Now if in the variation the ends of the curve A and B are | 
fixed, dx, dy, dz vanish for A and B, and the integrated part 
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B 
Xba + Vby + Zdz | vanishes. Collecting those terms under the 
A 


sign of integration that do not cancel, we have, 


ol = =| | @vde — dzdy) & -o)+ + (Sedu — 8udz) & a *) 


+ (dady — dyda) (= - I : 
oy 

Now the determinant dydz— dzdy is the area of a parallelogram 
in the YZ-plane the projections of whose 
sides on the Y- and Z-axes are dy, dz, dy, 
6z. That is, if we consider the infinitesimal 
parallelogram whose vertices are the points 
s, s+ds and their transformed positions, the 
above determinant is the area of its pro- 
jection on the YZ-plane. If the area of the 
parallelogram is dS and n is the direction of its normal, we have 
as in § 30 


dydz — dzdy =dS cos (nz), 
5z dx — dadz = dS cos (ny), 
dady — dydx =dS8 cos (nz), 


and 6f= | | GS) oa ) cos (nx) + ip = - =) cos (ny) 


+ (= - =) cos (nz) has, 


which is in the form of a surface integral over the strip of in- 
finitesimal width. 


If we again make an infinitesimal transformation, and so 
continue until the path has swept out any finite portion of a 


Xu B 


Fie. 11. 
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surface S, and sum all the variations of J, we get for the final 
result that the difference in J for the two extreme paths 1 and 2 
is the surface integral 

; 04 oY 

lim >é6/=J,—J, ee _ =) cos (nw) 

OX@nOd CY ome 
+ i = =) cos (ny) + (5 - oe cos(n2)| dS 

taken over the portion of the surface bounded by the paths 1 and 
2 from A to B. Now —J, may be considered the integral from B 
to A along the path 1, so that J,—J, is the integral around the 
closed path which forms the contour of the portion of surface S, 
We accordingly get the following, known as 


STOKES’S THEOREM*. The line integral, around any closed 
contour, of the tangential component of a vector R, whose com- 
ponents are XY, Y, Z, is equal to the surface integral over any 
portion of surface bounded by the contour, of the normal com- 


ponent of a vector w, whose components &, 7, € are related to 
X, Y, Z by the relations 


Log the 
aa amen 
LOS A 
1 Oe Oe’ 
_aY ox 
o = ba By 


The normal must be drawn toward that side of the surface that 
shall make the rotation of a right-handed screw advancing along 
the normal agree with the direction of traversing the closed 
contour of integration. : 


[Ras=|Xde+ Yay + Zdz= | [o boars 


= | | (E cos (nz) + n cos (ny) + € cos (nz)) aS. 


The vector » related to the vector point-function R by the differ- 
ential equations above is called the rotation, spin (Clifford), or 
curl (Maxwell and Heaviside) of R. Such vectors are of frequent 

* The proof here given is from the author’s notes on the lectures of Professor 


von Helmholtz. A similar treatment is given by Picard, Traité d@ Analyse, Tom. 1, 
p. 73. 
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occurrence in mathematical physics. The curl may be derived 
from the primitive vector by the application of Hamilton’s vector 
differential operator V (§ 16) to a vector point-function R, 


VR= (ig +i ths, )OX+IY +h2) 
ne SF ol a 2% oY 
a C Oy dz eae 
i (octal ay a 
J 0 0x a oy)’ 


curl R=VVR =71F + jn +kho=o. 


So that the vector part resulting from the application of the 


operation V to a vector point-function gives its curl. The scalar 


part 
(= oY ) 


— \de " Oy” Oz 
has an important interpretation to be given shortly. 


[The significance of the geometrical term curl can be seen from 
the physical example in which the 
vector R represents the velocity of a 
point mstantaneously occupying the 
position x, y, z in a rigid body turn- 
ing about the Z-axis with an angular 
velocity w. Then the vector kR=wp 
is perpendicular to the radius p and 
its components are 


Hira. 12. 


X = R cos (Re) =— Resin (px)=— RE = —yo, 


P=hcos(hy)= cos (px) = Ro = LO, 


where w is constant, and 


oY _ OX _ oy. 


ox = Oy 


So that the z-component of the curl of the linear velocity is twice 
the angular velocity about the Z-axis.] 


ha 


32. Lamellar Vectors. In finding the variation of the 
integral J in the previous section, since the variations dx, dy, dz 
are perfectly arbitrary functions of s, if the integral is to be inde- 
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pendent of the path, 67 must vanish, which can only happen for all 
possible choices of dx, dy, dz if 
OZ '0Y 0X ¢2 00 eeX 


dy dz oz om ox Ody ai 


that is, if the curl of R vanishes everywhere. In case this con- 
dition is satisfied, J depends only on the positions of the limiting 
points A and B, and not on the path of integration. If A is given, 
I is a point-function of its upper limit B, let us say ¢. If B is 
displaced a distance s in a given direction to B’, the change in the 
function ¢ is 


B’ 
ye a= | (Xde + Ydy + Zde), 
B 
and the limit of the ratio of the ae to the distance 


: pp — bp _ O74 dz , dy dz 
Me : Pox Sys Ze 


is the derivative of ¢ in the direction s. 


If we take s successively in the directions of the axes of co- 


ordinates, 
op Op ho) 
On 28 oy =e Oz me 


that is, R is the vector differential parameter of the scalar 
function ¢. 


Accordingly the three equations of condition equivalent to 
curl k = 0 are simply the conditions that X, Y, Z may be repre- 
sented as the derivatives of a point-function. In this case the 
expression 


208 5 oP uc? ae 
share CBSA a CLE elie ASCE 


is called a perfect differential. 


From the definition of the parameter of a scalar point-function, 


we see that the magnitude of the parameter is inversely propor- — 


tional to the normal distance between two infinitely near level 
surfaces of the function. Such a pair of surfaces will be called a 
thin level sheet or lamina. For this reason a vector point-function 
that may be represented everywhere in a certain region as the 
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vector parameter of a scalar point-function will be called a laminar, 
or lamellar vector (Maxwell). 


The scalar function ¢ (or its negative) will sometimes be termed 
the potential of the vector R. 


33. Connectivity of Space. Green’s Theorem. We 
have supposed in § 31 that it was 
possible to change the path 1 from A 
to B into the path 2 by continuous de- 
formation, without passing out of the 
space considered. A portion of space 
in which any path between two points 
may be thus changed into any other 
between the same two points is said to 
be singly-connected. For instance, in 
the case of a two-dimensional space, any 
area bounded by a single closed contour will have this property. 
If, however, we consider an area bounded externally by a closed 
contour C, and internally by one or more closed contours J, Fig. 13, 
such as the surface of a lake containing islands, 1t will be possible 
to go from any point A to any other point B by two routes which 
cannot be continuously changed into each other without passing 
out of the space considered, that is traversing the shaded part. 


Fie. 13. 


The space in Fig. 13 between the contour C and the island J is 
said to be doubly-connected. We may make it singly-connected 
by drawing a barrier connecting the island with the contour C, 
represented by the dotted line. If no path is allowed which 
crosses the barrier the space is singly-connected. 


A three-dimensional space bounded externally by a single 
closed surface is not made doubly-connected by 
containing an inner closed boundary. For instance, 
the space lying between two concentric spheres 
allows all paths between two given points to be 
deformed into each other, avoiding the inner sphere. 
But the space bounded by an endless tubular surface, 
Fig. 14, is doubly-connected, because we may go from 
A to B in either direction of the tube, and the two 
paths cannot be deformed into each other. We may 
make the space singly-connected by the insertion of 
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a barrier in the shape of a diaphragm, closing the tube so that 

one of the paths is inadmissible. 

The connectivity of a portion of space 

is defined as one more than the least 

number of barriers or diaphragms 

necessary to make it singly-connected. 

Thus the space in a closed vase with 

ae three hollow handles, Fig. 15, is quad- 

ruply-connected. We shall always 

suppose the spaces with which we deal 

in this book to be singly-connected, or 

to be made so by the insertion of dia- 
phragms, unless the contrary is expressly stated. 


Fic. 15. 


Suppose that W is a point-function which, together with its 
derivative in any direction, is uniform and continuous in a certain 
portion of space rt bounded by a closed surface S. Then its deri- 
vative 0W/dx is finite in the whole region, and if we multiply it 
by the element of volume dz and integrate throughout the volume 
T, the integral is finite, being less than the maximum value 
attained by 0W/dx in the space 7 multiplied by the volume 7. 
We have at once 


ow ow 
J=[[] 5 dedyde = | dyde | 5 | 


If, keeping y and z constant, we perform the integration with 
respect to #, the volume is divided into elementary prisms whose 


Fic, 16. 


sides are parallel to the X-axis, and whose bases are rectangles with — 
sides dy, dz. 
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The portion of the integral due to one such prism is 
ow 


Now the integral is to be taken between the values of « where 
the edge of the elementary prism cuts into the surface S and 
where it cuts out from the surface. If it cuts in more than once, 
it will, since the surface is closed, cut out the same number of 
times. Let the values of «, at the successive points of cutting, be 


then [Fr ao = ae ene Wes, 


W;, being the value of W for a, and 


ow 


= |{t.- A ea Wane | dye. 


Now let dS,, dS,...dS,, denote the areas of the elements of 
the surface S cut out by the prism in question at 2, %, ... Lm 
—these all have the same projection on the YZ-plane, namely dydz. 
Now if all these elements are considered positive, and if m be the 
normal always drawn inward from the surface S toward the space 
7, at each point of cutting into the surface S,n makes an acute 
angle with the positive direction of the axis of X, and the projection 
of dS is 

dydz = dS cos (nz), 
but where the edge cuts out n makes an obtuse angle, with 
negative cosine, and therefore 


dydz = — dS cos (na). 
We may accordingly write 
dydzW, = W, cos (mn) d8,, 
—dydzW, = W, cos (n,«) dSs, 
dydzW, = W; cos (n;2) dS;, 


eee ee ee ee ry 


— dydz Won = Won COS (Men#) dSon, 
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and in integrating with respect to y and z we cover the whole of 
the projection of the surface S on the YZ-plane. On the other 


hand we cover the whole of the surface S, so that the volume 


integral is transformed into a surface integral, 


r= |[[Qr ar= [fayactw.— Vie Wee 


= - || cos (nx) dS 
taken all over the surface S. 


In like manner we may transform the two similar integrals 
[Ne dr = -|fw cos (ny) dS, 
{| ON dr=— [fw cos (nz) dS. 


Applying this lemma to the function 
OV 


W=U-—, 


where both U, V and their derivatives in any direction are uniform 
and continuous point-functions in the space 7, we have 


ete oy )ar=—[[ Ue cos (na dS. 


imi OV 
Similarly for Wee itee 
J oy 
é OV ov 7 
Wee d= | Uy cos (ny) dS; 
and for W=U7 ov 
Oz’ 


[loess )ae=— [0 Z> cos ne) a, 


Adding these three, and performing the differentiations, 
[N[\e (es Git on) tae aot oU eV | ao d 
Oa? 02)" Ox Ox a 4 


=— | | U (a cos (nz) + oe cos (77) ae a Lae a as, 
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or, transposing, and denoting the symmetrical integral by J, 
oU dV ne UROVeCUIOV: 
eo IMs dx ' Oy dy’ Oz = oe 
oV oV OV 
=— i | U { ay C08 (nav) + a cos (ny) + 3p 08 (na)} dS 


[Oi + yet afr 
Ci OP Oe 


This result is known as GREEN’S THEOREM*. 


By the definition of differentiation in any direction the paren- 
thesis in the surface integral on the right is 


aV 
aaa Py cos (Pyn), 


if P; is the parameter of V. 


Since the integral on the left is symmetrical in U and V, we 
may interchange them on the right, so that 


Ja- [fr as |ffr eo 2 


Writing this a to the former value, and ena ie we obtain 


) ff | U5 oy ve a 


cae GAO wats GAL GAGS Wel A 
=({f{v ae ae U (Gat Gat oe) an 


which will be referred to as Green’s theorem in its second form. 


It will be noticed that the integrand on the left in the first form 
is the geometric product of the parameters of the functions U and V, 


ge 
Py Py. 

We shall, unless the contrary is stated, always mean by n the 
internal normal to a closed surface, but if necessary shall dis- 
tinguish the normals drawn internally and externally as n; and n,. 
If we do not care to distinguish the inside from the outside we 
shall denote the normals toward opposite sides by m, and n,. 


* An Essay on the Application of Mathematical Analysis to the theories of 
Electricity and Magnetism. Nottingham, 1828. Geo. Green, Reprint of papers, 
0) 2b 
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34. Second Differential Parameter. 
If for the function U we take a constant, ag 1, 


US CU CU 
On (Oy) (Oz 


and we have simply 


- |[Pr cos (Pyn) dS = — (= a ~—dS= ies ait ae dr. 


The function 


Vi OVe ov, 

oat Oy? * Oe’ 
which, following the usage of the majority of writers, we shall 
denote by AV, was termed by Lamé* the second differential para- 
meter of V. As it is a scalar quantity it will be sufficiently 
distinguished from the first parameter if we call it the scalar 
parameter. We have accordingly the theorem giving the relation 
between the two :— 


The volume integral of the scalar differential parameter of a 
uniform continuous point-function throughout any volume is equal 
to the surface integral of the vector parameter resolved along the 
outward normal to the surface S bounding the volume. 

We may obtain a geometrical notion of the significance of AV 
in a number of ways. Applying the above theorem to the volume 
enclosed by a small sphere of radius R, we have, since n is in the 
direction of the radius, but drawn inwards, 


Aes li Vg-— V, 
on er Pipe 
- {[ras- rie (fF Vo as 
0 R=0 


= lim al Vacs vst. 


where V, is the value of V at the centre of the sphere, V, on the 
surface. Now remembering the significance of a definite integral 
as a pee we have 


ie ~ {Mean of V on surface — V at center} x Area of surface 
0 


= | | | AVdr = (Mean of AV in sphere) x Volume of sphere. 


* G. Lamé. Lecons sur les Coordonnées curvilignes et leurs diverses Applica- . 
tions. Paris, 1859, p. 6. 
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Now since the volume of a sphere is 4 the product of the 
surface by the radius, we have, on making & approach zero, 


Ry 8 Tm {Mean V on stl —V at center} 
R=0 : 


The negative scalar parameter — AV was accordingly called by 
Maxwell the concentration of V, being proportional to the excess of 
the value of V at any point over the mean of the surrounding 
values. It is evident from this interpretation of AV that if the 
concentration of a function vanishes throughout a certain region, 
then about any point in the region the values at neighbouring 
points are partly greater and partly less than at the point itself, 
_ so that the function cannot have at any point in the region either 
&@ maximum or minimum with respect to surrounding points. A 
function that in a certain region is uniform, continuous, and has no 
concentration is said to be harmonic in that region. The study of 
such functions constitutes one of the most important parts, not 
only of the theory of functions, but also of mathematical physics. 


_ By means of the same theorem we may obtain another repre- 
sentation of AV. Let us apply the theorem to the space included 
between two small concentric spheres of radii R, and R, = Rk, +h. 


Then at the outer sphere 
OV OV eV 
Gale = (x) alee ip E, 


and the surface integral being taken over the surface of both 
spheres, with the normal pomting in each case into the space 


between them, 
fff, Elf, (+E, 


As we make h approach zero, the first term of the second integral 
destroys the first, and 


= {[o as tim [f S, Binks 
so that [[favar=tim [foe aa 


Now AdS is the element of volume dr, so that AV may be 


hes te OV 
defined as the mean value of the second derivative aa for all 


Ww. E 5 
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directions as we leave the point. This interpretation is due to 
Boussinesq *. 

We may derive the parameter AV by applying Hamilton’s 
operator V twice to V, 


0 2) (se OV Ore 


a 
VV=V(VV)= esha: td ay tag) = ESN 


35. Divergence. Solenoidal Vectors. If the components 
of the vector parameter are 


P cos (Pay=K= 0", 

Pcos (Py) = r=, 

P cos (Pz) = ae 
we have 


and the above theorem becomes 


— i i P cos(Pn) dS= - |[x cos (nz) + Y cos (ny) + Z cos (nz)) dS 


=|[(Get pte) ® 


If P is everywhere directed outward from the surface S, the 
integral is positive, and 


mean (= +  +e|> 0. 


02 oy az 
Accordingly A + + a is called the divergence of the vec- 


tor point-function whose components are X, Y, Z, and will be 


denoted by div. A. Comparing with § 31 we find that the | 


divergence of a vector is minus the scalar part of the V of the 
vector, 


div. R=—SVR. 


The theorem as just given may be stated as follows, and will | 


be referred to as the DIVERGENCE THEOREM: The mean value of 


the normal component of any vector point-function outward from 


* Boussinesq, Application des Potentiels % Vétude de Véquilibre et du mouve- 
ment des solides élastiques, p. 45. 


\ 
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any closed surface S within which the function is uniform and 
continuous, multiplied by the area of the surface, 1s equal to the 
mean value of the divergence of the vector in the space within S 
multiplied by its volume. The theorem was proved for a vector 
which was the parameter of a scalar point-function V, but it is 
evident that it may be proved directly by partial integration 
whether this is the case or not. 


Let us consider the geometrical nature of a vector point- 
function A whose divergence vanishes in a certain region. In the 
neighbourhood of any point, the vector will at some points be 
directed toward the point and at others away. We may then 
draw curves of such a nature that at every point of any curve the 
tangent is in the direction of the vector point-function A at that 
poit. Such curves will be called lines of the vector function. 
Suppose that such lines be drawn through all points of a closed 
curve, they will generate a tubular surface, which will be called 
a tube of the vector function. Let us now construct any two 
‘surfaces S, and S, cutting across the vector 
tube and apply the divergence theorem to the SI 
portion of space inclosed by the tube and the 77 
two surfaces or caps S, and S,. Since at every Yi 
point on the surface of the tube, R is tangent am, So 
to the tube, the normal component vanishes. Fra. 17. 

The only parts contributing anything to the 
surface integral are accordingly the caps, and since the divergence 
everywhere vanishes in T, we have 


I R cos (Rn,) dS, + | | R cos (Rn) dS, = 0. 
S41 So 


If we draw the normal to S, in the othér direction, so that as 
we move the cap along the tube the direction of the normal is 
continuous, the above formula becomes 


| | Poudanpihne i | Pen wRee 
JJ Sy S2 


or the surface integral of the normal component of R over any cap 
cutting the same vector tube is constant. 


Such a vector will be termed selena dal: or tubular, and the 
megs OY 02 : : ae 
condition —— + — ++—-=0 will be termed the solenoidal condition 
dx oy oz 


(Maxwell). We may abbreviate it, div. R=0. If a vector point- 


5—2 
COLLEGE LIBRARY. WAYNE 
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function R is lamellar as well as solenoidal, the scalar function V 
of which it is the vector parameter is harmonic, for 

eS hE Ai div. R=AV =0. 

Ge Oy 02 

A solenoidal vector may be represented by its tubes, its 

direction being given by the tangent to an infinitesimal tube, 
and its magnitude being inversely proportional to its cross-section. 
As an example of a solenoidal vector we may take the velocity of 
particles of a moving fluid. If the velocity is R, with components 
X, Y, Z, the amount of liquid flowing through an element of 
surface dS in unit time is that contained in a prism of slant 
height 2, and base dS, whose volume is 


R cos (Rn) ds. 


The total flux, or quantity flowing in unit time through a 
surface S, is the surface integral 


i I R cos (Rn) dS = i | (X cos (nw) + Y cos (ny) + Z cos (nz)) ds. 


Such a surface integral may accordingly be called the flux of 
the vector & through S. 


A tube of vector R is a tube such that no fluid flows across its 
sides, such as a material tube through which liquid flows, and the 
divergence theorem shows that as much liquid flows in through 
one cross-section as out through another, if the solenoidal condition 
holds. If the liquid is incompressible, this must of course be true. 
As a second example of solenoidal vectors we have any vector 
which is the curl of another vector, for 


aot 0 0X 0 0 (oY ox 
Ox |oy 0z ay |e Ox see 


identically. 


The equation 
OV VaR OVEN 


SPARE ME UEP tiers ost 


\ 


1a ? : C2 0? C2 
is called Laplace’s equation, and the operator ae oa ce a5 
Laplace’s operator. 
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36. Representation of Solenoidal Vector. Multiplier. 
We have obtained in § 32 a means of representing a lamellar 
vector-function by means of the level surfaces of its potential 
function. By means of Jacobi’s multiplier we may find a some- 
what similar representation for a solenoidal vector. If we suppose 
the curves drawn whose tangent at every point has the direction 
of the vector function R whose components are X, Y, Z, since the 
direction cosines of the tangent are 


ds’ ds’ ds’ 
the curve is defined by the differential equations 
(1) disdy:dz=X :V+Z. 


The integrals of these equations will each contain an arbitrary 
constant. Let us suppose that an integral is of the form 


r (a, Yy, 2) = const. 


Then we must have 


0 On On 


and since da, dy, dz are proportional to X, Y, Z, 
) yy ON On On 


(2) 2 psa se ae Pam 


Wes 
ae 


This partial differential equation may serve as a definition of an 
integral of the system of differential equations (1). Geometrically 
it shows that the vector & is perpendicular to the normal to the 
surface ) =const., that is, is tangent to the surface. If « =const. 
is a second integral, then 


Ou Om Om 
(3) Mg we nee =0, 


0z 


and since Ff is tangent to a surface of each family = const., 
j= const., the lines of the vector & are the intersections of the 
surfaces with the surfaces w. From (2) and (3), linear equations 
in X, Y, Z, we may determine their ratios. We obtain 

dX Or| |0% GA| |dX OA 

OY wee). Woes sOrh: | on. Oy |. 

Om Op| |Ow Op Om Om 

oy’ Oz| |0z2’ O«| | Om’ dy 


(4) era 
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If M be a factor to be determined, we may put 
(5) MX =A, MY=B, MZ=C, 
where A, B, C are the above determinants. 

But the determinants A, B, C, if differentiated by a, y, z, 
respectively and added, are found to satisfy identically the solenoidal 
condition 


WA Gib. . GG! 
(6) ial Cyn Coa ) 


so that we have the equation for J, 


a(MX) d(MY) . a(MZ) _ 
(7) jst: Roy Sewer 


Consequently for any continuous vector function R it is possible 
to find a scalar multipher JM that shall make the vector whose 
components are MX, MY, MZ, solenoidal. If the vector R is 
itself solenoidal, the equation for M is satisfied by any constant, 
say 1, so that in this case we have 


pat ou_ ro 
“ey dz Oz Oy’ 
yr ONO Or Op 
@) Y= oe Be de Oa’ 
Pou _ Oo 
0x Oy Oy Ox 


But if P,, P, denote the vector parameters of the functions 
r, # we see by the definition of the vector product, 


R=VP,P,, 
R= P, Pisin (PyP,). 


If we consider two infinitely near surfaces of the first family 
for which X has the values ) and X + dad respectively, the normal 
distance between which is dn, we have by §§ 16 and 20 


dn 
ding = P, . 
Considering two infinitely near surfaces of the other family « 
and «+d, we have in like manner for their normal distance 


du 
re 


dn, = 
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The area of a right section of the four-sided tube thus 
formed (Fig. 18) is 


dn, Any dn, Any 


sin(m ,) sin(P,P,)’ 


dS = 


and multiplying this by the value 
of R, 

RdS =P, Pyrdn dn, = dr du, Fia. 18. 
which is constant for the whole tube. Consequently we obtain 
a new proof of the fundamental property of a solenoidal vector, 
for any tube may be divided up into infinitesimal tubes defined by 
surfaces of the two families. 


37. Principle of the Last Multiplier. If we have two 
functions M and JN, each of which is a multiplier for the equations 
(1), they must each satisfy the partial differential equation (7) so 
that 


ey ey x Oe tn 
Ox oy Oc OY 02 
aN yO, ON, (OX oY a2 

Be +5, eu +a to pne 


Multiplying the second of these by M, the first by WN, and 
subtracting, 


efor a alu vio 


oy J 02 
and dividing by M?, 
epi ay N 
Ga) | 2G | 24a) 
M M M 
xX a +Y oF +Z oF = (), 


That is, the quotient of the two multipliers is an integral of the 
differential equations (1). This result is of particular importance 
_ when we have found one integral ) = const. and any multiplier, for 
we may then find a last multiplier, which shall give us at once 
the remaining integral. By means of the integral equation 
(a, y, 2) =const. let us, by solving for one of the variables, say z, 
express z as a function of z, y, 2X, 


Z2=2(&, ¥, d). 
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If ~ =const. is a new integral, let us by introducing the value 
of z just found, express yw in terms of 2, y, 2d, 


w= Eo, Y, X). 


We shall distinguish the partial derivatives of w thus expressed 
from its partial derivatives when expressed in a, y, z, by brackets, 
so that we have 


sem | oe i. Ou |On Ow [dp ‘f Ou |OXN Ou _ [dm] or 
oz =| ox orjex’ dy | dy orn| dy’ dz |Or]| dz” 
Accordingly we obtain for the values of A, B, C 
_ _ Or | Op On | Ou 
aa 0z | Bet Oz EE 
Now pw being expressed in terms of a, y, X, we have 


i eae ne 


and since \ = const. is an integral, di = 0, 


a) ie) 
o-[E =e 


But from the values of A and B 


E a (el. 4 
Qe| or’ [ey] oA” 


0zZ 0z 
so that dp ae 
dz 
But since A=MX, B=MY, 
this becomes dp = = (Yda — Xdy). 
02 
Accordingly although the expression 
| Ydx — Xdy 

is not a perfect differential, the factor 

sk 

On 


02 
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makes it the differential of a function p, and 


p= B (Yda — Xdy)= const. 
az 


is a second integral of the equations (1). X, Y and - must of 


course be expressed in terms of a, y, X. 
Consequently if we have the system of differential equations 
deisdy:dz=X:V: Z, 
and we have found one integral X= const. together with a mul- 
tiplier satisfying the partial differential equation 
0(MX) _o(MY) 0(MZ) _ 


On oy 0zZ 0, 
then the expression 
M 
on 
dz 
is an integrating factor, or last multiplier* for the equation 
‘ Ydx— Xdy=0. 


When X, Y, Z satisfy the solenoidal condition, the last multi- 
plier is ; 
1 
Aan, ° 
0z 
This result will be used in § 103. 


38. Variation of a Multiple Integral. In illustrating 
the method of the Calculus of Variations we have found the varia- 
tion of a single integral, and in the example taken the functions 
varied were the coordinates a, y, z, of points of a curve, the variable 
of integration being ¢ We may in a similar manner vary a 
surface or volume integral, by causing the functions entering into 
the integrand to change their forms by an infinitesimal trans- 
formation, while the variables of integration are unchanged. For 


instance let 
r=|{{ Vdedyde 


* Jacobi, Vorlesungen tiber Dynamik, p. 78. 
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be a volume integral, we may define its variation by the equation 
[er {| (V48V) dedyde, 


where 8§V is any arbitrary function of a, y, z multiplied by an in- 
finitesimal constant « We may also vary an integral in another 
manner. Suppose we consider the volume in question to be occu- 
pied by material substance, and that to each material point 
belongs a value of the function V. Now let every material 
point be displaced in any manner by an infinitesimal amount 
defined by the projections 62, dy, 6z. The material point which 
arrives at w, y, 2 brings with it a different value of V, and the 
value of the integral through the same portion of space, since the 
latter is filled with different material points, is different. It is to 
be noticed that this is the exact converse of the process exemplified 
in §§ 29, 31 for there the functions X, Y, Z were associated with 
fixed points in space, while the integral was over a field which was 
varied, whereas here the function V goes with the varied point, 
while the field of integration is fixed. As an example, let us 
consider the integral 


m =| | pdxdydz 


representing the mass of a body t whose density at any point is 
p, the density being defined as the limit of the ratio of the mass of 
a portion of the body to its volume, both being decreased in- 
definitely. Let us consider the mass in an infinitesimal rect- 
angular parallelopiped, whose sides are dw, dy, dz, and whose 
mass is dm=pdw«dydz. When all points are displaced by the 
amounts 6x, dy, 6z, particles in the face normal to the X-axis and 
nearest the origin move to the right a distance 6a, and the volume 
of new matter that enters the parallelopiped through that face 
is dydzdx, whose mass is pdydzéz, p and 6x having the values 
belonging to the face in question. At the opposite parallel face, 
farthest from the origin, pda has the value 
“ poe + ——— ‘ ae oe) dx, 

and the amount of matter that moves out of the parallelopiped to 
the right is 


a(p8x) , | 
dyde ‘pbx + an oa 
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The total gain through these two sides is, accordingly, the 
difference 
0 (pda) 
On 


Similarly through the sides normal to the Y-axis the gain is 


dadydz. 


and through the sides normal to the Z-axis 
(p82), 


The total increase of the mass in the parallelopiped is therefore 


__ {2 (ede) | A(pdy) , O(pe)) 1 
ddm= pe + ayy =e qazeyde, 
and this being taken for an element of our integral, the total 
increase of mass, or variation of the integral, is 


2) — fff} eS Ue ope dady dz. 
oy 
We may obtain this result in a more rigid manner by the use of 
Green’s Theorem. Through each element of surface dS of the 
boundary of the space in question there moves inwards an in- 
finitesimal prism of matter whose volume is 


dS {dx cos (nx) + dy cos (ny) + 82 cos (nz)}. 


The mass of this is 
{pdx cos (nw) + pdy cos (ny) + pdz cos (nz)} dS, 


so that the total gain of mass in the space 7 is 
bm = il {pdx cos (nx) + pdy cos (ny) + pdz cos (nz)} dS. 
s 
But by Green’s Theorem this is equal to 


<n [Ih [ign ee + Hee) adage: 


‘This result will be of frequent use. 


39. Reciprocal Distance. Gauss’s Theorem. Consider 


; , 1 ; 
the scalar point-function, V = at where r is the distance from a 
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fixed point or pole O. Then the level surfaces are spheres, and the 


parameter is ; 
1 
R= F(7) ho 
and since h, = 1, veges 
drawn toward O. (§ 16.) 


Consider the surface integral of the normal component of R 
directed into the volume bounded by a closed surface S not 
containing O, or as we shall call it, the flux of R into S, 


(1) [fr ee GRD) as =—|{ cos Gas. 


7 


as 
az 


dw 


oO 
Jones IIe) 
The latter geometrical integral was reduced by Gauss. If to each 
point in the boundary of an element dS we draw a radius and thus 
get an infinitesimal cone with vertex O, and call the part of the 
surface of a sphere of radius r cut by this cone d=, d& is the pro- 
jection of dS on the sphere, and as the normal to the sphere is 
in the direction of 7, we have 
dz, = + dS cos (rn), 

the upper sign, for 7 cutting in, the lower for r cutting out. If 
now we draw about O a sphere of radius 1, whose area is 47r, and 
call the portion of its area cut by the above-mentioned cone da, 
we have from the similarity of the right sections of the cone 


d& _ 
dale 
d>=rdo. 


The ratio dw is called the solid angle subtended by the infinitesimal 
cone. 
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Accordingly 
(2) SAGs a = + do, 
and 


Now for every element dw, where r cuts into S, there is 
another equal one, —dw, where r cuts out, and the two annul 
each other. Hence for O outside S, 


(4) | | re dS =0. 


If on the contrary, O lies inside S, the integral is to be taken over 
the whole of the unit sphere with the same sign, and consequently 
gives the area 477. Hence for O within S, 


(5) (ee isin are 


These two results are known as Gauss’s theorem, and the integral (3) 
will be called Gauss’s integral*. 


These results could have been obtained as direct results of the 
divergence theorem. For the tubes of the vector function R are 
cones with vertex O. If O is outside S, R is continuous in every 
point within S, and. since the area of any two spheres cut out by a 
cone are proportional to the squares of the radii of the spheres, we 


have the normal flux of 
1 


2 


R= 


~ 


equal for all spherical caps. Consequently £& is solenoidal, and the 
flux through any closed surface is zero. If O is within S, R is 
solenoidal in the space between S and any sphere with center O 
lying entirely within S, and the flux through S is the same as the 
flux through the sphere, which is evidently — 47. 


The fact that # is solenoidal and V harmonic may be directly 
shown by differentiation. If the coordinates of O are a, b, c, 


(6) r=(w—a)+(y— bP +(z—c/, 
OT) 9 or 2a a); 


* Gauss, Theoria Attractionis Corporum Sphaeroidicorum Ellipticorum homo- 
_geneorum Methodo nova tractata, Werke, Bd. v., p. 9. 
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(7) Ox a r > oy 7 5 es ; : 
) 0 I os 1 or ~ “L—-—a 
®) Ox (;) Poe pr? 
CO ‘1 poe il 3 (a _ a) or *. 3 (x —ay- 2 
4 Ox? () ST ae AG ) 
: 2 _3y-by-r -@ *) = 3(z—o)'— 7". 
Oy? be = 7” ? Ee (; a = : 
(10 As - ame 6 a (") 
_ 3{@—aP+y— byt (@—c)} —3r? | : 
re 5 


Le : 
and — is harmonic, except where r= 0. 
r 


CHAPTER IV. 
FUNCTIONS OF A COMPLEX VARIABLE. 


40. Multiplication of Complex Numbers. We have seen 
in (5) how the two-dimensional complex 
number a@+2%b may be represented in 
the plane by Argand’s diagram. From 
the definition of addition of complex be 
numbers it follows that two complex 


numbers are added by the parallelo- Ns inte 
gram construction, that is the sum of 
the two complex numbers p=a,tib, a ee 
and g=a,+7b, is represented by the ee 
diagonal of the parallelogram constructed on lines whose lengths 
are equal to the moduli of p and gq, 

|p|=Var+b3, |q|=VaP+ by, 


and which make angles with the X-axis equal to the arguments of 
p and q. 


Hence lptq|Slpl+ig¢l. 
If we introduce the polar coordinates 
mel 
r=|p|, o=tan i 


we have 
a= cos, 


b=rsin @, 


p=a+wb=r(cosf+isin d). 
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Now since 
co) 2 3 
e=1l+ntgt 3 Satter 
a ¢ g* ° 
cos $d = 1 ital eit 
3 5 
sing =g- £40 ene. é 


it follows that 
cos 6 +7 sin d =e’, 


P= pier 
It is easy to show that the modulus of the product of two 
complex numbers is equal to the product of their moduli, and that 
the argument is equal to the sum of their arguments. For if 


p=a,4+1b, =7 (cos dy +7 s8in g) = 7,e, 
q = a, + tb, = 7, (cos g, +2 sin Pp.) = 7,¢"*, 
then pq =mre' +) = ryr, [cos ($1 + $2) +78in (f, + do) ]- 


In like manner for the quotient, substituting the words 
quotient for product, and difference for sum. A complex number 
vanishes only when its modulus vanishes, and is considered infinite 
when its modulus is infinite, whatever its argument. 


41. Function of Complex Variable. A function of the 
complex variable z=a+ty, if given as an analytic expression 
containing z, will be a certain function of the two real variables 
«and y and will contain a real part, which we shall denote by 
u(a, y), and an imaginary part, which we shall denote by w (a, y). 
Hence the study of functions of a complex variable may be made 
to depend on the study of functions of two real variables. Let 


w=f(z)=utw. 


The representation of variable and function by means of abscissa 
and ordinate of a curve is not here applicable, for both variable 
and function have two degrees of freedom. The function may be 
otherwise represented by means of another plane in which we 
mark off lengths wu and v as the rectangular coordinates of another — 
point representing w on another Argand’s diagram. To every 
point «, y in the first plane will then correspond a point u, v in the 
second plane. As the point «, y moves, so will the point u,v. As — 
the point , y representing the variable z, describes any curve, u,v, — 
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representing w= /(z) describes another curve, if f(z) is continuous, 
otherwise the point wu, v may jump from one point to another. 
The definition of continuity is that two points on the function 
curve may be made to approach each other as nearly as we please 
by taking the corresponding points on the curve of the variable 
sufficiently near. Or, a function is continuous in a region of the 
z-plane continuing 2, if to every real positive quantity e as small 
as we please, we can find a corresponding quantity 6 such that 
| f(a—-f(a)|<eif |z-4| <6. 

In considering the representation by means of curves, it is of 
importance to inquire whether, if the curve of z starting from an 
arbitrary point z,, returns to it after describing a closed curve, the 
curve representing w=/(z) also returns to its point of departure. 
If this is the case, the function f(z) within the region in which 
this property holds, is said to be uniform, or single-valued, for to 
every value of z corresponds one value of w. 


42. Derivative. Analytic Function. Let us examine 
the relation between an infinitesimal change in z and the corre- 


sponding change in f(z). The change dz=dw+tdy has the 


modulus | dz | =Vda?+dy?, and the argument w= tan : 


The change dw=du-+idv has the modulus | dw | =Vdw + dv? 


_, dv 
and the argument 6 = tan aa 
Also 
Ou Ow 
ov ov 
dy =~ da +~" dy, 
; Ou Ou . (Ov ov 
dw = dru + idv = diet 5H dy + 6452 de +5" dy}. 
The ratio 
Ou Ou . (dv ov 
, aw duridy tate tig Yt (an * 55 Bh 
lazino dz da+idy da + tdy 
Ou .dv (dw, .dv\dy 
Viste Gy ire 
a dy d 
aaa 
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is in general dependent on irk that is on the direction in which 


dx 
we leave the point z. The value of the derivative will not then be 
determined for the point z irrespective of the direction of leaving 
it unless the numerator is a multiple of the denominator and the 


; Fete ok eek 
expression containing ~ divides out. 


In order that this may be true we must have 


ou  .ov Ou ov ; 
eta as (atta) 
2 . (Ou ov Ou .dv 
that 1s i(u+in)= ce 


Putting real and imaginary parts on both sides equal, 


ou ov ov Ow 
(A) On me oy ? On aa ee oy > 
dw du, .dv_ dv .du 


and +4 —tx—, 


dz 0a Oa ~ Oy oy 


(OU NCU OO ea CN 
= (5) Ge = +(5,) 

In this case the function w has a definite derivative, and it is 
only when the functions u and v satisfy these conditions that u+7i 
is said to be an analytic function of z. This is Riemann’s definition 
of a function of a complex variable*. (Cauchy says monogenic 
instead of analytic.) The real functions uw and v are said to be 
conjugate functions of the real variables a, y. 


| dz 


It is obvious that if w is given as an analytic expression 
involving z, w =/(z), then w always satisfies this condition. For 


Ow df (z) dz ow df (z) dz 


on ~—s dz pap) Oa SAGE ais (2). 


; ow Gus) ..00\ Cw cu 1 ov 
Accordingly 1—— =1 ee ae 2). oy ~ By * “ay” 


Ox 
Ou ov ov Ou 


Oc Oy’ od@ dy’ 


* Riemann, Mathematische Werke, p. 5. 
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43. Orthogonal Coordinates. Conformal Representation. 
We may apply the considerations of §§ 15 and 20 to the case of 
orthogonal coordinates in a plane. If a set of point-functions are 
independent of one rectangular coordinate, the geometry of all 
planes perpendicular to the axis of that coordinate is the same, 
and we have the uniplanar, or two-dimensional case involving only 
two variables which we will take asa, y. If we take u and vas 
any two point-functions, whose parameters are h,,, hy 


du\? du? ov\? dv \? 
By faded sate pitt el ie 
hu i cs G) sae a " (ay) 5 
their level lines wu=constant and y=constant may be taken for 


coordinate lines. 


Their normals have the direction cosines 


cos (1, 2) = ns : COS (Ny, Y) = inte , 
cos (ng0)= 2%, COS (Ny D= 


and the condition that w and v shall form an orthogonal system is 
au dv uo _ 
ox 0x Oyoy 
The lengths of infinitesimal arcs of curves, forming the sides 
of a rectangle whose opposite vertices have coordinates wu, v, u + du, 
v+dv, are as in § 20 
du de 
hy,” hy’ 
and the length of the diagonal ds, or element of length of a curve 
whose ends have the above coordinates, is given by 
du, de 
Hie? UP ligt 
If now we take for curvilinear coordinates in the a, y plane two 


functions w and v such that u+w is an analytic function of « + wy, 
in virtue of the equations (A) of § 42 we have 


au dv | Guu _ 
Ox0z  Oyoy ” 
and uw and v form an orthogonal system. Now in any orthogonal 
system if we construct a set of level curves for equal small incre- 
ments of w and v,. they will divide the plane up into small - 
6—2 


de = 
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curvilinear rectangles the ratios of whose sides at any point are 
given by the ratio of the parameters h, and h, But from the 
equations (4), we have 


ey OL Ou? _ Ov \2 Coa 
hae = (=) led = (5) ae, = 


so that in this case the plane is divided into small squares. Let 
us now construct in the second plane, in which w and v are 


Fie. 21. 


rectangular coordinates, the curves corresponding to w= constant 
and v=constant. These are of course straight lines dividing their 
plane into small squares. Moreover the length of any are do of a 
curve in their plane, is given by 
do? = du? + dv’. 
But in virtue of the above relations, this gives 


da? = h?ds?, 


dw |. : : eee 
b= | = is accordingly the ratio of magnification at the point in 


question, and varies for different points of the plane. 

Let us now construct, (Fig. 21,) at a point in the a, y plane an 
infinitesimal triangle made by the intersection of any three curves, 
and let the lengths of its sides be ds,, ds,, ds;. Construct the 
corresponding curves in the wu, v plane, intersecting to form an 
infinitesimal triangle with sides 

do, do; da. 
Now we have 


do, =hds,, do,=hds,, do,=hds,, 
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and therefore 
do,:do,: dco, =ds,: ds, :ds;, 

and the infinitesimal triangles are similar. Consequently corre- 
sponding curves intersect each other in the same angle in both 
corresponding planes. Such a relation as this is called a Conformal 
Relation*, and it is of fundamental importance in the theory of 
functions and in mathematical physics. The two planes are said 
to be conformal representations of each other. The relation is 
sometimes specified by saying that the conformal representations 
are similar in their infinitely small parts. 


It is easy to show that if the functions u and v give a conformal 
representation of the plane, they must satisfy the equations (A). 


44. Laplace’s Equation. Conjugate Functions. If we 
differentiate the equations (4), the first by # and the second by y 
Ou 


; Ov 
and add, since aa0y = Buon we have 
Ow Ou 
Ox? Oy? a 


so that the function w satisfies Laplace’s equation in two variables, 
or is harmonic. 


Differentiating the other way and adding we show that v also 
satisfies the same equation 
CURCY - 
Gat t aye 
Thus every conformal development or every analytic function 
of a complex variable gives us two harmonic functions. The 
question arises whether the converse is true. It obviously will 
not do to take any two harmonic functions for w and v, for they 
must be related so as to satisfy the equations (A). But if one 
function is given, we may find the conjugate, for we must have 


ov ov 
du= an dx + TT dy, 
which by the first equation (4) is 
Ou Ou 
a a ea a dy. 


* Professor Cayley has called it orthomorphosis. 
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Now if we call this Xdxz + Ydy it satisfies the condition for a 
perfect. differential 


oX OY seu: Pu _ Pu 
Oy Ox’ "~ dy? dat” 
= Ow 
Consequently the line integral | — — pan + — dy from a given 


Ox 
point x, y to a variable point a, y is a es only of its upper 
limit, and represents v. > he if v is oe 
Ou 


b= 5g a+ “ dy= iE dn 


Furthermore the first of the equations (A) is the condition 
that vde+udy is a perfect differential, and the second that 
udaz—vdy is such. 


Accordingly the line integrals 


co) = | ode + udy, 


y= | udx — vdy, 
give two new point-functions ¢, y which in virtue of the equations 


a __ oy 06 _ oy 
a: Oy * oy On 
are conjugate to each other, and give a new analytic function of z, 


b+, or y+. From these by new integrations we may obtain 
any number. 


Examples. The function 
; Bm . + ay)? = w+ ay —y’, 
gives =2—y’, v= 2xy, 
both harmonic functions. 

The curves w= a#°— y?=const. and v= 2x%y=const. give two 
sets of equilateral hyperbolas, which intersect everywhere at right 
angles, Fig. 22. 

Le Lee yy 
z 


functi = -= 
The function ohiy way 


ives ieee v= y 
g a op? a? a+ y? 


44, FUNCTIONS OF A COMPLEX VARIABLE, — 87 


SEES EET EIA FP OOS 
BET TTL AOS SS oo 
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SORORITY BEG 

SSS SOIT IA BO SSK RAY 
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cS eae 
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The curves 


=const. and y= — = const., 


bo zeke 
e+ YP oy? 
e+y—O«r=0, #+y+Cy=0, 


give two sets of circles, the first all tangent to the Y-axis at 
the origin, the second all tangent to the X-axis, Fig. 23. 


The power 
a =(x+1y)"=r" {cos nd +7 sin ng}, 
gives the two functions 


Uu=r"cosng, v=r"sin nd, 


and a sum of any number of such terms each multiplied by a con- 


stant 

Xr” {A, cosnd + B, sin nd}, 
therefore gives a harmonic function. If a function can be developed 
in such a trigonometric series it accordingly is harmonic. Terms 
such as these may be called circular harmonic functions. 
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Fie, 23. 


45. Integral of a Function of a Complex Variable. 
Since the complex variable has two degrees of freedom, its integral 
is not of so simple a nature as that of a single real variable. 
Suppose the variable z moves from a point A to a point B along 
any continuous path. The definite integral of f(z) =w+ 1 along 
this path will be defined as the line integral 


r={ fC) He; =i Coe ae 


= ir udx — vdy + if nde + udy. 
A A 

Now in virtue of the equations (4) both the integrals above 
are independent of the path, so that Fis a function of z Itis 
evidently y+ 7% of the last section. This is on the supposition 
that the functions u,v are uniform and continuous in the whole 
region considered. If this is the case the function w= w+ is 
called holomorphic. 


If w becomes discontinuous in the region considered it ceases 
to be true that the integral is the same over two paths AB | 
between which lies a point of discontinuity of the function w. 
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; Dee, eae : : 
For example the function w=~ Is discontinuous at the point 


z=0. Accordingly the integral | = around a closed contour con- 


taining the origin within it is not zero, for it may be taken as the 
difference between the integrals between two points AB on the 
contour along two paths between which lies the point of dis- 
continuity of the function w. The integral around any closed 
contour embracing the origin is however the same as around a 
circle of radius A with center at the origin, for between the two 
curves there is no point of discontinuity of the function. Now 
since z=2+i1y= re’, if r is constant = R, 


dz =1Re'* dg, 
and the integral from z=1 
dgmeile dd. fe 


which taken around the circle is 277 


The integral | : 2 is defined as the logarithm of z, and it pos- 
1 


sesses the property that as z describes any closed path enclosing the 
origin, the function instead of returning to its original value 
increases by a constant 277. The function is then not uniform, 
but has at any point an unlimited number of values, depending 
upon the path by which we arrive at the point. These values all 
differ by integral multiples of the constant 277. 


We see that this accords with the ordinary definition of the 
logarithm, 


log z = log (w + ty) = log (ret @+"")) = log r +1 + 2n71, 


for if we increase the argument ¢ of a complex number z by any 
multiple of 27, the number is unchanged. A point such that a 
function f(z) assumes a new value when the variable traverses a 
closed circuit about the point is called a critical, or branch point. 
In this case the conformal representation given by the function f(z) 
is multiple in character, for in the UV-plane we are to take a point 
for each of the values of the function f(z). Each of these repre- 
sentative points gives a conformal representation of the whole of 
the X Y-plane on a part of the UV-plane. 
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For instance, in the case of the logarithm 
log z= log r +7 + 2n71, 
u=logr, v=o¢+2nrz, 
as z takes all possible values in the X Y-plane, w= log r varies from 
—« to+o but v varies only in limits differing by 27, so that the 
whole X Y-plane is entirely represented on a strip of the UV-plane 
infinite in one direction but of the finite width 27 in the 
other. This strip is repeated an infinite number of times each 
giving the same conformal representation of the whole X Y-plane. 
For instance the radii ¢ = const. and the circles r= const. cutting 
them orthogonally in the XY-plane correspond to the lines 
v= const. w=const. in the UV-plane. 


MMA 


Y 
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Corresponding regions of the figures are similarly shaded. 


PART I. 


THEORY OF NEWTONIAN FORCES. 


CHAPTER I. 
PRINCIPLES OF MECHANICS. UNITS AND DIMENSIONS. 


46. Matter and Energy. Dynamics. Physics is the 
science of Matter and of Energy. Its laws are found to be 
invariable and capable of exact statement, that is of presentation 
in the language of Mathematics. The application of mathematical 
analysis to the treatment of physical phenomena, enabling us to 
deduce general laws from the results of experiment, and to infer 
the consequences of general laws, forms the subject of Mathe- 
matical or Theoretical Physics. 


Matter has the essential property of occupying space. It has 
in addition universally only the property of Inertia, to be defined 
below. In order to define Energy, we must consider the motion of 
matter in space. That portion of mathematical physics which 
treats of the motion of matter is called Mechanics, or Dynamics. 
It is the object of physicists to reduce the explanation of all 
physical phenomena to descriptions of motion of matter, and 
accordingly the study of the principles of Dynamics is indis- 
pensable to the study of any branch of theoretical physics. Before 
considering the nature of electrical and magnetic phenomena we 
shall therefore devote a few chapters to Dynamics. 


47. Scalar and Vector Quantities. Physical quantities 
are of two kinds. Quantities whose complete specification involves 
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no idea of direction are called scalar quantities, for they may be 
conceived as arranged on a scale according to their magnitude. 
Such are time, temperature, size, density. 


Quantities whose specification involves the idea of direction as 
well as of magnitude are called vector quantities. They may be 
represented by geometrical directed lines, and all that has been 
said of vector quantities and their addition, etc. applies to them. 


48. Degrees of Freedom. A set of magnitudes or para- 
meters which completely specify a quantity are called its co- 
ordinates. The number of coordinates required is called the 
number of degrees of freedom of the quantity. For instance, 
a point in a plane may be defined by two rectangular, or two polar 
coordinates, and has two degrees of freedom. We may also say 
that there is a double infinity or oo? of points in a plane. A point 
in space requires three coordinates of any sort, and has three 
degrees of freedom. Every independent relation that the coordi- 
nates of a quantity are made to satisfy diminishes the number of 
its degrees of freedom by one. For instance, a relation between 
the rectangular coordinates of a point restricts it to le on a 
certain surface,—it then has two degrees of freedom instead of 
three, and requires but two coordinates to specify it. For example, 
a point satisfies the condition a+y7?+2=a* It lies on the 
sphere of radius a, and may be fully specified by giving its lati- 
tude and longitude. 


For the coordinates of a vector R we may take its projections 
on the three coordinate axes. If we choose its length, or modulus, 
and its three direction cosines, 


a=cos(Rx), B=cos(Ry), y= cos (£2), 


one of the four coordinates R, a, 8, y is redundant, for the latter 
three satisfy the identical relation 


a+ P+yP=l. 


This furnishes us an example of the general case where we 
give n coordinates of a quantity satisfying 4 independent identical 
relations, or equations of condition, The quantity then has only 
n—k degrees of freedom, and we may find n—k independent 
coordinates which completely specify it. 
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49. Velocities. If a point change its position in space, its 
motion may be described by giving the values of its coordinates 
for every instant of time, by means of equations such as 


2=fi(t), y=fr), 2=fs(0). 


The functions f must be continuous, since the point cannot 
jump from one position to another. 


We may describe the motion otherwise by giving two equations 
F(a, y, 2) =0, PF, (a, y, 2) =0, which denote the curve of intersection 
of two surfaces along which the point moves. ‘This curve is called 
the path of the point. We must further give the distance s 
measured along the curve, which the point has traversed, counting 
from a fixed point on the curve. We must know s at all times f, 
which is expressed by giving s as a continuous function of ¢, 
s=¢(¢). This, with the two equations of the path, gives as before 
three equations to completely define the motion. 


The velocity of the point is defined as the limit of the ratio of 
the distance As traversed in an interval of time At to the time 
At when both decrease without limit, 


A point travelling with a given numerical velocity may how- 
ever be moving in any of an indefinite number of directions, 
accordingly a velocity is completely specified only when we give its 
direction and magnitude, or velocities are vector quantities. The 
direction of the velocity is that of the tangent to its path. Its 
direction cosines are se, 


dz 
ne oe, 1 ds” 


Velocities are resolved and compounded like vectors in 
general,—in particular the projections of » on the coordinate axes 
are 


hg xy 2 8 da _ de 
piece’ .ds@adi ss die 
te dy dsdy_ dy 
I UG Snr war 
dz dsdz dz 


tern a dom Ghai. de? 
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y ps, 2 2 ieee da\? dy\? dz\? 
and ange tos tof = (Zz) + (7) Fae 


We might have defined the vector velocity as the resultant of 
the three vectors 


50. Accelerations. If the velocity of a point is variable 
with the time we define the acceleration of the point as the limit 
of the ratio of the increment of velocity Av to the mcrement of 
time At, as both approach zero. We may consider either the 
numerical change 

Av _dv_ ds 


Lim — =— = —, 
Kent Gr eee 


or the geometrical change. If we draw a vector AB to represent 


the velocity at the time ¢ and the vector AC to represent the 
velocity at the time ¢+ Aé, and draw the arc of a circle BD, DC 
will represent the numerical change of 

C velocity, Av, not considering its direction, 


D while BC represents its geometrical, or 
B vector change, Av, for 
AB + BC = AG, 


BC=AC— AB=Av. 


; 5S NG, x BG 
Fre. 25. Accordingly ne mer ‘be ai 


is the vector acceleration a. 


Since the projections of the geometrical difference of two 
vectors are the differences of the projections, the components of @ 
in any direction will be proportional to the changes of the corre- 
sponding components of the velocities, that is 


_ dv, 0a 
Oe aE ae? 
1 atv 
[diene 

_ du, _ az 


Oe a eae iat 
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The vector acceleration, @, may be defined as the resultant of 
the components a@,, dy, a, and accordingly its modulus is 


o=a/ (G2) +) + 
d?s 
dé 


the scalar velocity. The direction of @ is given by its direction 
cosines 


which is the acceleration of 


This is not in general equal to 


51. Physical Axioms. The results of universal experience 
with regard to motion are summed up by Newton in his three Laws 
of Motion or Axioms of Physics. An axiom is defined by Thomson 
and Tait* as a proposition, the truth of which must be admitted 
as soon as the terms in which it is expressed are clearly under- 
stood. These physical axioms rest, not on intuitive perception, 
but on convictions drawn from observation and experiment. 


Lex I. Corpus omne perseverare in statu suo quiescendi vel 
movendi uniformiter in directum, nisi quatenus a viribus vmpressis 
cogitur statwm suum mutare. 


Every body persists in its state of rest or of uniform motion in 
a straight line, except in so far as it may be compelled by force to 
change that state. 


The property of persistence thus defined is called Inertia. 


This gives a criterion for finding whether a force is acting on 
a body or not, or in other words a negative definition of force. 


Force is acting on a body when its motion is not uniform. By 


uniform we mean such motion that the vector velocity is constant. 
If the body be a material point, that is a body so small that the 
distances apart of its different parts may be neglected, the motion 


is uniform if 


| 


de dy de 


(1) BE OES qe? Gaul: 
that is 

aa dy ae 
(2) 3 Aga ae = ap 


* Thomson and Tait, Natwral Philosophy, § 243. 
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Accordingly we see that the force and acceleration vanish together. 
Integrating the equations (1), 
w=c,t+d,, y=Ct+ d,, = Coli Ges 
a—d, y—d, z—d, 


Cj Co Cn 


the path is a straight line, and since 


_ da\? dy\? EA NG perenne ris = 
v=a/(%) +(#) +(F) =/¢, Se aie OS) 


it is traversed with constant velocity. We may on the other hand 
interpret the statement as giving us a means of measuring time. 
Intervals of time are proportional to the corresponding distances 
traversed by a point not acted on by forces. 


The second law gives the measure of a force. 


Lex II. Mutationem motus proportionalem esse vi motrict 
impressae, et fiert secundum lineam rectam qua vis ila im- 
primatur. 


Change of motion is proportional to force applied, and takes 
place in the direction of the straight line in which the force 
acts. 


By change of motion is meant acceleration. If we have to 
do with different bodies, however, the factor of proportionality 
will be different for each. 


Lex IIL. Actiont contrariam semper et aequalem esse reac- 
tionem: sive corporum duorum actiones in se mutuo semper esse 
aequales et in partes contrarias dirigt. 


To every action there is always an equal and contrary reaction : 
or, the mutual actions of any two bodies are always equal and 
oppositely directed. 


If we have an action between two bodies 1 and 2, if the forces 
were proportional only to the accelerations, we should have 


Pa, Px, dy, dy, az, dz, 

dG) di 2 dR or ara eed 
This is not the case, but we must introduce factors of proportionality, — 
so that 
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da, 27, 
My, dt? Mey de 5 

d? al? 9 
my a =— Ms ae : 


The factors m,, mz, are called the masses of the bodies 1 and 2. 
This gives us a means of comparing masses. If we make two 
bodies act upon each other in any manner, their masses are 
inversely proportional to the accelerations they have at the same 
instant. The vector whose components are 
2 2, 2 
Xam, vam", Vici 
is called the impressed force acting on the mass m. If the quantities 
X,Y, Z are given functions, the above are called the differential 
equations of motion of the material point m. 


52. Units. The specification of any quantity, scalar or vector, 
involves two factors, first a numerical quantity (integer, fraction 
or irrational) or numeric, and secondly a concrete quantity in terms 
of which all quantities of that kind are numerically expressed, 
called a unit. The simplest unit is that of the geometrical 
quantity, length. We shall adopt as the unit of length the centv- 
meter, defined as the one-hundredth part of the distance at tem- 
perature zero degrees Centigrade, and pressure 760 millimeters 
of mercury, between two parallel lines engraved on a certain bar 
of platinum-iridium alloy, deposited in a vault in the laboratory of 
the “ Comité International des Poids et Mesures,’ at Sevres, near 
Paris. This bar is known as the “Meétre Prototype,” and serves as 
the basis of length measurements for the civilized world (except 
the British Empire and Russia*). 

It was proposed by Maxwell to use a natural. unit of length, 
namely the length of a wave of light corresponding to some well- 
defined line in the spectrum of some element, at a definite tem- 
perature and pressure, as it is extremely probable that such a 
wave-length is extremely constant. Measurements were carried 
out at Sévres by Michelson, with this end in view, which established 
the ratio between the above meter and the wave-length in air of 
a red cadmium ray as 1,553,164. 


* The United States yard is defined as 3600/3937 metres. 
+ Michelson, Journal de Physique, Jan. 1894. 


W. E. 7 
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The unit of mass will be assumed to be the gram, defined as 
the one-thousandth part of a piece of platinum-iridium, deposited 
at the place above mentioned and known as the “Kulogramme 
Prototype.” 


As the unit of time we shall take the mean solar second, 
obtained from astronomical observations on the rotation of the 
earth. The unit of time cannot be preserved and compared as in 
the case of the units of length and mass, but is fortunately 
preserved for us by nature, in the nearly constant rotation of the 
earth. As the earth is gradually rotating more slowly, however, 
this unit is not absolutely constant, and it has been proposed to 
take for the unit of time the period of vibration of a molecule of 
the substance giving off light of the standard wave-length. To 
obtain such a unit would involve a measurement of the velocity 
of light, which cannot at present be made with sufficient accuracy 
to warrant the change. 


53. Derived Units. Dimensions. It can be shown that 
the measurements of all physical quantities with which we are 
acquainted may be made in terms of three independent units. 
These are known as fundamental units, and are most conveniently 
taken as those of length, mass, and time. Other units, which 
depend on these, are known as derived units. If the same quantity 
is expressed in terms of two different units of the same kind, the 
numerics are inversely proportional to the size of the units. Thus 
six feet is otherwise expressed as two yards, the numerics 6 and 2 
being in the ratio 3, that of a yard to a foot. If we change the 
magnitude of one of the fundamental units in any ratio r, the 
numeric of a quantity expressed in derived units will vary pro- 
portionately to a certain power of 7, 7”; the derived unit is then 
said to be of dimensions* n in the fundamental unit in question. 
For instance, if we change the fundamental unit of length from the 
foot to the yard, r = 3, an area of 27 sq. ft. becomes expressed as 
3 sq. yds., the numeric has changed in the ratio3 : 27= 1: B=r-%, 
and the unit of area is of dimensions 2 in the unit of length. We 
may express this by writing . 


[Area] = [L7]. 


* The idea of dimensions of units originated with Fourier: vid. Théorie 
analytique de la Chaleur, Section rx, 
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The derived unit increases in the same ratio that the numeric of 
the quantity decreases. In our system the unit of area is the 
square centimeter, written 1cm*®. In hke manner the unit of volume 
is of the dimensions [Z*] and the unit is lcm®, The dimensions 


fl 


: L : : 
of velocity are E , or as we write for convenience, 


velocity = length/time. 


Two quantities of different sorts do not have a ratio in the 
ordinary arithmetical sense, but such equations as the above are of 
great use in physics, and give rise to an extended meaning of the 
terms ratio and product. 

The above equation is to be interpreted as follows. If any 
velocity be specified in terms of units of length and time the 
numerical factor is greater in proportion directly as the unit of 
length is smaller, and as the unit of time is greater. For instance 
we may write the equation expressing the fact that a velocity 
of 30 feet per second is the same as a velocity of 10 yards per 
second or 1800 feet per minute 


yee Lapis = 1800 
sec 


We may operate on such eantiois precisely as if the units were 
ordinary arithmetical quantities, for the ratio of two quantities of 
the same kind is always a number. For instance 


0, yeh see 
10 ‘ft. sec. 
The ratio ues is the number 3, while aes 1. Also 
ibe sec. 
1800 _yd. min, 
10 its, sec. el 


: : tune 
Such an expression as ets read feet per second. 


The unit of velocity is one centimeter-per-second, 

cm. iy 

——=cm. sec. 

sec. 
- Since acceleration is defined as a ratio of increment of velocity to 
increment of time, we have 


; ation] _LVelocity] _ [Length] _ 
[ Acceleration] ="TTime] ~ [Time] A ; 


7—2 
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or the numeric of a certain acceleration varies inversely as the 
magnitude of the unit of length, and directly as the square of the 
unit of time. For instance, an acceleration in which a velocity of 
10 feet per second is gained in 2 seconds is equal to one in which 
a velocity of 9000 feet per minute is gained in a minute, 


10 ft. 10 ft. , ft. 
(2sec.)? 4 rae 


4 sec? min.?’ 
The unit of acceleration is one centimeter-per-second per second. 


Since force = mass x acceleration, 


[Mass].[Length] _ Ea 


| ame Take fie 
The unit of force is one gram-centimeter-per-second-per-second. It 
is called a dyne. 


All physical equations must be homogeneous in the various 
units, that is, the dimensions of every term must be the same. 
This gives us a valuable check on the correctness of our equa- 
tions. 


54. Absolute Systems. The above system of units, which 
has for its fundamental units the centimeter, gram, and second, is 
called the Cc. G.s. system, and was recommended by a committee of 
the British Association for the Advancement of Science in 1861. 
It is sometimes incorrectly spoken of as the absolute system of 
units. An absolute system is any system, irrespective of the 
magnitudes of the units, by which physical quantities can be 
specified in terms of the least number of fundamental units, which 
shall be independent of time or place, and reproducible by copying 
trom standards. A system based on the foot, pound, and minute 
is just as much an absolute system as the c.G.s. system. The idea 
of an absolute system is due to Gauss*. 


The ordinary method of measuring force, used by non-scientific 
persons and (or including) engineers, does not belong to the abso- 
lute system of measurements. The unit of force is taken as the 
weight of, or downward force exerted by the earth upon, the 
mass of a standard piece of metal, such as the standard pound or 
kilogram. To measure the force in absolute units, we must know 


* Gauss. Intensitas vis magneticae terrestris ad mensuram absolutam revocata. 
Gottingen, 1832. Ges. Werke, v. p. 80. 
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what acceleration the earth’s pull would cause this mass to 
receive, if allowed to fall. Experiment shows that in a given 
locality on the earth’s surface all bodies fall in vacuo with the 
same acceleration. The value of this acceleration is denoted by g, 
and its value at the sea-level in latitude 45° is 

cm. 


g = 980°606 ——. 


Accordingly the force exerted by the earth on a mass of m grams 
is mg dynes, or the 
weight of a kilogram in latitude 45° = 980,606 dynes. 


Now the value of the acceleration g is not constant, but varies 
as we go from place to place on the earth’s surface, ascend moun- 
tains or descend into mines. Accordingly, the weight of a kilogram 
is not an invariable, or absolute standard of force. At the center 
of the earth, a kilogram would weigh nothing. Its mass is, how- 
ever, invariable. The value of g at points on the earth in lati- 
tude X% and A centimeters above the sea-level, is given by the 
formula, originally given by Clairaut*, 


g = 980°6056 — 2:508 cos 2X — -000003h. 


For further information with regard to units, the reader may 
consult Everett's Units and Physical Constants. 


* Everett, Units and Physical Constants, Chap. 11. 


CHAPTER II. 
WORK AND ENERGY. 


55. Work. If a point be displaced in a straight line, under 
the action of a force which is constant in magnitude and direction, 
the product of the length of the displacement and the resolved 
part of the force in the direction of the displacement, that is, the 
geometrical product of the force and the displacement (§ 7), is called 
the work done by the force in producing the displacement. If the 
components of the force F are X, Y, Z, and those of the displace- 
ment s are Sz, Sy, Sz, the work W is 


(1) W = sF cos (Fs) = Fs = Xs, + Ys, + Zs. 
Since work is defined as force x distance, we have for its 
dimensions, 


ML 


[Work] = [Z] E “| == (eee: 

The ©.G.s. unit of work is the work done when a force of 
one dyne produces a displacement of one centimeter in its own 
direction. This unit is called the erg = gm.cm?. sec~. 


If the displacement be not in a straight line, and the force be 
not constant, the work done in an infinitesimal displacement ds is 


(2) aw=(x = dy | 25) ds 


d 1 Veet a 


and the work done in a displacement along any path AB is the 
line integral 


Bee dy dz 
(3) War=] (X5+ yo +2 de, 


_ 
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The components of the force are supposed to be given as 


functions of s and the derivatives a a aa 
ES Ta 


tions of s from the equations of the path. 


are known as func- 


Understanding this, we may write 


B 
(4) eee | Nou + Ydyt Zde. 
A 


56. Virtual Work. Suppose that we have a system of n 
material points. If they are entirely free to move, they require 3n 
coordinates for their specification. They may be mechanically 
constrained, however, in such a manner that there must be certain 
relations satisfied by their coordinates. Let these equations of 
condition or constraint be 


dy (“, Yrs 215 Boy Yoy Fay reeves ens Yns Zn) = 0, 

hs (a, Yi, 21, V2, Yo; 2a, vveeee Br, Yn» Zn) = 0, 
I 8.2 oop sa dguidé onties Ses ed dunes 

bx (21, Yi» 21) Vo, Yo, Fay ever Ln» Yn> ea) = 0. 


Such constraints may be imposed by causing the particles to 
lie on certain surfaces. For instance, if two particles 1 and 2 are 
connected by a rigid rod of length J, either particle must move on 
a sphere of radius / of which the other is the center, and we have 
the equation of condition 


* $= (@,—&:) + (1-H) + (4-H)? -P=0. 


(We might have constraints defined by inequalities, e.g., if a 
particle were obliged to stay on or within a spherical surface of 
radius J the constraint would be only from without, and we should 
have 

(2—ayP+(y—bP+(¢-—cP -PS0. 

We shall assume that the constraint is toward both sides, and 

is defined by an equation.) 


If any particle at «,, y,, 2, 18 displaced by a small amount so 
that it has the coordinates 


By + ba,, Yr IF SY, Zp Te 8z,, 


* The sign = is to be read—is identically—i.e., is for all possible values of the 
variables, or is defined as. 
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in order that the constraint may hold we must have for each 


(6) p (Lp, Urs Zp eneees NE= 0; 
D (Hy + Shy, Yr + OY rs Sp + O2p ovevee )=0, 


and if @ be a continuous function, developing by Taylor’s Theorem, 
Dh (hp + Sap, Yr t+ OYp, Sy + O2p . 0000. Ve 


ob og OP . 1sn2 Ph 
D (Ly Yrs Zr) + Oy Sn + dy, Syme BARI eee: amet Joma ; 
and accordingly, taking account only of the terms of the first order 
in the small quantities 6x,, dy,, 6z,, and using equations (6), we 
have 
Op » +5 

(7) an, Or + 5, 8Y ae © be, 

If a number of a are displaced, we must take the sum 
of expressions like the above for all the particles, or 


(8) &: tae OLy + . we ee sf bert =0, 
as the conditions which must be satisfied by all the displacements 
d2,, dy,, 62,. There must be one such equation for each function 
¢. Such displacements, which are purely arbitrary, except that 
they satisfy the equations of condition, are called virtual, being 
possible, as opposed to the displacements that actually take place 
in a motion of the system. 


The Principle of Virtual Work is an analytical statement of the 
conditions for equilibrium of a system. A system is in equilibrium 
when the forces acting on its various particles, together with the 
constraints, balance each other in such a way that there is no 
tendency toward motion of any part of the system. If the system 
consists of a single free point, in order for it to be in equilibrium, 
the resultant of all the forces applied to it, whose components 
are X, Y, Z, must vanish, 


(9) X=Y=Z=0. 

If we multiply these equations respectively by the arbitrary 
small quantities dz, dy, dz and add, we get 
(10) Xba + Voy + Zdz = 0, 


which expresses that the work done in an infinitesimal displace- 
ment of a point from its position of equilibrium vanishes. The 
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equation (10) is equivalent to the equation (9), for since the 
quantities dx, dy, 5z, are arbitrary, if X, Y, Z, are different from 
zero, we may take dx, dy, dz respectively of the same sign as 
X, Y, Z,-—each product will then be positive, and the sum will not 
vanish. If the sum is to vanish for all possible choices of dx, dy, 2, 
X, Y, Z must vanish. 


If the particle is not free, but constrained to lie on a surface 
$= 0, dx, dy, dz are not entirely arbitrary, but must satisfy 


op op Op 
(7) a sagt laW ann aS 
Let us multiply this by a quantity % and add it to (10), 
obtaining 


Qn (wash) aes (Pen c®) ay+ (Z4n 2) de=0. 


We may no longer conclude that the coefficients of dx, dy, dz 
must vanish, for dx, dy, 6z are not arbitrary, bemg connected by 
the equation (7). Two of them are however arbitrary, say dy and 
6z, © has not yet been fixed—suppose it determined so that 


sera ey 
0x : 


Then we have (v+.24) by + (242.2) éz = 0, 
oy 0z 


in which dy and 62 are perfectly arbitrary, it therefore follows of 
necessity that the coefficients vanish. 


janes Tay 
oy 0z 


By the introduction of the multiplier ) we are accordingly 
enabled to draw the same conclusion as if dx, dy, 6z were arbitrary. 
Eliminating » from the above equations we get 


aay 
Op Oh OG* 
Oa Oy Oz 
Now the direction cosines of the normal to the surface 6=0 
are proportional to oo 5 ee , consequently, the components 


X, Y, Z being proportional to these direction cosines, the resultant 
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is in the direction of the normal to the surface. But under these 
conditions the particle is in equilibrium. 


In like manner we may show that if the forces X,, Y,, 4, act 
upon the particle 1, X,, Y., Z,, upon the particle 2, etc, the 
condition of equilibrium is 


(12) X,6a, + Yidy, + 7,62, + X8a + Y.dy., + 2.622 ...... + ZndZ, = 0, 


where the displacements satisfy 


0 0d, 7) r) 0 “) 
82, + dy, + + 84, +; ee ~ Bata + ob + a $2, = 0, 
ates ay +. ob, 82, sti ta Ope 5 + Pee 
On, 04, OYs Zn 

(1.3) 1s sisiv aide via dive s'eesia.s aig eintee «sine nieige ervleig siporaiorodgniets ote olde oa cinerea tana 
Ops Ox oe 5 Ok Ok Obi» _ 
ee ee oy + ae Oars 85+ 5, Obs ee oZn = 0 


Multiplying the equations (13) respectively by \,, As, ... Az, and 
adding to (12) we have 


0g, Ops ) 
(Mita aan eevee Te oa, 
(x ay Wen UE Ae =e) Sa, 

OX» 
abs, Obs abe 
a 
Ody Ops Opi = 
+(Zn +a tha aE oosee ONG =) Sz, = 0. 
Of the 3n quantities 52, ...... 82n, only 8n—k are arbitrary, 


we may however determine the & multipliers so that the coeffi- _ 
cients of the & other 6’s vanish, then the coefficients of the 8n—k 
arbitrary 8's must vanish, so that we get the 3n equations 
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Od. , , he Ope 
ae a Bng000 + Ax pga 
0g, og ODE tac 
ZR eesti pieteiaete Gh Ga 
io os ois 3 oes odoin scone rduulewsbeGectansentonses 
Obi , . Os OP _ 
Zitr 5 + reas beeen + Az apes 


Eliminating from these the & quantities \, we have 3n—k 
equations expressing the conditions of equilibrium, being as many 
as the system has degrees of freedom. The equation (12), or as 
we may write it 
(16) > (Xba + VYdy + Z8z) = 0, 
expresses the fact that the work in a virtual displacement vanishes, 
and is the condition for equilibrium. This is the Principle of 
Virtual Work. 


57. D’Alembert’s Principle. The equations of motion of a 
point are (§ 51) 


Meg = AK 

(17) , my oe = ve 

My - = Zip 
ee My — = 0) 
(18) : My eae — Y,=0, 
My as Z,=90 


Multiplying the equations (18) respectively by the arbitrary 
quantities 6x,, dy,, 5z, adding, and taking the sum for all values of 


the suffix r, 
dx, d*y, 
(19) S| (1m ma x,) Se (1m, ip Y,| Sp 


d?z, sf 
+ (mm, Get em Z,) Bz, => 0. 
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This equation may be called the fundamental equation of 
dynamics, and is the analytical statement of what is known as 
ad’ Alembert’s Principle. Lagrange made it the basis of the entire 
subject of dynamics*. Interpreted by means of the principle of 
virtual work, equation (19) states :— 

If, the motion of a system of particles being given, we find the 
acceleration of every particle, and apply to each particle a force 
whose components are 


=— mM a — My as m ube 
<i idteas de ” dt?’ 
then the system of forces X’, Y’, Z’, together with the impressed 
forces X, Y, Z, will form a system in equilibrium. 


The forces X’, Y’, Z are called the forces of wertia, or the 


reversed effective forces. D’Alembert’s principle is thus only 
another form of stating Newton’s third law of motion. 


ae: Y= Te ey 


We have now a measure of the inertia of a body, namely the 
force of inertia above defined+. We may now define matter as 
whatever can exert forces of inertia. 


58. Energy. Conservative Systems. If in the equation of 
d’Alembert’s principle, (19), we put for da, dy, dz the displacements 
which take place in the actual motion of the system in the time df, 


Ba, = Or dt, By, =U dt, Be, = Sat, 


| dt dt 
we obtain 
0) Sh (Ge aE ae Uae a) 
Ses = ye -Z, a dt = 0. 
Sewage bala): 


the sum of the first three terms is the derivative of the sum 
dx,\? (ay, dz,\2 
ay Oi es 
5S, {( a +(H) +(Gt 


* Lagrange, Mécanique Analytique. M@uvres, t. 11, p. 267. 


+ The inertia of a body is sometimes considered as the factor of the negative — 


acceleration in the expression for the force of inertia, thus making inertia — 
synonymous with mags, 
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and the equation may be written 
d CUNY OS,\" 
pea ee a mie 
(21) aE [23m ( a) + (#) + (FE) | dt 


=>, |X 1 agp lay la ‘! dt. 


at dt dt 


Integrating with respect to ¢ between the limits ¢, and &, 
da,\?  /dy,\? _ /dz,\2) |" 
1S {(C& oe (5) 
22) [38m {(F) “(Gi Calera (Ole 


h dz, dy, dz. 
= > ae te Un Zs z) é 
i, (x ay He or ane 
The square brackets with the affixes ¢,, ¢t, denote that the value 
of the expression in brackets for t = ¢, is to be subtracted from the 
value for t=¢,. 


_ The integral on the right of (22), which may be written 


[X.de, + Y,dy,+ Z,dz,, 


denotes the work done by the forces of the system on the particle 
m, during the motion from ¢, to t,, and the sum of such integrals 
denotes the total work done by the forces acting on the system 
during the motion. 


The expression 


dx,\? /dy,\?. (dz,\? 2 
gam te) (+ (tome 
the half-sum of the products of the mass of each particle by the 


square of its velocity, is called the Kinetic Energy of the system. 
If we denote it by 7, the equation (22) becomes 


th 
(23) je USS. | (ide Ye dae Z.de) 
ty 


This is called the equation of energy, and states that the gain of 
kinetic energy is equal to the work done by the forces during the 
motion. 


The equation of energy assumes an important form in the 
particular case that the forces acting on the particles depend only 
on the positions of the particles, and that the components may be» 
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represented by the partial derivatives of a single function of the 
coordinates 
U (ai, Gi, Gy: Was Yor Case ees 
(24) Rae, ae Lp 
In this case the expression 
>, {X,da, + Y,dy, + Z,dz,} 
0U oU oU ay : 


SiS 
ad da, ra, Le 


/ 1s the exact differential of the function U, and the integral 
4 

| (Tidus V.dy, Za = i 
to 


The equation of energy then is 


(25) TT = ae 


The function U is called the force-function, and its negative 
W =— U is called the Potential Energy of the system. Inserting 
W in (25) we have 


(26) the oe Wi= T;, + Wie 


The sum of the kinetic and potential energies of a system 
possessing a force-function is the same at all instants of time. 
This is the principle of Conservation of Energy. 


Systems for which the conditions (24) are satisfied are accord- 
ingly called conservative systems. 


The potential energy, bemg defined by its derivatives, contains 
an arbitrary constant. Conservative systems possess the property, 
since W depends only on the coordinates, and 7'+ W is constant, 
that 7’, the kinetic energy, depends only on the coordinates, or if 
in the course of the motion all the points of the system pass 
simultaneously through positions that they have before occupied, 
the kinetic energy will be the same as at the previous instant, 
irrespective of the directions in which the points may be moving. 
For instance, a particle thrown vertically upwards, or a pendulum 
swinging, have the same velocity when passing a given poe 
whether rising or falling. 


The principle of virtual work, § 56, may evidently be expressed __ 
by saying that for equilibrium the potential energy of the system ~ 
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is @ Maximum or minimum, and a little consideration shows that 
for stable equilibrium it is a minimum. 


Examples of non-conservative systems are found whenever the 

forces depend upon the velocities as well as upon the coordinates ; 
_for example, bodies moving through the air or other resisting 
medium or bodies whose motion is opposed by friction of any sort, 
form non-conservative systems. Even if the friction be constant 
in magnitude, its direction will depend on the direction of the 
velocities, being in such a direction as always to oppose the 
motion, and to diminish the total energy of the system. The 
dynamical theory of heat accounts for the energy that apparently 
‘disappears in non-conservative systems. 


Kinetic energy being defined as =4mv* is of the dimensions 

2 

| , the same as those of work. Potential energy is defined 
as work. The unit of energy is, therefore, the erg. 


59. Particular case of Force-function. Newtonian 
Forces. In the particular case in which the only forces acting 
on the system are attractions or repulsions by the several particles 
directed along the lines joining them and depending only on their 


mutual distances, a'force-function always exists. 
For let the force between two particles m, and m, at a distance 
apart 1,s, be 
ica (7pe). 


It will be convenient to consider 
F positive if the force is a repulsion. 


Consider now the force F;” acting 4, 
on m, and acting in the direction 
from m, to ms. Its direction cosines are those of the vector 7,., 


Ag” | tg My 

\\) > 
Li,” lies 
Y,” sh Ys ey Yy 

os ee ? 
F A Vrs 
Z,”) Gam Sp 
F, en Tre 
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Now since 
rs = (5 oF Ly) ce (Ys = ay ae G; = Baye. 
differentiating partially by 2;, 


Ory, 
or Big = 2 (a; — 2), 


Of rs Js. Ls — Ly OTrs “ech Ys = Yr Ors ae 4 23 — Bp 
(22) Ox; ~ Toe OYs i rg 02, a To 
and accordingly 
Ag OU el OL ae 2 ee 


F,” + ON, , FF.” = OY’ re Fn — 02, 


or, rs = (r (r, aes oe, 


X,%= irs 
ye = Ee are 2 a g(r rs) a o 


ZO =F 2 =(r rn) 5" 0 


If we put U,, such a function of 7,5 that 
dU yy _ 
Ar ys ee ¢ (vrs); 
AU ON rs — OU. 
Up, GC 6 OR 
Vou AU yg Of rs - OU yg 
d 


a 
x," = 


Trg OYs OYs ; 
Z r) — d Urs Ors _ 0 OU, 
‘ Any OZ OZ, — 
If now we find the resultant F; of all the forces acting on m, 
due to the repulsions by all the particles m,, we shall have 


x, = 20 {Uy Un OU, 


Tr re a ae ae 

OU eeu OU ne OU, 
(29) Wega een 2), Sao 
z, dU , Us ULE 


O25 025 Ry bey on” Os” 


if we write U,=U,,+ U,,...4 U,,. Thus U, satisfies the con- 
ditions for a force-function as far as concerns the point m,. In the 
summation s does not occur as the first index. 


<2 = 
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It is evident that the function U,, serves the same purpose for 
m, as for ms. For the force F’ exerted on m, by mz, is equal and 
opposite to that exerted on m; by m,. But r,s is the same function 
of (— z,) that it is of w,, therefore 


Ore _ OP's 
OL, Oily’ 
and X,0 =o (r Tre) 5 oe ae we a4 e 
T 8 


We may add to U, terms a tticn: of £3, Ys, 2, without 
affecting the values of X,, Y;,Z;. If we make U a symmetrical 
function of all the coordinates, containing 2,, ys, z, as U, does, then 
U will serve as the force function for all the coordinates. 


In particular, let the force of repulsion vary as the product of 
the masses of the particles divided by the square of their distance 


apart ¢ (75) = es a Such forces are called Newtonian forces, the 


most familiar ae of which are the mutual attractions of the 
sun and the planets. Then 


MMg MMs 
(30) p (Ce) — Pay) ES SS 5 
Trg Trs 
4 
MMs | MyMsz MnMs 
(31) a (RO en 
Vis Pog Tns 
and the symmetrical function U will be 
ipa me MyM; MMn, 
Vy. Tis Tin 
MyM, . MMs MyMn 
a tre aware. +- 
uel Yog Wen 
MM, | MM, M3Mn 
(32) a a ae 
131 Ue) Yen 
Mn™M, | MnMy MyMn- 
wake eee us : 
Tra Tne “WED ae 


or more briefly 
r=ns=Nn 
U=-4p 5 SO 
r=1lesi rs 
understanding that terms in which r= are to be omitted. 


W. E. 8 


114 THEORY OF NEWTONIAN FORCES. [PT Ineae I 


The factor 4 is introduced because in the above summation 
every term appears twice. But in U each pair of particles is to 
appear only once. : 

If no constant be added to U as defined above, both it and 
the potential energy 

MyMs 


(33) W=42,2¢ ee 


Ts 


will vanish when every 7,, is infinite, that is when no two particles 
are within a finite distance of each other. This furnishes a con- 
venient zero configuration for the potential energy, and is the one 
generally adopted. We may accordingly define the potential 
energy of the system in any given configuration as the work that 
must be done against the mutual repulsions of the particles in 
order to bring them from a state of infinite dispersion to the given 
configuration. 


CHAPTER III. 
HAMILTON’S PRINCIPLE. 


GENERALIZED EQUATIONS OF MOTION. CYCLIC SYSTEMS. 


60. Hamilton’s Principle. If in dAlembert’s equation 
moe @? y a 


we consider 6x, dy, 6z variations consistent with the equations of 
condition, we have 


de = 5, (Geo) - 
aye” de \ de J. ott dé 
} _d ot bn) — Se ee 
=a ai 7) -dé dé 


Treating each term in this manner, 
d dx dy dz 
(1) i= oe ba + di Sy +o 32) 


=843 1 (Zz) + (a) + (a) ) 


+ %(Xoa+ Voy + Z6z). 


If there is a force function U we have 
> (Xoa+ Voy + Zz) = 8U, 


hence the right-hand member of (1) is 
d7 + dU. 


116 THEORY OF NEWTONIAN FORCES.  [PT. I. CH, IIL 


The left-hand member being an exact derivative we may inte- 
grate with respect to ¢, 
dx dy dz 4 


ay Gor U)de=5{ (r+ U) dt. 
to to 


If the positions are given for ¢, and t,, that is if the variations 
da, dy, dz vanish for t, and t,, then the integrated parts vanish, 
and 


aT 
8{ (T+U)dt=0, 
to 
or 


(3) 8[°(2— W)dt=0. 


This is known as Hamulton’s Principle*. It may be stated by 
saying that if the configuration of the system is given at two 
instants ¢ and ¢,, then the value of the time-integral of 7'+ U is 
less (or greater) for the paths actually described in the natural 
motion than in any other infinitely near motion. 

Hamilton’s principle is broader than the principle of energy, 
inasmuch as U may contain the time as well as the coordinates. 
It is true even for non-conservative systems (where a force- 
function U does not exist), if we write instead of 6U 


Xba + Voy + Zbz. 


61. Lagrange’s Generalized Equations. By means of 
Hamilton’s Principle we may deduce the generalized equations of 
motion. 


Suppose that by means of the equations of condition, if 
there are any, we express all the coordinates as functions of 
m=3n—k parameters G, d2,-+.- Ym, Which are known as the 
generalized coordinates of the system, 


Hy = Ly (h, ay ves Ym) 
Yr = Yr (Gy Gas ++ Um) 


Cr ry 


Then W, if the system is conservative, becomes a function of 
the parameters q. 


* Hamilton. Ona General Method in Dynamics. Phil. Trans, 1834. 
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Differentiating the above by t, 


di, 02, dq 0x, dq 0x, Adin 
(1) Peace cg. dis aa. as. 
ns Ox, Uf OX, / Ox, / dq = / 
Re ies Gig ods 
dy, _ OY. , , Om, Oy, , 
di dq, 2 Sieg) + Bam 2? 
dz 0% , , Of qe Oz, , 
meg diy Og 
Since the a, y, 2’s are given as functions of q, qs, --- Ym alone, 
every a is given also as a function of the q’s. Hence every 


velocity-component is a linear function of the q’s, whose coeffi- 
cients are certain functions of the q’s. The q’s are called the 
velocities corresponding to the coordinates q. 


Squaring, adding, and summing, we get 
dx, dy,\? (dz,\2 
(2) T= 4 Sv, (Ge) + (SE) + (Gt 


OLy\? 
oS ee 
yr A(z) qh tek, 


a homogeneous quadratic function of the q’s, whose coefficients 
are certain functions of the q’s, so that we may write 


(3) T= Qugr? + $ Qe92? + - 200. + QroGi' Ga + vseeee : 
where 


Poe OLN OLy Oy CY O25 OF, 
=m Mp} plep ye Co 2p zh 
Qre= pad 0dr 09s Or Os «Gr Os 
Performing the operation of variation upon the integral occur- 
ring in Hamilton’s Principle, we obtain 


Wine 
and since 


dq, _ d 
Gp ee 


we may integrate the second term by parts. - Since the initial and 
final configuration of the system is supposed given, the 6q’s 


Sq,/ = 8 22 
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vanish at t=¢, and t=%, so that the integrated part vanishes, 
and 


6) f* [se PEE 8 CE”) oe.| aro 


Now if all the 6q’s are arbitrary, the integral vanishes only if 
the coefficient of every 8q, is equal to zero. 


(T= Wid CEs uaye 
io) 6g) memes Og,’ Y 
or if we write L for the Lagrangian function 7 — W 


B = le 
dt (oa 0Gr: 

Since the potential energy depends only on the coordinates, 
Sa? = 0, and we may write the equation (6) 
d (aT) of _. ow 

ye dt (a7) ~ OG, OG 


P, is the generalized component of impressed force tending to 
increase the coordinate q,. 


Y* 


If the system is not conservative, we must write, instead 
of —SW 
Sy {X;, 52, at Y,8y, ot Z,é,}, 


and the integral is 
(8) SfTdi+f>{X,dx,+ Y,8y,+ Z,8z,} dt = 
= a + 2X0, + V,Yp+ ZZ) dt. 


Ou. 


OX, OL> Ly 
Now 02, = aa bqa.+ 7 a— Oo + vseeee as aa Sms 
so that if we write 
Z Oita OYe 708 at 
(9) aa * 0dr aaa onrat 
we get the same equations as before. If there is a force-function 
oe 
sons 
and 
i: OW dx, , OW dy, ow ol 
ies te qr Ys Oqr 0% Or 


_ ow 
Or 


ba 
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There are m of the equations (7), one for each coordinate q. 
These are Lagrange’s equations of motion in generalized co- 


ordinates. 
62. Proof independent of Hamilton’s Principle. 


We will verify these equations by direct transformation of the 
equations in rectangular coordinates 


dx, 2. 0d, 0d. : 

My, dé AS a et ecccee > 
d?y,. wal 0d, 0g, 

(10) Mm, de = Vie +r, Oy + reo Oy ovevce 5 
i a 0g, Od, 

Mee Gia SERN ps Arr pat ondoce 5 


which are obtained from equation (15) of Chapter Il. by means of 
d’Alembert’s principle. 


Multiplying these respectively by 


Cl, OYp O2y 
0g.’ Oqs’ Oge’ 
adding and summing for all values of r, the coefficient of 2, be- 
comes 
s (Od, Ox, 4 obs Cyr, Oh, a = Od, 
"0a, ag, Gyn Gs C2, OGs)ii | COs 
if there are no relations between the q’s, the expression 


i (das +++ Ym) = O 


is an zdentity, and all its partial derivatives 


= 


: "are equal to zero. 


Accordingly the terms in ),, Ae, ... oe 
We have then 


Wh, Op  CYyp OYr US Oy 
as) 2 me NO dg, | df aq, dP sc 


=3,4X Lege Pog + 2 oel. 


04 og 
Now T= 4d,Mry (hp? + Yp? + Zp), 
ag ner (2, = (gee + 2, ay 
(12) ds ds qs 


Cae! Be ‘ays te 
a ore ( at? Oqs eat? oF Ly 0gs 
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but by (1) 
a iol ROGET Cane 
Ve 0g Nn Og Q2 OGin Ym ? 
f OY my 4 OYr oy OYr  » 
Ur 0G, Nn Pra, Fs a> ond Om 2’ 
jp Clr ay, Ole ee, Ole 
Zp aq, a rect? "36m o> 
OX, — Ox, 
hence bof § 2s ‘ 
Differentiating 2,’ by q, 
@) 
(13) Oay. _ Pay Bie Ora _ _\0gs 
3 7H, Boleds 1! ta dg Oe eo 
Inserting these values in 
so? Bq, it (12), 
oe = iy {oar (e + yy / OY + Zr Pa 
Cay Os ~ Ogs OF, 
or 


te d (0a, ,Q (0Yy , a (02, , 
ne es {= dt & +o at @ + on Fi Ge 
d OE) OP _ sm, (B (q98) — a (2H) 4 | 
Be eas Gre Teo ta (2 =) a di & em 


Spy, [dr Baty, Ayr! By, dey! Be 
. dé .0q;{ «dt 0q,) © .dtxousm 


which, since 


uy dt rT dt XY, 
is equal to 
OX a 02, 
3 [ego + +Y, Un + 2, et = Pr (9) 
Hence we have proved by direct transformation the expression 
d (on) _ a 
dt \0gq;'/ 0qs 


to be equal to P,. 
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The derivative = , which is a homogeneous linear function of 
8 


the q’s, is generally denoted by 


of 
De ode: 


In the case of rectangular coordinates, 


T = 421m, (4? + Yr? + Zp”), 


De = FOR) me Msks ; 
8 
the #-component of the momentum of one of the particles. In 
general, p; may be called the generalized component of momentum, 
belonging to the coordinate g, and velocity q,’. The equations of 
motion may be written 


dp, oT me 
(16) amc aan Pe Oa,’ 


or if, as we shall in future do, we denote by P; simply that part 
of the impressed force which is not derived from the potential 
energy, under which are included all non-conservative forces, 


dp, _0(P- W) 
I i = Be re, 


63. Theorem on Reciprocal Functions. The ordinary 
notation for partial derivatives of functions of several variables 
sometimes gives rise to a certain confusion, from the lack of 
indication of what variables are to be considered as constant 
during the differentiation. For instance, suppose we have a 
function F of any number of variables, which for convenience 
we will divide into two classes, denoting them by the letters 


Pema Aap OIG ei, 2a oes Sens 


_ Suppose now we have » functions of these variables, given by the 
equations 
“A =f, (a, XL eee Ln 21, Zo eee Za) 


Ce 


(1) ee 
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Let us now consider the function 


n 
G (a, @y... bn, 2, 24 +-+ Sm) = (Gy, Wy ces Vay Sip Sy 8 ea) ee 
1 


By means of the equations (1) we may insert the values of 
the y’s in terms of the a’s and 2z’s, so that G is explicitly given as 
a function of the variables a... %, and %...Zm. On the other 
hand let us solve the equations (1) for the #’s obtaining 


vy = fi (WY Yo ++ Yn, 1, 2a 00 Zin) 
Gi, Ve ae 


and by means of the latter let us insert in @ the values of the a’s 
in terms of the y’s and z’s. Let the function in this form, that 
is, explicitly given as a function of y,...Y, and 2,... 2m be de- 
noted by G. Then for all values of z’s and of a’s and y’s com- 
patible with the equations (1) or (2), we have identically 


PUG eenadin, Aen) = Gee Un rAlepor ie 


Differentiating both G and @ totally by varying all the 
variables that occur, we have 


dG =dF — Sy,du,— Sady, 
1h di 


=35 7 a = se aru = diy Sy,der, i Sadyy, 
1 


but as these are identically equal, we get by transposing, 


008 C2) $(Zan)int E-Blea 
In this equation there appear 2n +m differentials, only n +m 
of which are independent, in virtue of the equations (1), or their 
equivalents (2). The equation (3) assumes importance when we 
define the functions y in a particular way, namely as the partial 
derivatives of the original function F with regard to the 
variables a, 
oF 


OX," 


Yea 
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Then the coefficients of every dw, vanish, and since we may 
take the dy’s and dz’s arbitrarily, in order for the sum to vanish 
we must have for every dy; and dz,, 


Gar _ 0G 


(4) Ys — as, 02, a 02; . 

The function —@ is called the reciprocal function to the 
function F with respect to the variables #,...#,, for we have 
the reciprocal relations 

oF o(-@) oF_ d(-@) 


(5) Ys = Oates 2 Ls = OYs ? 025 a OZ; > 


ol. 


Two reciprocal functions have the property that the partial 
derwative of either with respect to any variable of reciprocation 
contained in it 1s equal to the corresponding variable replacing the 
original in the other function, whereas the partial derivative of one 
function with respect to any variable not of reciprocation is the 
negative of the derivative of the other function with respect to the 
same variable. 


In case the function F is homogeneous of degree « in the 
variables of reciprocation 


\ 
By, Ly, 000 Un 


the theorem becomes more striking, for then, by Euler’s theorem 


Bue (oO oy Leeks 
On, Dany” 


G=(1-x«) F, 


and the reciprocal function is simply a multiple of the original 
function. 


If the original function is of degree two, the reciprocal function 
is identically equal to the original function. We have thus a 
striking example of the remark made at the beginning of this 
section, for here the derivative of the function when expressed 
in one form by a variable z is exactly the negative of the derivative 
by the same variable of the function expressed in the other form. 
In this form the theorem will be frequently used hereafter. By 
means of it the equations of motion may be transformed from 
Lagrange’s form to that given them by Hamilton. 
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64. Hamilton’s Transformation. We have seen, § 61(3), 
that the kinetic energy is a homogeneous quadratic function of 
the variables gq’ representing the velocities, 


T= $Quqr? an $00? eee Q1090' 92" a Qi Ys. ee 
the coefficients being functions of the coordinates g. If we call 
the reciprocal function with respect to the q’’s, 7, by the last 
section this is also the kinetic energy, expressed not in terms 
of the velocities, but of the momenta p. Any p, is a homogeneous 
linear function of the q’s, so that solving the equations 


or ; ; ; 
A= ogy = Qu + Qo aioe of QinGn ) 


en ees 


Ce i i 


ae / 
Par= O0n: a = Oagr aL nda see Onan : 


for the q’s, every q’ is a homogeneous linear function of the p’s, 
and 7’ is therefore a homogeneous quadratic function of the 
momenta p. By virtue of the two properties of the reciprocal 
function we have for every qs (variable of reciprocation), and 
every q; (not of reciprocation), 


Ol Pcl gel 


(2) 45 = 3p,” a 

so that Lagrange’s equations, § 62 (17), are transformed to 
dp, of ow dil Ge 

(3) AUER mm cnrn ce eee Br er, 


If we put H=7'+ W, this is the reciprocal function to the 
Lagrangian function 


L=T—W, 
and the equations take the nearly symmetrical form, 
d Oo dq, 0H 
(4) Pe = ch = 


dbin wu Odi nian dl ince 
These are Hamilton’s equations of motion. 


From these equations we may immediately deduce the integral — 
equation of energy. By cross-multiplication of the above equa- 
tions, after transposing and summing for all the coordinates, we get 


OH dp, 20H dg _ 2 Ady 
(5) 2a dik te: Oqs dt als dt’ 
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But # is a function only of the p’s and q’s, so that the left-hand 
member is ee and since H is equal to 7'+ W it represents the 


total energy. Also P,dq;is the work done by the external impressed 
force component P,; in the displacement dq,, so that the right- 
hand side is the time-rate at which the external forces do work on 
the system, or the activity of the external forces. The equation 


n d. 
(6) a Pee 


is accordingly sometimes called the Equation of Activity, while if 
there are no external forces, but only conservative ones, we have 
the equation of Conservation of Energy, 


Es H=T+W=const. 
dt 

A case of frequent occurrence is that where there are non- 
conservative forces proportional to the first powers of the velocities 
q, so that any P;=—x«,q;. We may then form a function F 
which is also a homogeneous quadratic function of the velocities 


iw or 
es es pe aniston 
(7) Vy OKs aL? age 
4 
and since in this case 
Cees rer 
(8) al dt. —r, = Page ae Beh Oqs. aa 2F, 


F represents one-half the time-rate of loss, or dissipation of energy. 
F is called the Dissipation Function. It was introduced by Lord 
Rayleigh *, and, like the other function used above, is of use in the 
theory of electric currents. 


65. Transformation of Routh and Helmholtz. We 
shall in general find Lagrange’s form of the equations of motion 
more convenient than those of Hamilton. An intermediate form, 
introduced by Routh+, and afterwards by Helmholtz, is of great 
importance. 


* Proceedings London Mathematical Society, June, 1873. 

+ Routh. Stability of a given State of Motion, p.61. Rigid Dynamics, 1. p. 318. 
~ Helmholtz. Ueber die physikalische Bedeutung des Princips der kleinsten 
_Wirkung. Borchardt’s Jour. fiir Math. Bd. 100, 1886. Wissensch. Abh. 111. p. 208. 
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Suppose that instead of reciprocating with regard to all the 
velocities g’ as in Hamilton’s transformation, we do so with regard 
to only a number r of them which we will choose so that they shall 
have the indices from 1 to 7, while the q’s with indices r+ 1,... n, 
remain in the reciprocal function, and with all the coordinates q 
play the part of the variables z in § 63. Then calling the negative 
of the reciprocal function 


(1) P=P—-24sP» 
we have 

oF _ On  eLODeS sale 2a ans 
A OGs Fs 
(2) ke 

a= jal ior s=m--ily... 1% 
and 

or , ae 
(3) ie a a a ee 


Replacing 7 in Lagrange’s equations by 7’, we obtain 
(4) d cA el 
dt (507 0G: OGs 


+P,, 


so that we may use for the suffixes corresponding to the wn- 
eliminated velocities Lagrange’s equations, using the function, 


b=7T-W 
instead of the Lagrangian function 
L=T-— W, 


and obtaining 
dp, _ oP 


Yer the suffixes Pee to the eliminated velocities we must 
use the Hamiltonian form of the equations 


(6) ete 


Ke) 
39 (teas. for s=r+l, r+ 2, .... 
0qs 


_ ads 0(f - W) ant te 


di A 1 2 eae 


If r=n, T becomes — 7’, and we have the complete Hamiltonian — 
form, § 64 (4). 
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The function ® is called by Routh the modified Lagrangian 
function, and on account of its importance has received from 
Helmholtz the special name of the Kinetic Potential, by which 
we shall designate it. (Helmholtz calls —® the kinetic potential*.) 


It is to be noticed that the equations for the elimination of the 
velocities, the equations (2) of § 63 are now, instead of § 64 (1) 


Cee ee ee ee ey 


Ce ee ee ee 


On qa ot Oa i ene. = Pr = Oras Gra soa ORS 
so that the g’’s become linear functions of the right-hand sides of 
these equations and hence of 


De Da sa Pradoreicce Os 


thus 7 becomes a homogeneous quadratic function of 


Dens Dp TOU G yar, ote Oy: 
but is not homogeneous in either the p’s or the q’’s alone, on account 
of terms such as p,q; which are linear in either the p’s or q’s. 


66. Concealed Motions. A system is said to contain con- 
cealed masses, when the coordinates which become known to us by 
observation do not suffice to define the positions of all the masses 
of the system. The motions of such bodies are called concealed 
motions. It is often possible to solve the problem of the motions 
of the visible bodies of a system, even when there are concealed 
motions going on. For it may be possible to form the kinetic 
potential of the system for the visible motions, not containing the 
concealed coordinates, and in this case we may use Lagrange’s 
equations, as in the preceding article, for all visible coordinates, 
while the coordinates of the concealed masses may be ignored. 
Such problems are incomplete, inasmuch as they tell us nothing of 
the concealed motions, but very often we are concerned only with 
the visible motions. Such concealed motions enable us to explain 
the forces acting between visible systems by means of concealed 
motions of systems connected with them. 


As an example of a concealed motion let us take the case of a 
closed box containing a gyrostat, or fly-wheel, pivoted on an axis 


* Helmholtz’s notation is quite different from that here employed. 
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rigidly fastened to the box. Ifthe box be at rest, there is nothing 
on the outside to lead one to suspect the presence of the fly-wheel, 
but if the box be moved about the reactions developed will be very 
different if the concealed wheel is in rotation or not. In the 
former case the least experimenting will render us sure of the 
existence of a concealed motion. ‘To convince oneself of the truth 
of this statement it is necessary only to take a toy gyroscope in 
one’s hand and turn it about. 


67. Cyclic Motions. In certain cases some of the co- 
ordinates do not appear in the expression for the kinetic energy, 
although their velocities may. Such are termed by Helmholtz* 
cyclic coordinates, and we shall distinguish them by a bar, The 
example just given of the gyrostat is such a case, for the angular 
coordinate fixing the rotation of the fly-wheel does not appear, but 
only its derivative, the angular velocity. Further examples are 
furnished by the case of a heavy belt running over pulleys, or by 
the case of a fluid circulating in an endless tube. The coordinate 
expressing how far a point on the belt or in the fluid has travelled 
does not enter, but its velocity does. The condition for a cyclic 


coordinate being ce = 0 we have for the forces maintaining cyclic 


motions [§ 61 (7)], 


(=) =F, ‘ee 
dt \dq./ a 
If the forces of the cyclic motions vanish we have 
difolne 
ae ag) 
or, integrating, 
OL ae 
age = Ps = Cs. 


In this case we may with advantage apply Routh’s transformation 
in the case of the cyclic velocities. The equations for the elimina- 
tion are now 


Cad: = QF 508 FP Orde Ca 0; rl dria eee Qindn ; 


QiaGr + QroGa' .-- + Que Gr =Cr— Qe ra 7 rpa vee — QinTn § 


* Helmholtz, Studien zur Statik monocyklischer Systeme. Borchardt’s Jowrn. 
fiir Math., Bd. 97, Wiss. Abh. ut. p. 128, 
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Let the solutions of these for the 7’’s be 
@ =Ry(,— io OinIn ) + Ry(e.— tee QonQn ) . +h, (Cc, tee Qrmdnm 


CC ee ee i ee a ee ad 


CCPH eT OHHH EH EEE SH HEHEHE HEHE EHH EE EHH EEE SESE ER EE SEH ETH EEE OSES HEE EE EEE EEE EEE 


Gr =R(aQ— soo Qindn') + Bre (¢.— vee —Qndn ) siete + Bry (Cy ae — Qin Qn). 


The R’s being the quotients of the various subdeterminants of the 
determinant 


ee a) 


Qras Qiay +++ Ver | 


by the determinant itself, are functions of the coordinates only, 
and since by hypothesis the function 7 did not contain the cyclic 
coordinates, the R’s are functions of only the non-cyclic coordinates. 
The kinetic potential consequently is a function only of the non- 
cyclic coordinates and velocities, but on account of the presence of 
the constants ¢c;, it is not a homogeneous function of the velocities, 
but contains a linear function of them, as was remarked in § 65. 
Cases in which the kinetic potential contains a linear function 
of the velocities may thus be considered as cases with concealed 
motions. A case of this nature will be found in considering 
the mutual actions of magnets and electric currents. Physically 
the difference between the two cases is that while if ® contains 
only terms of the second degree in the velocities, if every velocity 
is reversed the kinetic potential is unchanged, and hence the 
motion may be reversed without change of circumstances, but if 
on the other hand there are terms of the first degree in the 
velocities, the motion cannot be reversed unless the concealed 
motions are reversed as well. 


As an example we will take the case of a gyrostat hung in 
gimbals. Let the outer ring of the gimbals A, Fig. 27, be 
pivoted on a vertical axis, and let the angle made by the plane of 
the ring with a fixed vertical plane be y. Let the inner ring B 
be pivoted on a horizontal axis, and let its plane make an angle @ 
with the plane of the outer ring. The gyrostat is pivoted on an 
axis at right angles with the last, and let a fixed radius of the 
gyrostat make an angle ¢ with the plane of the inner ring. It is 
shown in the theory of the dynamics of a rigid body that the 
energy of a body revolving about an axis is one-half the product 

W. E. 9 
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of a constant called the moment of inertia of the body multiplied 
by the square of its angular velocity, and also that if we find the 


Fia. 27. 


angular velocities about three mutually perpendicular axes of 
symmetry the energy may be found by adding the three parts 
obtained for the energy of rotation about the three axes. We 
will resolve the motions of the gyrostat into three angular velo- 
cities, about the axis of the top, the axis of the inner ring, and 
an axis perpendicular to both. About the axis of the gyrostat 


dp 


the angular velocity is Apa but there is also the angular 
velocity a =p’ about the vertical axis, which has the com- 


ponent yy’ cos@ about the axis of the gyrostat. The velocity 


re, Sie 
about the second axis is ari 6’, and about the third is the other 
component of the velocity about the vertical, sin #6. If A is the 
moment of inertia of the gyrostat about its own axis, B that 


‘about either of the other two, we have for the kinetic energy 
T=}[A(¢'+W cos 0? + B(O? + w? sin? 6)], 


so that @ and ¥ are cyclic coordinates. For the components of the 
forces tending to increase , 8, ¢, ; 


=" 


67] CYCLIC SYSTEMS. : 131 


d or d if ’ < 
P= ay) ater [A (¢’ +’ cos @) cos 6 + Bay’ sin? 6], 
fad WoT od a. 
Pom i (ay) ~ 507 ae PO 
+A (¢' + cos @) sin 0 — By sin 0 cos 6, 
ad /jor\ d Ba Pee 
Pym ie (55) ~ ap [4 ("+ ¥ 008 0)) 


If there is no force tending to change the rotation of the gyrostat 
in its ring 
P,=0, A (¢'+' cos 0) =¢, 


and eliminating ¢’ by means of this equation, 
ENG coe hn 
¢ = A af’ cos 8, 
less 
2A 


ech! = — +5 B(6?-+y sin? 8) + of cos 8. 


the last term containing W’ in the first power. Using this form of 
® to determine the forces, we obtain 


d(eo, d.,., 
Py= ala) a BY sin? 8 + ¢ cos 0) 

d ob D d ! if > Vas 
Pa= 5, (Sp) ~ og = gp (BO) — BY sin 8 c08 6 + ey sin 0, 


The influence of the cyclic motion may be most simply shown 
if the vertical ring be held fixed. Then w= const., and yy =0, 


ae. 
Py=—csind=,, 

do 
raat apy 


Spinning the inner ring about the horizontal axis requires the 
same force whether the cyclic motion exists or not, whereas a force 
is developed tending to make the vertical ring revolve about its 


axis, which must be balanced by the force —esin penis 


_ force at once shows that there is a concealed motion, even if the 
disposition of the concealed parts be unknown. This is exem- 
plified in the gyroscopic pendulum, which is simply a pendulum 
with two degrees of freedom, containing a gyrostat whose axis is 

9—2 


rae) 
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rigidly fixed in the axis of the pendulum. An ordinary pendulum 
set vibrating in a plane continues to vibrate in a plane, with a 
periodic reversal of its motion. The gyroscopic pendulum on the 
other hand describes a curious looped surface, never remaining in 
a plane nor returning on its course. This example is worked out 
in Thomson and Tait’s Natural Philosophy, § 319, Example (D). 


68. Cyclic Systems. A system in which the kinetic energy 
is represented with sufficient approximation by a homogeneous 
quadratic function of its cyclic velocities is called a Cyclic System. 
Of course the rigid expression of the kinetic energy contains the 
velocities of every coordinate of the system, cyclic or not, for no 
mass can be moved without adding a certain amount of kinetic 
energy. Still if certain of the coordinates change so slowly that 
their velocities may be neglected in comparison with the velocities 
of the cyclic coordinates, the approximate condition will be ful- 
filled. These coordinates define the position of the cyclic systems, 
and may be called the positional coordinates or parameters of the 
system. In the case of the gyrostat the two coordinates of the 
gimbal rings may be taken for the positional coordinates, while 
the cyclic coordinate determines the rotation of the gyrostat. In 
the case of a liquid circulating through an endless rubber tube, 
the positional co-ordinates would specify the shape and position of 
the tube. The positional coordinates will be distinguished from 
the cyclic coordinates by not being marked with a bar. The 
analytical conditions for a cyclic system will accordingly be, for all 
coordinates, either 


(1) ~——=0 or 6G) eae 


or if we use the Hamiltonian form of 7 obtained by replacing the 
velocities by the momenta, which we shall denote by 7, since the 
non-cyclic momenta vanish 


Olean Oly acu 
(2) Ops = 0, 2G, = 


We accordingly have for the external forces tending to in- 
crease the positional coordinates [see § 62, (17)], 


_a(f—W)_8(%p+ W) 


(3) P= Os Ogs 


im 
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and for the cyclic coordinates 

5. a2/ol\ dp 

rie) 
(4) & dt gs. dt 

A motion in which there are no forces tending to change the 

eyclic coordinates is called an adiabatic motion, since in it no 
energy enters or leaves the system through the cyclic coordinates. 
(It may do so through the positional coordinates.) Accordingly 
in such a motion the cyclic momenta remain constant. The case 
of the gyrostat worked out above was such a motion. 


In adiabatic motions the cyclic velocities do not generally 
remain constant. In the above example, for instance, the cyclic 
velocity ¢’ was given by 


$= - ¥ cos 0. 


A motion in which the cyclic velocities remain constant is 
called isocyclic. 


In such a motion the cyclic momenta do not generally remain 
constant, but forces have to be applied. 


If the motion is isocyclic, the only variables appearing in 7’ are 
the q’s, the positional coordinates. The positional forces, (3), are 
then derivable from’ a force-function W— 7'*, so that even if the 
system possessed no potential energy, it would appear to possess 
an amount of potential energy — 7. Ifthe motion on the other 
hand is adiabatic, the energy in the form 7’, again contains only 
the coordinates q;, and the positional forces are now derivable 
from the force-function 7+ W, so that in this case a system 
without potential energy would appear to contain the amount of 
potential energy +7. In this manner we are enabled to explain 
potential energy as kinetic energy of concealed cyclic motions, 
thus adding materially to our conceptions of the nature of force. 
For it is to be noted that kinetic energy is an entity depending 
only on the property of inertia, which is possessed by all bodies, 
while potential energy is a term only employed to disguise our 
ignorance of the nature of force. Accordingly when we are able 
to proceed to an explanation of a static force by means of kinetic 


* The reason for the appearance of W with the positive sign is that, as ex- 
plained in § 62, end, P, denotes the external impressed forces, which in the case of 
equilibrium, are equal and opposite to the internal forces given by W. 
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phenomena, we have made a distinct advance in our knowledge of 
the subject. A striking example is furnished by the kinetic 
theory of gases, by means of which we are enabled to pass from 
the bare statement that all gases press against their confining 
vessels to the statement that this pressure is due to the impact of 
the molecules of the gas against the walls of the vessel. 


69. Properties of Cyclic Systems. Reciprocal Rela- 
tions. Since by the properties of the kinetic energy we have 
three different kinds of quantities represented by partial deriva- 
tives of one or the other of two functions, 


Mod Pye aor; _) Ons 
(1) = memone: (2) Peau (3) Ire (4) Gs =a=> 


s 
applying the principle that a derivative by two variables is inde- 
pendent of the order of the differentiations we obtain six reciprocal 
theorems. We shall throughout suppose that there is no potential 
energy. 


Ia. In an adiabatic motion if an increase in one positional 
coordinate g, causes an increase in the impressed force P, belong- 
ing to another positional coordinate q,; at a certain rate, then an 
increase in the positional coordinate q, causes an increase in the 
impressed force P, at the same rate. For 


is oP, #2, _aP, 
5 dg, 09r0qs  Ogs 


Ib. In an isocyclic motion we have the same property as 
above. For 


oP, of oP, 
(©) Gr 0709s 09s 


II a. If in any motion an increase of any cyclic momentum 
pr, the positional coordinates being unchanged, causes an increase 
in a cyclic velocity q,’ at a certain rate, then an increase in the 
momentum ,, the positional coordinates being unchanged, causes 
an increase in the velocity g,’ at the same rate. For 


(7) NR RE 
OPr OPrOPs Ops 
II 6. If in any motion an increase in any cyclic velocity q,’, 


the positional coordinates being unchanged, causes an increase in 
a cyclic momentum p,, then an increase in the velocity g, causes — 


\ 


\ 
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an increase in the momentum , at the same rate. For 


Op, OF — op, 
(8) ogy. cael Or 09s. aR 0gs. 2 


IlI a. If an increase in one of the cyclic momenta j,, the 
positional coordinates being unchanged, causes an increase in the 
impressed force P,; necessary to be applied to one of the positional 
coordinates g, (in order to prevent its changing), then an 
adiabatic increase of the positional coordinate g, will cause the 
cyclic velocity g, to increase at the same rate. For 

2 
(9) m - in aH 
Pra) 0s 


III b. If an increase in one of the cyclic velocities q,’, the 
positional coordinates being unchanged, causes an increase in the 
impressed force P; necessary to be applied to one of the positional 
coordinates g, (in order to prevent its changing), then an isocyclic 
increase of the positional coordinate gq, will cause the cyclic 
momentum p, to decrease at the same rate. For 

oP Cee Oy 


(10) 0g,” = ~ OGr'0qs rap 04s C 


70. Work done by the cyclic and positional forces. 


I. In an isocyclic motion, the work done by the cyclic forces 
is double the work done by the system against the positional 
forces. In such motions the energy of the system accordingly 
increases by one-half the work done by the cyclic forces, the other 
half being given out against the positional forces. For if we use 
the energy in the form 


= 426s Ds, 
we have in any change 
; (1) f= 425 (Gs Ops te Ps0Qs )s 
and in an isocyclic change, every 6g,’ vanishing, 
(2) 8T =4$25Gs Ops. 


But since 


(3) “Ps P,, Sp; = P,8t, and since Gs oe > Gs Ot = O9;, 


and the above expression for the gain of energy becomes 


(4) 87 = 43,9) P,dt=42P, dq. 
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But the work done by the cyclic forces is 
(5) $A = 3,P 89, = 287. 


Hence the last part of the theorem is proved. Again, in any 
motion 


(6) OTT Sa 8G. Lane “OMe 


and in an isocyclic motion 


Scds 


But since the work of the Ber forces 1s 
(8) 0A =2,P,0g,=— = a dqs = — O7, 
the first part of the proposition is also proved. 
II. In an adiabatic motion, the cyclic velocities will in general 


be changed. 


Then they change in such a way that the positional forces 
caused by the change of cyclic velocities oppose the motion, that 
is, do a positive amount of work. For since for any positional 
force 


the change due to the motion is 
PE Ee el i ee 
woo -—r 04504 Ur = yp 09509 > Gr e 
Of this the part due to the change in the cyclic velocities is 
es atl ee OD cee 
of fb, = ee 0.00; og, =~ 2, a 8Gr 5 


and the work done by these forces is 


of, = 


Sold SS bas ene pe 89589; 
Now we have for any motion 


apy 
Spr = So 2P bg, +E, Ee, By, 


and in an adiabatic motion this is zero, so that: 


OD, Wine 
Syed a pee 
260, 8qs ze qh 89s - 
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Substituting this in the sum with respect to s in 67-A we get 
pL ee 8q/ qr’ = eB + Qra 8s 890 


But this expression represents (§ 61 (3)) twice the energy of 
a possible motion in which the velocities would be 6g,’, and must 
therefore be positive for all values of 89,, 69,’. 


Accordingly by A >0. 


The interpretation of this theorem for electrodynamics is 
known as Lenz’s Law*. 


71. Examples of Cyclic Systems. The expression for the 
kinetic energy of the gyrostat worked out in § 67 shows that 
the system fulfils the conditions for a cyclic system if the velocity 
@ is small enough to be neglected in comparison with the other 
velocities. The forces acting have been already found, and we 
can easily verify the theorems of the last two articles for this 
case. 


A very simple case of a cyclic system is that of a mass m sliding 
on a horizontal rod, revolving about a vertical 
axis. Let us consider the mass concentrated at 
a single point m at a distance r from the axis. 
Let the angle made by the rod with a fixed hori- 
zontal line be ¢, then the velocity perpendicular 
to the rod is rg’. The velocity along the rod 
being 7’, the kinetic energy of the body m is 


=4tmn(rd? +r). 


If we suppose the motion along the rod to be so slow that we 
may neglect r” 


T=t4mr'd?, 
and the system is cyclic, r is the positional, ¢ the cyclic co- 
ordinate. 


A system containing a single cyclic coordinate is called by 
Helmholtz a monocyclic system. We have for the momenta 


or a 


=—_ = i oft 
Pr or Tes 


aoe 
= 54 


* These Theorems are all given by Hertz, Principien der Mechanik, §§ 568-583. 
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and introducing these instead of the velocities 


Lee 
Tp = 5a Po 
We have for the positional force 
MOENG Ties ne oly a a: 
Di i Oe deme es 


This being negative denotes that a force P, toward the axis 
must be impressed on the mass m in order to maintain the cyclic 
state. This may be accomplished by means of a geometrical 
constraint, or by means of a spring. The force or reaction — P, 
which the mass m exerts in the direction from the axis in virtue 
of the rotation is called the centrifugal force. We see that if 
the motion is isocyclic, the positional force increases with 7, while 
if it is adiabatic, it decreases when 7 increases. The verification 
of the theorems of § 69 is obvious. The cyclic force 


p= Pb mF (9G!) 

vanishes when the rotation is uniform, and the radius constant. 
If, the motion being isocyclic, that is, one of uniform angular 
velocity, the body moves farther from the axis, Py, the cyclic 
force is positive, that is, unless a positive force P, is applied, 
the angular velocity will diminish. In moving out from 7, to rz 
work will be done against the positional force P, of amount 


To UP} 2 
A == i Por= mop” rdr= me (r2? a= tT); 
r; Yr) 


while the energy increases by the same amount. 


Thus the first theorem of § 70 is verified. If the motion is 
adiabatic, 
Pa = mig =. 
If the body move from the axis, ¢’ will accordingly decrease. 
The change in P, due to a displacement 6r is 


cee 2 
De = mre? or, 


which, being of the same sign as 67, does a positive amount of 
work in the displacement, illustrating the second theorem of 


§ 70. 
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Dicyclic Systems. The preceding example will suffice as a 
mechanical model to illustrate the phenomenon of self-induction 
of an electric current (Chapter XII). To illustrate mutual in- 
duction we must have at least two cyclic coordinates. Such 
models have been proposed by Maxwell, Lord 
Rayleigh*, Boltzmann, J. J. Thomson+, and the 
author}. In the model of J. J. Thomson, there 
are two carriages of mass m, and m, sliding on 
parallel rails, Fig. 29, their distances from a 


xX, 72, 
fixed line perpendicular to the rails being a, a, 29. : 
and #,. Sliding in swivels on the carriages is 

a bar, on which is a third mass m;._ We shall suppose that this 
mass is movable along the bar, and is at a distance y from the 
line midway between the rails, y being positive when m; is nearer 
m,. Then, if d is the distance between the rails, 


& + a, 
v3 = ah + (@,—0)%, 


and the kinetic energy is, if we may neglect y’ in comparison 
with a’, 2’, 


T =4{mjay? + moe2? + ms; (#3? + y'?)} 


4.) 


play Oh eh ly # 
a5 fm tm G94 B)} tar tm G4 dt Sh 


The system is cyclic, y being the positional, 2, and #, the 
cyclic coordinates. The positional force 


or vi il 1 I / 
Py=—F =~ m,4m2 (9,- aq) +m (5+ 5g) — 20a A 


vanishes if x,’=w,/._ The cyclic forces are 


a DG UEN ymca ag 
Pa= 5,2 {m+ m, (g-5+5) + a4 Msz 3-5) |: 


d ey yy 
Pas= 7 (2m (4 - Ba) + a {img + ms (j +440] 


* Phil. Mag., July 1890, p. 30. 
+ Elements of Mathematical Theory of Electricity and Magnetism, p. 385. 
+ Science, Dec. 13, 1895. 


we 
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Suppose that the coordinate y and the velocity a,’ are constant. 
If now 2,’ is increased, say by m, starting from rest and moving 
to the right by the application of a positive force P,,, then P,, is 
positive if | y | <|d/2| and m, is within the rails,—in other words, 
unless a force to the right is impressed on m, also, #,' will diminish, 
and if x,’ was also zero, m, will move to the left. 


The force P,, must be greater the smaller |y|. This is the 
analogue of the induction of currents. Similar effects may be 
produced by moving m, along the rod, instead of applying a 
force to m, or Mbp. 


Fie. 30. 


Maxwell’s model, which undoubtedly suggested Thomson’s, 
differs from it only m havmg motion of rotation instead of revo- 
lution, so that there is no limit to the possible difference in the 
coordinates a, 2. The independent masses are represented by 
the moments of inertia of masses ™, m, carried by two shafts 
S,, S,, Fig. 30, each of which carries a bevel-gear wheel A, B 
at one end. Engaging these is a pair of bevel-gears C running 
loosely upon a third perpendicular shaft, carrying the inter- 
mediate mass, mz. 

If all the bevel-gears are of the same diameter, and ¢,, $2, os 
are the angles made by the three horizontal rods with a fixed 
horizontal line, then it is evident, since the velocity of the centre 
of the wheel C is a mean between the velocities of its highest 
and lowest points, which have respectively the velocities of the 
rims of the wheels A and B, that 


bs =4( di + dy). 
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Consequently the kinetic energy of the system consisting of 
the three masses m,, m,, m; at distances from the axis 7,, 7, 73 18 


T= 4{mrrd,? ats Mreps? a Mesh} 


2 2 2 
2 : |(mo + a) gy? + (msn zs ae) + = fy $i} { 
if the velocities r’ can be neglected. The system is cyclic, the r’s 
being positional, the ¢’s being cyclic coordinates. In order to 
make the model a more complete representation of two electric 
currents, Boltzmann modified it so as to have between the co- 
ordinates 7,, 72, 7’; the relation 


Beg aie Uy eg ites, 
where 4, y, are two independent parameters. The two masses 
M, Mm, are chosen equal, being made one-fourth of mz. 


The expression for the energy then becomes 


T=m {yrdr? + byes” + r3dy fe }, 
and we may independently change either of the three co- 
efficients. 


The Pythagorean theorem suggests a geometrical means of 
imposing the above constraints. To each of the masses m is 
attached a string, which runs along the rod to the axis of ro- 
tation, where, after passing round a pulley it is carried vertically 
downward to be attached to the following device (Fig. 31). A 


Fie. 31. 


pair of rods are articulated at C, the point of articulation being 
made to slide in a vertical line CO. The string from my is fastened 
to the point C. Sliding on a horizontal line AB and in slots 
in the rods AC, BC, are the points of attachment of the strings 
from m, and m,, which are then carried outward and upward 
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over pulleys. The lengths of the strings being chosen so that 
m; is at the axis when the rods are horizontal, m, and m, when 
the rods are vertical, we must have, if AC=y,, BC=y, 


re +re = yy", Te +7? = Yr 


For the actual construction of the model, the reader is referred 
to Boltzmann, Vorlesungen wber die Maxwell’sche Theorie der 
Electricitdt und des Lichtes. 


By means of these models all the properties of Cyclic Systems 
may be illustrated, and all the phenomena of induction of currents 
imitated, as will be described in Chapter XII. 


72. Hamilton’s Principle the most general dynamical 
principle. We have seen in this chapter how by means of 
Hamilton’s Principle we may deduce the general equations of 
motion, and from these the principle of Conservation of Energy. 
As Hamilton’s Principle holds whether the system is conservative 
or not, it is more general than the principle of Conservation of 
Energy, which it includes. The principle of energy is not 
sufficient to deduce the eqtiations of motion. If we know the 
Lagrangian function we can at once form the equations of motion, 
and without forming them we may find the energy. For we 
have 


L=T-—W, 
L=T+ W. 
Accordingly 
E=2T-L= Ba 5 L=3,q/' oan L, 


so that the energy is given in terms of J and its partial deri- 
vatives. If on the other hand the energy is given as a function 
of the coordinates and velocities, the Lagrangian function must 
be found by integrating the above partial differential equation, 
involving an arbitrary function. In fact if F be a homogeneous 
linear function of the velocities, the above equation will be 
satisfied not only by ZL but also by L+F. For, F being 
homogeneous, 

oF 


F= 2s a 0qs’ 
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Consequently a knowledge of the energy is not sufficient to 
find the motion, while a knowledge of the Lagrangian function or 
kinetic potential is. 


In case we wish to ignore some of the coordinates we may 
modify the statement of Hamilton’s Principle by the use of the 
modified Lagrangian function and put 


8 i (© + ¥,P,q,) dt = 0, 


where we suppose only those coordinates which are not ignored 
are varied. 


CHAPTER IV. 
NEWTONIAN POTENTIAL FUNCTION. 


73. Definition and fundamental properties of Poten- 
tial. We have seen in § 59, (29), (31), that if we have any 
number of material particles m repelling according to the New- 
tonian Law of the inverse square of the distance, the function 


a [mats fe MMs i i MMs 
3 oe ie eeane: Tae 
where 7, % sce. ry, are the distances from the repelling points, is 


the force-function for all the forces acting upon the particle ms. 
If we put the mass m,; equal to unity the function 


(1) Eee) es 

Up Ue) Tn 
is called the potential function of the field of force due to the 
repulsions of the particles m,, m,....... My, and its negatwe vector 


parameter is the strength of the field, that is, the force experienced 
by unit of mass concentrated at the point in question. Since any 


. : Oe 
term = possesses the same properties as the function re § 39, 
r 


we have for every term, for points where 7 is not equal to zero, 


A (=) = 0, and consequently 


(2) AV=mA (=) + ma (=) Ee + tin (=) =o. 


ry 2 n 
74. Potential of Continuous Distribution. Suppose now 
that the repelling masses, instead of being in discrete points, 
form a continuously extended body K. 
Let the limit of the ratio of the mass to the volume of any 


infinitely small part be p= lm ae , which is called the density. 
Ar=0 
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Let the coordinates of a point in the repelling or attracting * body 
be a, b,c. 


The potential at any point P, 2, y, z, due to the mass dm at Q, 
a, b, c, 18 


Me 
TG 
y 
p 
Fre. 32. 


where r is the distance of the point a, y, z from the repelling 
point at a,b,c. The whole potential at #, y, zis the sum of that 
due to all parts of the attracting body, or the volume integral 


r= 


Now we have 
dm = pdr, 
or in rectangular coordinates dt = da db de, 
) dm = p da db de. 
If the body is not homogeneous, p is different in different parts 


of the body K, and is a function of a, b, c, continuous or discon- 
tinuous (e.g. a hole would cause a discontinuity). Since 


r= J(a— a+ (y— bP + (2-0, 
oe WE ane J (2 - a) eae 


For every point 2, y, z, V has a single, definite value. It is 
accordingly a uniform function of the point P, 2, y, z. 


It may be differentiated in any direction, we may find its 
level surfaces, its first differential parameter, whose negative is 
equal to the whole action of K on a point of unit mass, and the 

lines of force, normal to the level, or equipotential surfaces. 


* In order to save words, and to conform to ordinary usage, we shall say simply 
attracting, for a negative repulsion is an attraction. 


WwW. E. , 10 


oe 
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If for any point a, y, z outside K, 7, is the shortest distance to 
any point of K and r, the greatest distance, we have for any point 
in Kk 


> Ps 
Lara 
—<- ih 
a aT 


dm din _ ue 
<< 


Ts 


(s) [|< ii dm m fff 


Since 7, and r, are constant 


~|{ dn< || m <= fff dm. 
i) K ie. Le bit ahdl tl G6 


Now since | | dm = M, the whole mass of the body &K, the 
K 


above 1s 


(6) ye 


Up lin 
Accordingly for an external point V is finite. 


If # is the distance of a, y, z from-some point in or at a finite 
distance from K, 


eR We ea 


2 1 


If now we move off a, y, z to an infinite distance we have 
lim — = lim — = 1, 
R=01% R=0T) 


and accordingly since RV lies between two quantities having the 
same limit 


(7) lim (RV) = M. 


We say that V vanishes to the first order as R becomes 
infinite. 


75. Derivatives. Consider the partial derivatives of V by 
Bi Aye. 
The element dm at a, b, c, produces the potential 


av ata, iY, 2 
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oo by a, (dm and a, 6, c being constant), we have 


oa dm or 
(1) < (dV) = dn = (=) 2 
or “—-a 
By § 39, (7), Ox = B ) 
0 dm x«—a 
(2) Uae =e 
Now 
(3) =— " = cos (rz), 


where the direction of r is taken from a, b,c to #, y, z. This being 
the derivative for that part of the potential due to dm, we have 
to take the sum of such expressions for all dm’s in K, that is, 
perform a volume integration 


Gaede |I[ = Ifo a (5) dace 
=—|[[p" dadd de =~ | [| cos (re) da db de 


Let the direction cosines of R be cos A, cos B, cos C, and since 


, ty SP Sp 
1 Ly 1 
Toe r r,2? 
1 1 iL 
are gs ee eee 9? 


e p p 
0 cos (ra) > — 73 008 (ra) >— ri Cos (ra). 


Multiplying and dividing the outside terms by cos A and 
' integrating, 


Byes 4 se | [ [e Cos (re) Be a2 | i [e cos (7x) fe 
: cos A cos A 
Multiplying by A? and letting & increase without limit, since 
Peet = lim gi = hime ade : 
J Bao T Rawls Reo» COB A 


* 10—2 
i 
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(6) lim \ er | =— Mcos B, 


Therefore the first derivatives of V, and hence the aia at 
vanish at infinity to the second order. 


In like manner for the second derivatives 


ees illo ie 
eles 


a [fe=gehe 


Every element in all the integrals discussed is finite, unless 
r = 0, hence all the integrals are finite. We might proceed in this 
manner, and should thus find that: 


At points not in the attracting masses, V and all its derivatives 


are finite and (since their derivatives are finite) continuous, as well 
as uniform. 


Also since 


oe ~ {lle [PS | ae 
(7) wen life | | ar, 
[Ip PP] 


we have by addition 

eV eV ev 
8) Oa? * dy? + Of 
that is, V satisfies Laplace’s equation. 


This is also proved by applying Gauss’s theorem (§ 39 (4)) to 


m 
each element —. 
r 


76. Points in the Attracting Mass. Let us now examine 


the potential and its derivatives at points in the substance of 
the attracting mass. 
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If P is within the mass, the element oe at which the point Q, 


where dm is placed, coincides with P, becomes infinite. It does 
not therefore follow that the integral becomes infinite (§ 25). 


«) 


oo 


K 


Fic. 33. 


Let us separate from the mass K a small sphere of radius e¢ 
with the centre at P. Call the part of the body within this 
sphere K’ and the rest K”. Call the part of the integral due to 
K’, V’, and that due to K”, V’. Now since P is not in the mass 
kk”, V" and its derivatives are finite at P, and we have only to 
examine V’ and its derivatives. 


Let us insert polar coordinates 


(1) Atl. par -[/f e predr sin ddd 
7% 
so that, by § 23 (5), 


Vile < derpm | [eho Am Pm = » 


if pm is the greatest value of p in K’. 


As we make the radius ¢ diminish indefinitely, this vanishes, 
hence the limit 


lim (V’ + V”) 
B e=0 
is finite. 


Tn like manner for the derivative 


r= |[[o7 © dr=— |[[®cos (re) dr. 


ee, off K’ from K”. The part of the integral from K” is 
finite. In the other A’ introduce polar coordinates, putting 


_ 0=(re), 
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2 OV = (spies 0 c0n 0 a, 
(2) ae =f] alee r? sin Odédd¢dr, 
4 é mw (20 
Se <pm| ar{"| (cin Geos Oidaa 
dw 0 0/0 


< 27°) m €, 


which also vanishes with e. Hence or is everywhere finite, and in 


: aV aV 
like manner —, —. 
oy’ Oz 


2 
If we attempt this process for the second derivatives a Ke 
it fails on account of Z , which gives a logarithm becoming « in 
the limit. 


We will give another proof of the finiteness of ae 


We have 
(3) a= {| p =" dadbde 


"Sill px (- =) dadbdo, 


which by Green’s theorem is equal to 


[2 cos (na) as-+ fff = ¢ : OP ate 
p 


This is however only to be applied in case the function * is 


everywhere finite and continuous. This ceases to be the case 
when P is in the attracting mass, hence we must exclude P by 
drawing a small sphere about it. Applying Green’s theorem to 
the rest of the space K”, we have to add to the surface-integral 
the integral over the surface of the small sphere. 


Since cos (n#) £1, this is not greater than py» | ae = 4repm, 
which vanishes with e. Hence the infinite element contributes 


nothing to the integral. 


In the same way that ae was proved finite, it may be proved 


Dye OV OV a | 
continuous. Dividing it into two parts —— and -~—, of which the 


Ot Ox 
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: oV' 
second is continuous, we may make, as shown, —— as small as we 


On 
please by making the sphere at P small enough. At a neighbour- 
ing point P, draw a small sphere, and let the corresponding parts 
oVy’ OV,” 


and —.. Then we can make Me as small as we please, 


° Oa Oa Ou 
and hence also the difference Ne my 
0x 0x 


P, near enough together, we can make the increment of os 


Hence by taking P and 


OV. 
small as we please, or — is continuous. 


Che 


77. Poisson’s Equation. By Gauss’s theorem (§ 39 (5)), we 


have 
il cos Oo dS _ Le 
Ss Uh 


when 7 is drawn from O, a point within S. Multiplying by m, a 
mass concentrated at O, 


(x) [[ os (nr) as =—[[ 2 ds = — 4mm. 


The integral 
-{f- or ds =- | P cos (Pn) dS 


is the surface integral of the outward normal component of the 
parameter P, or of the inward component of the force. 


The surface integral of the normal component of force in the 
inward direction through 8 is called the flux of force into S, and 
we see that it is equal to — 47 times the element of mass within 
S. Masses without contribute nothing to the integral. Every 


mass dm situated within S contributes a to the potential at any 

point and — 47rdm to the flux through the surface 8S. Hence the 

whole mass, when potential is V= i | | contributes to the 
K 


flux 
— 4M = — 4 || pdr, 
K 
and 


(2) ) - fff jn = 4 |] tiie 
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Now the surface integral is, by the divergence theorem, equal 
to 


(3) [[[ avar=—40[{] par. 


The surface S may be drawn inside the attracting mass, 
providing that we take for the potential only that due to matter 
in the space + within S. 


Accordingly for + we may take any part whatever of the 
attracting mass, and 


{{ q AVdr=-— tof pdt, 
(4) | i (AVenan pcre: 


As the above theorem applies to any field of integration what- 
ever, we must have everywhere (by § 23) 


(5) AV + 4arp =0. 


This is Poisson’s extension of Laplace’s equation, and says that 
at any point the second differential parameter of V is equal to 
—4 times the density at that point. Outside the attracting 
bodies, where p =0, this becomes Laplace’s equation. 


In our nomenclature, the concentration of the potential at any 
point is proportional to the density at that point. 


A more elementary proof of the same theorem may be given 
as follows. At a point 2, y, z construct a small rectangular 
parallelopiped whose faces have the coordinates 


x, xv + &, y, Dap &, z+, 
and find the flux of force through its six faces. At the face 
normal to the X-axis whose w coordinate is # let the mean value of 


the force be — Me — P,. 
Ox 


The area of the face is »f, so that this face contributes to the 
integral — \pue cos (Pn) dS the amount — or nt 


At the opposite face, since ae is continuous, we have for its 


Ox 


value 


OV 0 (OV. 
ame 


an) terms of higher order in é, 
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and hence, the normal being directed the other way, this side con- 
tributes to the integral the amount 


oV 0 (OV 
1a Us Elan) 4F soba 
and the two together 
OV ; 
Ene es terms of higher order. 


2 
Similarly the faces perpendicular to Y-axis contribute &nf : 4 ; 


and the others &nf — 


Hence the surface integral is 
Vie Vane 
eng ls ms oy? s 7 ‘ 


and by Gauss’s theorem this is equal to 


— 4am = — 4arpEn€, 


where p is the mean density in the parallelopiped.. Now making 
the parallelopiped infinitely small, and dividing by &nf, we get 
AV =— 4p. 
78. Abbreviations for Operators. If p is any point 
function, the potential function at any point due to a distribu- 
tion through all space of matter whose density at any point is p 


has been denoted by Gibbs and Heaviside by the abbreviation 
Pot p, standing for the definite integral 


Pot p= ||| E dr. 


(The suffix o denotes integration through all space.) 
We may thus abbreviate Poisson’s equation 
— A Pot p = V? Pot p = 47, 


so that the operation Pot followed by the operation —A=V?, 
performed on any scalar function, has the effect only of multiply- 


ing it by 47, or the operations A and Re are the inverses of 


each other. 
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79. Characteristics of Potential Function. We have 
now found the following properties of the potential function. 


1st. It is everywhere holomorphic, that is, uniform, finite, 
continuous. 


2nd. Its first partial derivatives are everywhere holomorphic. 
3rd. Its second derivatives are finite. 
4th. V vanishes at infinity to the first order, 

ae (RV)=M; 


Ms ... vanish to second order, 

0x 
lim 44 =—McosA. 
R=0 0a 


5th. V satisfies everywhere Poisson’s differential equation 


pede a" 
Qa? ' Oy? oe 


and outside of attracting matter, Laplace’s equation 


eV eV eV 


ant oy? ee a 


Any function having all these properties is a Newtonian 
potential function. 


The force X, Y, Z is a solenoidal vector at all pomts outside 
of the attracting bodies, and hence if we construct tubes of force, 
the flux of force is constant through any cross-section of a given 
tube. A tube for which the flux is unity will be called a wnit 
tube. The conception of lines of force and of the solenoidal 
property is due to Faraday. 


Since V is a harmonic function outside of the attracting 
bodies, it has neither maximum nor minimum in free space, 
but its maximum and minimum must lie within the attracting 
bodies or at infinity. 


In the attracting bodies the equation —AV=4:rp says that 
the concentration of the potential at, or the divergence of the 
force from any point is proportional to the density at that 
point. 
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80. Examples. Potential of a homogeneous Sphere. 
Let the radius of the sphere be R, h the distance of P from its 


center, 
r- [fe 
= a 


Let us put s instead of r, using the latter symbol for the polar 
coordinate, 


v= |[[sinede ddr. 
Now = h? +r? — hr cos 0. 


ere ils ik ie 4 


h 


Fic. 34. 


Differentiating, keeping r constant, 
sds = hr sin 0d, 


and introducing s as variable instead of 6, 


v= {[F dsdpdr. 


We must integrate first with respect to s from h—r toh+r, 


if P is external ; 
ht+ R 
site a ia Pipes = ot | rdr 
0 


ES ae _M 
Sam) ead a 

Hence the attraction of a sphere upon an external point is 
the same as if the whole mass were concentrated at the center. 

A body having the property that the line of direction of its 
resultant attraction on a point passes always through a fixed point 
in the body is called centrobarie. 

If instead of a whole sphere we consider a spherical shell of 
internal radius R, and outer R,, the limits for r being R,, R,, 


Ry 
sr [ sdr = 32? (Rp — RY) =>. 


Nea aOR 
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dV M 
We have Gh OE? 

av _2M 

dh? he * 


If, on the other hand, P is in the spherical cavity, h < R,, 
the limits for s are r—h, r+h 


Ry +h Ry 
2 |  rdrds = 4rp | rdr 
Ry 


Ry r-h 
= 2p (RP — Ry’), 
which is independent of h, that is, is constant m the whole cavity. 
Hence i 0, and we get the theorem that a homogeneous 


spherical shell exercises no force on a body within. (On account 
of symmetry the force can be only radial.) 


If P is in the substance of the shell, we divide the shell into 
two by a spherical surface passing through P, find the potential 
due to the part within P, and add it to that without, getting 


V= ae 7 (hé — B,*) + Qmp (B,? — he) 


sult 4orp.R,* 
wins ae 2} tg 
dV = ie Rh a 
di eh? 
WINE Aap (2R,? l 
dh? ath he 
Tabulating these results 
h<R, R,<h<R, h>R, 


V 2arp ie loots By) 2arp | 2 = 5 aie 4p h,? 4rp (R? i. Re 


3 3h 3h 
dV Arp (Rye 4irp 
dh a ~ gas Fiat 
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Plotting the above results (Fig. 35) shows the continuity of 


Fie. 35, 


V and its first derivatives and the discontinuity of the second 
derivatives at the surfaces of the attracting mass. 


We see that the attraction of a solid sphere at a point within 
it is proportional to the distance from the center, for if R, =0, 


dV _4arph 

i a 
and is independent of the radius of the sphere. Hence experi- 
ments on the decrease of the force of gravity in mines at known 
depths might give us the dimensions of the earth. 


81. Disc, Cylinder, Cone. Let us find the attraction of a 
circular disc of infinitesimal thickness at a point on a line normal 


Fie. 36. 
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to the disc at its center. Let the radius be &,, thickness e, 
distance of P from the center h 


v=|" [ve erdrdd 
a 

R 

= = 2rep [a = Tie Qcrep [vere | 


= Qorep (Vi? + BR? —h}, 


dV h 
ai 2? Le tf 
Attraction of circular cylinder on point in its ams. Let the 
length be Z and let the point be external, at a distance h from 
the center. 


By the above, a disc of thickness dx at a distance # from the 
center produces a potential at P 


dV = Qrpda \V R? +(h— 2) — (h—2)}. 
Hence the whole is 


12 Bee ee eee 
View 2p | ‘ {VR2+ (h— a) —(h—«)} dx 


l 


—h 


= 2p "5 


= 7 {[G-*)/ +5 -2) — 
+ Blog b—h+ a/R (5 n) | 
[he 
+ Relog|-S—h+y/B+(=5 iS itz 


Circular cone on point in amis. 


VR?+ (h—aP + Mog (o—ht VR h=ay 


2 


Let & be the radius of base, a the altitude, h the height of P 
above the vertex, 


A disc at distance # below vertex and radius 7 causes potential 


atl, 
dV = 2rpdz (V(h+aP + r°—(h+ 2)}; 
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V=2np [de {y/ ea(h+a)t. 


If we have a conical mountain of uniform density on the earth, 
and determine the force of gravity at its summit and at the sea 
level, this gives us the ratio of the attraction of the sphere and 
cone to that of the sphere alone, and from this we get the ratio of 
the mass of the earth to the mass of the mountain. Such a deter- 
mination was carried out by Mendenhall, on Fujiyama, Japan, in 
1880, giving 5°77 for the earth’s density. 


Fic. 37. 


Circular disc on point not on aais. Let the coordinates of P 
with respect to the center be a, b, 0. Then 


s=a?+(b—rcos ¢)+7* sin? d, 


I i an erdrdd 

v= 4 5 ? 

0 Jo Va?+ (b —7rcos $)? +r? sin? h 

an elliptic integral. The development in an infinite series will be 
given in § 102. 


82. Surface Distributions. In the case of the circular 
disc of thickness e, ep is the amount of matter per unit of surface 
of the disc. It is often convenient to consider distributions of 
matter over surfaces, in such a manner that though e be considered 
infinitesimal p increases so that the product ep remains finite. 
The product ep = a 1s called the surface density, and the distribu- 
tion is called a surface distribution. 


We have 


dm=odS, V=|[". 
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In the case of the disc, we had 


ere je -1 
Oho SN hie Fe ae 
When h =0 we have 

OV 

(a), 77 2Qaro. 


The repulsion of a disc upon a particle in contact with it at its 
center is independent of the radius of the disc, and is equal to 2a 
times the surface density. 


Fig. 38. 


If the force on a particle in contact on the right be called F’,, 
positive if to the right, we have 


FF, = +20. 


By symmetry, the force on a particle at the left in contact 
with the disc is 


F, = — 270, 
F,— F,=— 410 
Now if x denote the direction of the normal to the right, 
aVe 
a 
oV 
R=-(e), 


and we see that on passing through the surface there is a dis- 


continuity in the value of ae of the magnitude 4c. 


Consider a thin spherical shell. We have for an external point 


4 
V =P (Rs — Ry) =P (R,— R,) (Re + BAR, + Re, 
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and making R,— R, =«, lim &,=lim R,= R, 


4aro 2 
Ve Baas 3k > 
dV Aro +, 
aio ae 
and on the outside for h = R, 
L= — Ano. 


Within we have everywhere 


dV 
V= » ar = 0. 
const., dh 0 
Hence there is in like manner a discontinuity in the first derivative 
of the potential in the direction of the normal, on passing through 
the attracting surface, of the amount 47. 


Consider now any surface distribution of surface density o. 
Apply Gauss’s theorem to a small tube of force bounded by portions 
of two equipotential surfaces d=, and d=, on opposite sides of the 
element of the attracting surface dS (Fig. 39). The flux out from 


the tubes is 
Fd>,—£,d>,, 


and this must be equal to +47 times the matter contained in 
the tube, which is cdS. Therefore 


F,d>,— F,d>, = 4rcd8. 


But if the length and diameter of the tube are infinitesimal d=, 
and d>, are the projections of dS, 


dS, =d3,= dS cos (Fn), 
where n is the normal to the attracting surface. Accordingly 


F, cos (Fn) dS — F, cos (Fn) dS = 42rcdS8, 
W. E. 11 
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and since F, cos (F'n) =— (=) 5 
on 2 
OV. 
F, cos (Fn) =— (or), , 
/oV OV 
sod a mea 


The normal to S is here drawn toward the side 2. We find 
then that in general, on traversing a repelling surface distribution, 
the normal force has a discontinuity equal to 4are. 


This is Poisson’s equation for a surface distribution. If we 
draw the normal away from the surface on each side, we may 
write 

OMe ACE —4aro 
On, Ong ; 


or F, cos (Fy) + F, cos (Fm) = Fin, + Pn, = 4700. 


83. Green’s formulae. Let us apply Green’s theorem to 
two functions, of which one, V, is the potential function due to 


any distribution of matter, and the other, v=*, where r is the 


distance from a fixed point P, lying in the space rt over which we 
take the integral. Let the space r concerned be that bounded by 
a closed surface S, a small sphere } of radius e about P, and, if P 
is without S, a sphere of infinite radius with center P. 


n 


Fie. 40, 


Now the theorem was stated in § 33 (2) for the normal drawn 
in toward 7, which means outward from S and &, and inward 
from the infinite sphere, as 


(1) [vy -7) as =|{|(UAV—VAU) dr, 


and since 
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in the whole space 7, so that (1) becomes 


1 
C= 
(2) Gee 1° )as-fif Sieh 


The surface integrals are to be taken over S, over the small sphere, 
and over the infinite sphere. For a sphere with center at P, 


oe EES 
— = + —=Ff SE) dS=r'do, 
on or r 


the upper or lower sign being taken according as the sphere is 
the inner or outer boundary of r ; 


if 
[rz 
Vat aS =F || Vio, 


and for r= 
V vanishes, hence this integral vanishes. Also 


(22 a5 PE dom ff tm 


r on Me on 


Now at infinity, oe is of order a 


72’ 


and being multiplied by r 


still vanishes. Accordingly the infinite sphere contributes One 
For the small spheré the case is different. The first integral 


a | Vide 


becomes, as the radius e of the sphere diminishes, 


(4) — Vp |do=— 47 
The second part 
Beet ee 
. | Sin: 
however, since ~— is finite in the sphere, vanishes with e. Hence 


on 


there remain on the left side of the equation only — 4 V> and the 


integral over S. We obtain therefore 


al 
AV 
tereal], (ve 22 )aselffo%a 
ol 
pel r 16V} ae : 
ee dS —7— z dr (P outside 8), 


11—2 
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the normal being drawn outward from 8. This formula is due to 
Green. 


Hence we see that any function which is uniform and con- 
tinuous everywhere outside of a certain closed surface, vanishes 
at infinity to the first order, and whose parameter vanishes at 
infinity to the second order, is determined at every point of space 
considered if we know at every point of that space the value of 
the second differential parameter, and in addition the values on the 
surface S of the function and its vector parameter resolved in the 
direction of the outer normal. 


In particular, if V is harmonic in all the space considered, we 
have 


é 1 r lav 
(6) 2] erry) A 


and a harmonic function is determined everywhere by its values 
and those of its normal component of parameter at all points of 
the surface S. 


Since 
iE 
fr 1 br 
on r On 
! or or or) __ cos (nr) 
S25 eos (nx) ap b oo8 (ny) ca + cos (nz) = = ae 


we may write (6) 
ih ye 4 
(7) Vp=—q- ||(Geostm) +25) as. 


Consequently, we may produce at all points outside of a closed 
surface S the same field of force as is produced by any distribution 
of masses lying inside of S, whose potential is V, if we distribute 
over the surface S a surface distribution of surface-density, 


pope ln econ) eee 
eo) o=-7-| r +i 


In the general expression (5), the surface integral representing 
the potential due to the masses within S, the volume integral 


sells 
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represents, since everywhere 


1 


ee 

r d 
that is, the potential due to all the masses in the region 7, viz., 
outside 8. 


84. Equipotential Layers. As a still more particular case 
of (7), if the surface S is taken as one of the equipotential 
surfaces of the internal distribution, we have all over the surface 
V = V;=const., and the constant may be taken out from the first 
integral, 


_ Vz [{cos oD) allt se OV ag 
(9) a= uber r on 
Now by Gauss’s theorem | i eos dS=0; accordingly, 
1 lov 
(10) Vp=-z-|[=5 as=|[Zas, 


so that V> is represented as the potential of a surface distribution 
of surface-density — 


ava is F 
Lay aay ra inf 08 (Ein) =F ess 
The whole mass of the ee surface distribution is 
oV 
(11) [[eas=— <-| = dS 
= alr cos (Fn) dS, 


which, being the flux of force outward from S, is by Gauss’s 
theorem, § 77 (1), equal to M, the mass within S, 


Accordingly we may enunciate the theorem, due to Chasles and 
Gauss* :— 


We may produce outside any equipotential surface of a dis- 
tribution M the same effect as the distribution itself produces, by 


* Chasles, ‘‘ Sur l’attraction d’une couche ellipsoidale infiniment mince,”’ Journ. 
Ec. Polytec., Cahier 25, p: 266, 1837; Gauss, Allgemeine Lehrsdtze, § 36. 
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oe Manet d 1 
distributing over that surface a layer of surface-density equal to her 


times the outward force at every point of the surface. The mass 
of the whole layer will be precisely that of the original internal 
distribution. Such a layer is called an equipotential layer. 
(Definition—A_ superficial layer which coincides with one of its 
own equipotential surfaces.) Reversing the sign of this density 
will give us a layer which will, outside, neutralize the effect of the 
bodies within. 


Let us now suppose the point P is within 8. In this case, we 
apply Green’s theorem to the space within S, and we do not have 
the integrals over the infinite sphere. The normal in the above 
formulae is now drawn inward from S, or if we still wish to use 
the outward normal, we change the sign of the surface integral 


in (5); 


1 
= 
1 Fite 1 rraVv 
(12) rnb ff (voe-2%) as 2 [f[¥ an 
(P inside 8S), 


Note that both formulae (5) and (12) are identical if the 
normal is drawn into the space in which P lies. 


Hence within a closed surface a holomorphic function is 
determined at every point solely by its values and those of its - 
normally resolved parameter at all points of the swrface, and by 
the values of its second parameter at all points in the space within 
the surface. 


A harmonic function may be represented by a potential func- 
tion of a surface distribution. 


Now if the surface S is equipotential, the function V cannot 
be harmonic everywhere within unless it is constant. For since 
two equipotential surfaces cannot cut each other, the potential 
bemg a one-valued function, successive equipotential surfaces 
must surround each other, and the innermost one, which is reduced 
to a point, will be a point of maximum or minimum. But we 
have seen (§ 34) that this is impossible for a harmonic function. 
Accordingly a function constant on a closed surface and harmonic 
within must be a constant. 


Ifehowever there be matter within and without S, the volume 
integral, as before, denotes the potential due to the matter in the — 
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space rt (within S), and the surface integral that due to the 
matter without. If the surface is equipotential, the surface 


Bes _ See aren 


Aer J, r One 


The first integral is now equal to 47, so that 


(13) Vp=Vetq_[[oo as—|[[A" ar, 


Tr ON, 


V being constant contributes nothing to the derivatives of V, so 
that the outside bodies may be replaced by a surface layer of 
density 


L-aV 1 Dy 
(14) ag ey ere AG are 


The mass of the surface distribution 


(15) [[eas z rales dS = ge — Z| [Feo (Fn,) d8, 


n, being the outward normal, is the inward flux of force through 
S, which is equal to minus the mass of the wterior matter, and 1s 
not, as in the former case, equal to the mass which it replaces. 


85. Potential completely determined by its charac- 
teristic properties. We have proved that the potential function 
due to any volume distribution has the following properties : 


1. It is, together with its first differential parameter, uniform, 
finite, and continuous. 


2. It vanishes to the first order at o, and its parameter to 
the second order. 


3. It is harmonic outside the attracting bodies, and in them 
satisfies | 
AV =— 4p. 
The preceding investigation shows that a function having 
these properties is a potential function, and is complegely de- 
termined. 
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For we may apply the above formula (5) to all space, and then 
the only surface integral being that due to the infinite sphere, 
which vanishes, we have 


(16) =--|[] a ir = fff Ear. 


If however, the above conditions are fulfilled by a function V, 
except that at certain surfaces S its first parameter is discon- 


tinuous, let us draw on each side of the surface S surfaces at 
distances equal to e from S, and exclude that portion of space 
lying between these, which we will call S, and §,. 


If the normals are drawn into r we have 


© Vga G)-7 me) 8 e 


The surface integrals are to be taken over both surfaces S, and 
S, and the volume integrals over all space except the thin layer 
between S, and S,. This is the only region where there is discon- 
tinuity, hence in 7 the theorem applies, and 


@ “il @ fil 
inV=[] V5-(Z)as+]/, Gye 
{ia elt 

7 On, & 7 ONg 


Now let us make e infinitesimal, then the surfaces S,, S, 
approach each other and S. V is continuous at S, that is, is the - 


(17) 


same on both sides, hence, since g (=) =— g (=), in the limit 
on, \r On, \r 


the first two terms destroy each other. This is not so for the | 


OVE 
next two, for a is not equal to a because of the discontinuity. 
2 
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In the limit, then 


(18) v= --|[-6 (e+ =) ) as — HL AN ar. 


The volume integral, as before, denotes the potential [ [ | £ dtr 
due to the volume distribution, while the surface integral denotes 


the potential of a surface distribution i | gas 
jar 


where 
(19) i eae 
9 Ohare Om, ON» 


Hence we get a new proof of Poisson’s surface condition, 


§ 82. 


86. Kelvin and Dirichlet’s Principle. We shall now 
consider a question known on the continent of Europe as 
Dirichlet’s Problem. 


Given the values of a function at all points of a closed surface 
S—is it possible to find a function which, assuming these values 
on the surface, is, with its parameters, uniform, finite, continuous, 
and is itself harmonic at all points within S ? 


This is the internal problem—the external may be stated in 
like manner, specifying the conditions as to vanishing at infinity. 


Consider the integral 


@ w= Hf) {e) +&) +) 


of a function u throughout the space 7 within S. 


J must be positive, for every element is a sum of squares. 
: Ow du du 
It cannot vanish, unless everywhere —=—=,—=0O, that is 


Ox Oy OZ 
u= constant. But since uw is continuous, unless it is constant on 
S, this will not be the case. 


Accordingly J (uw) > 0. 


Now of the infinite variety of functions u there must be, 
according to Dirichlet, at least one which makes J less than for 
any of the others. Call this function v, and call the difference 
between this and any other hs, so that 


u=vu+hs, 
h being constant. 
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The condition for a minimum is that 


J (v)< J (v+hs), 
for all values of h. 
‘: Ou ov os 
Now ae ant am? 


ou ou ou\? 

(2) ee 1G, Fla) 
av\?, fov\® fov\?  ,, (fos\® (0s \* aaa 
a4 - o a i fa \(5z) ae +(%)| 


Ov Os ae Os aed ot 
On 0x Oy dy dz Oz) 


+2h4 


Integrating 


: ov ds dvds dvds 
AG Geek J(s) +2 |] (Sat Espasa | dr 


Now in order that J (v) may be a minimum, we must have 


ov 0s dv ds  dvdoas 
(4) WAI (8) + Dh i | | Geant eae ee =) dr > 0, 


for all values of h, positive or negative. But as s is as yet un- 
limited, we may take h so small that the absolute value of the 
term in f is greater than that of the term in h?, and if we choose 
the sign of h opposite to that of the integral, making the product 
negative, the whole will be negative. 


The only way to leave the sum always positive is to have the 
integral vanish. (It will be observed that the above is exactly 


the process of the calculus of variations. We might put dv instead 
of hs.) 


The condition for a minimum is then 
dv 0s dvds py ds 
(5) {I 5m bat aot oy ay t dz st dr =0. 
But by Green’s theorem, this is equal to 


(6) - |[_ ss as—|[] sdvar, 


Now at the surface the function is given, hence w and v must 
have the same values, and s = 0. 
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Consequently the surface integral vanishes, and 


filo 


But since s is arbitrary, the integral can vanish only if every- 
where in 7, Av=0, v is therefore the function which solves the 
problem. The proof that there is such a function depends on the 
assumption that there 7s a function which makes the integral J a 
minimum. This assumption has been declared by Weierstrass, 
Kronecker, and others, to be faulty. The principle of Lord Kelvin 
and Dirichlet, which declares that there is a function v, has been 
rigidly proved for a number of special cases, but the above general 
proof is no longer admitted. It is given here on account of its 
historical interest *. 


We can however prove that if there is a function 2, satisfying 
the conditions, it is unique. For, if there is another, v’, put 


, 
U=U—-Y%~ 


sof) EN 
=-| n oe dS — || [ududr, 


On the surface, since v =v’, w=0. Inv, since Av and Av’ are 
zero, Aw=0. Accordingly J(u)=0. But, as we have shown, 
this can only be if w=const. But on S, w= 0, hence, throughout 
T,u=0 and v=’. 


87. Green’s Theorem in Curvilinear Orthogonal Co- 
ordinates. We shall now consider Green’s theorem in terms of | 
any orthogonal coordinates, limiting ourselves to the special case 
U =const., or the divergence theorem, § 35, 


i sr ds =f f avar, 


where n,; is the outward normal to 8. 


* Thomson, ‘“‘Theorems with reference to the solution of certain Partial 
Differential Equations,” Cambridge and Dublin Math. Journ., Jan. 1878; Reprint 
of ‘Papers in Electrostatics and Magnetism,” x11. The name Dirichlet’s Princip 
was given by Riemann (Werke, p. 90). For a historical and critical discussion of 
this matter the student may consult Bacharach, Abriss der Geschichte der Potential- 
theorie, as well as Harkness and Morley, Theory of Functions, Chap. 1x., Picard, 
Traité @ Analyse, Tom, i1., p. 38. 


172 THEORY OF NEWTONIAN FORCES.  ([PT. IL CH. IV. 


Let the coordinates be q, q2, s- 


The parameter P is the resultant of the derivatives of V in 
any three perpendicular directions. Let these be in the directions 
of the normals to the level surfaces q%, qs, qs. 


Then, calling these P,,, Po,, Pe,- 


oV 
(1) res pcos n,) 


= P,, cos (nrg) + Pg, 008 (ngs) + Po, cos (gg). 
Now P,,, the partial parameter with respect to q, is (§ 16) 
h=— on 


Hence 


OV oV oV OV 
(2) we =h, aa cos (Ns) + hy — AT: cos (Ngns) + hs =— aa COS (N3Ns). 


If we divide the volume 7 up into elementary curved prisms 
bounded by level surfaces of g, and q;, as in the case of rectangular 


n 
my 


Fia, 42. 


coordinates, we have, at each case of cutting into or out of S, 
+ dS cos (nyu) =dS,, where dS, is the area of the part cut by the 
prism from the level surface q,. 


By § 20, 
_ U2 ds 
Oe eh few 
accordingly 
(3) [fms =— cos (n,n;) dS = [].5m Se Se dg 
Og, h hs 


fh oV 
= [Nex hohs - dq: dq.dq;. 
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Transforming the other two integrals in like manner, 


(4) ie — dS = =i | [hag 008 (ms) 


OV OV 
+ Con COS (gn) + hs — Bi COS (NgIg dS 


fy A 4 0 (te WV), 2 (mh aV 
=| i i E eae) 0g, oa: a ae as 25 (; hi il dqdq.dqs. 


Now this is equal to | i AVadr. 


aqidgedgs 


But Cc = Ao 


Multiplying and dividing in the last integral of (4) by hheohs, 
we find that, since the integrals are equal for any volume, the 
integrands must be equal, or 


(07h OV) o/h aV\, a/h, OV 
(5) AV =Inh, hy | 0g ban a - 0q> (asay,) fi 0qs (i aa.) 


This result was given by Lamé, by means of a laborious direct 
transformation. The method here used is similar to one used by 
Jacobi, and is given by Somoff *. 


88. Laplace’s Equation in Spherical and Cylindrical 
Coordinates. Applying this to spherical coordinates 


1 


r sin 0’ 


Oe ~ 7 ae 0 im (3 a 0c) + . (sin e 6) ni ie (az 0 a )} 


eve enzo LevV. ol OV isn, 


— Gr tp Or | 7808 eran ae sin? 6 0¢? © 


hy =1, ho==, y= 


We may apply this equation to determine the attraction of a 
sphere. For external points AV =0, and since by symmetry V is 
independent of 6 and ¢, 


* Lamé, Journal de U Ecole Polytechnique, Cahier 23, p. 215, 1833 ; Lecons sur 

. les Coordonnées curvilignes, 11. Jacobi, ‘‘ Ueber eine particulire Lésung der par- 

tiellen Differentialgleichung AV=0,” Crelle’s Journal, Bd. 36, p. 113. Somoff, 
Theoretische Mechanik, 11. Theil, § 51—2. 
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Or Viera Vi ad dV 
7) de 


faioee dV _¢ 
ar? dr PR” 


eae 
r 
But since Lim (rV) =, 
T= 
Lim [—c + ¢c'r] = 1, 
7=0 
we must have c'=0, —c=W. 


Apply the above transformation to cylindrical coordinates 
h,=1, h= 1 hems 
Decca OV 5 PO Hardy ye icone 
8 stating i tere ae iy ale 
(8) ae ste’ mee cs Geen 


SOL le Lavan Leone 
DOP 0p’ © pcp. ip ca 


If we apply this to calculate the potential due to a cylindrical 
homogeneous body with generators parallel to the axis of 2 and 
of infinite length, the potential is independent of z and satisfies at 


external points, 


ENE 
@) — 0x? oy? 
eV 10V 1 8V 


~ Gp? p Op * p da® 


If the cylinder is circular, V is independent of w, and we have 


the ordinary differential equation 


dV 
log — =-— log p+ const. 
5 dp SP 
dV IG 


dp p 
V=Clog p+. 


? 
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The force in the direction of p is inversely proportional to the 
first power of p. 


We may verify this by direct calculation. Let us consider the 


Fie. 43, 


cylinder as infinitely thin, with cross-section «. We will find the 
_ component of force in the direction of p. 
The action of dm at z on P at distance p (Fig. 43) is 
dm dm 
# Np re 


The component parallel to p is 


Now since, calling the density 6, dm=éadz, we have for the 
total force in direction p 


F= 2 peace 6 
0 \ (p? + 2°)8 
Put z=p tan 0, 
dz =p sec? 6dé. 
Fa da3{ © 82 ole Pagal sin a| 
o p2sec?é p 


= ae0 = c as before. 
P P 


iw) 


89. Logarithmic Potential. We may state the above 
result in terms of the following two-dimensional problem. Sup- 
pose that on a plane there be distributed a layer of mass in such 

a way that a point of mass m repels a point of unit mass in 


' 
? 


bi 
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the plane with a force ~ where 7 is their distance apart. The 


potential due to mis V=—™m log and it satisfies the differential 
equation 


av eV 
Bees Taye 


Similarly, in the case of any mass distributed in the plane, 
with surface-density p, an element dm=ypdS produces the po- 
tential — dm log r, and the whole the potential 


— | [am log r=— | [uw log rds, 


where 7 is the distance from the repelling dm at a, b to the 
repelled point w, y, so that 


r? = (w —a)?+(y—by. 


We may verify by direct differentiation that, at external 
points, this V satisfies 


av eV 
Or OYy? 


oe 

wf nt [fe a 
[pasa fete 
Sena fe Ge daa, 


oY OV 3 (fai alee =O a 


= (0), 


This oe is called the logarithmic potential and is of 
great importance in the theory of functions of a complex variable. 


90. Green’s Theorem for a Plane. In exactly the same 
manner that we proved Green’s Theorem for three dimensions, 
we may prove it when the integral is the double integral in a 
plane 


NS oUaV 
) rie [I {7 Ou nT oy eds 
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over an area A bounded by any closed contour C. Since we have 
for a continuous function W 


@) ff Fp dedy= || We— Wit + Wan — Woes) 


=-| W cos (nx) ds, 

C 

where » is the inward normal, ds the element of are of the 
contour, 


Applying this to W = ue, we obtain 


(3) 3 Fate “l= -[oo =— cos (nx) ds. 


Treating the other term in like manner, we obtain 


ta f,0 aff 0 E+) aay 


Interchanging U and V we obtain the second form 
OV oU 
(s) I, (U5 - v—) as= || (vau— UA ds. 


where we write 
CV @V 


Ne eee 


91. Application to Logarithmic Potential. If in the 
second form above we put U=1, we obtain 


on. small, AV dedy, 


which is the divergence theorem in two dimensions. If the 
function V is harmonic everywhere within the contour, we have 


| Nn py 
c on 


Cc 


Fie. 44, 
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Applying this to the harmonic function logr, where P, the 
fixed pole from which 7 is measured, is outside the contour, 


(7) Ologr 5. lor | ds =| £287) 1p = 0 
C 


C on Cc ron 


If the pole P is within the contour, we draw a circle K of any 
radius about the pole, and apply the theorem to the area outside 
of this circle and within the contour, obtaining 


20 
(8) DS =-| 08) ap=— | dO = — Qn. 
C on K in 0 


These two results are Gauss’s theorem for two dimensions. 
They may of course be deduced geometrically. We may now 
deduce Poisson’s equation for the logarithmic potential as in § 77 
for the Newtonian Potential. The logarithmic potential due to 
a mass dm being —dmlogr gives rise to the flux of force 2ardm 
outward through any closed contour surrounding it, and a total 
mass m causes the flux 


20m = 2a [[udedy, 


Put in terms of the potential this is 


(9) ; ae re -/[, AV dedy = 20 If, sith 
and since this is true for any area of the plane, we must have 
(10) AV =-— 27p. 


This is Poisson’s equation for the logarithmic potential. 


92. Green’s formula for Logarithmic Potential. Apply- 
ing Green’s Theorem (5) to the functions — log 7 and any harmonic 
function V, supposing the pole of P to be within the contour, and 
extending the integral to the area within the contour and without 
a circle K of radius e about the pole, 


(11) i (log r r= v8") ds 


ov eee lon ae 
+{ (log r 5-7 i ) ds =0. 


The third term is 


7 
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(since V is harmonic in XK) and the fourth 


— | v2 R8" a= — [ -rie=-| Vado, 


which, when we make e decrease indefinitely, becomes 


— 27 Vp. 
Accordingly we obtain the equation 
eye OV 0 log r 
(12) Ve= 5 | (logr 5-7 se ) ds, 


which is the analogue of equation (6), § 83. In a similar way 
we may find for nearly every theorem on the Newtonian Potential 
a corresponding theorem for the Logarithmic Potential. A com- 
parison of the corresponding theorems will be found in C. Neu- 
mann’s work, Untersuchungen iiber das logarithmische und das 
Newton’sche Potential*. 


The Kelvin-Dirichlet Problem and Principle may be stated 
and demonstrated for the logarithmic potential precisely as in 
§ 86. 


93. Dirichlet’s Problem for a Circle. Trigonometric 
Series. We shall call a homogeneous harmonic function of 
order n of the coordinates x, y of a point in a plane a Circular 
Harmonic, since it is equal to p” multiplied by a homogeneous 
function of cosw and sinw, and consequently on the circum- 
ference of a circle about the origin is simply a trigonometric 
function of the angular coordinate . Any homogeneous function 
V_, of degree n satisfies the differential equation 
(1) - OV, i fe: = 

0x oy 


so that a circular harmonic is a solution of this and Laplace’s 
Equation simultaneously. The homogeneous function of degree n 


Vas 


On @” On at" Y Ho. 000. ary” + Ay” 


contains n+ 1 terms, the sum of its second derivatives is a homo- 


geneous function of degree n — 2 containing n — 1 terms, and if this 
is to vanish identically each of its n—1 coefficients must vanish, 
consequently there are n—1 relations between the n+1 co- 
efficients of V,, or only two are arbitrary. Accordingly all har- 


* See also Harnack, Die Grundlagen der Theorie des logarithmischen Poten- 
tiales; Picard, Traité d Analyse, tom. 11, 


12—2 
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monics of degree n can be expressed in terms of two independent 
ones. We have found in § 44 that the real and imaginary parts 
of the function (#+7y)” are harmonic functions of a, y, being 
respectively equal to 

p” cos nm and p”sin no. 


Accordingly the general harmonic of degree n is 

(2) Vin =p” {An cos nw + B, sin no} = p"Th. 

We may call the trigonometric factor 7, which is the value of 
the harmonic on the circumference of a circle of radius unity, the 
peripheral harmonic of degree n. 


If a function which is harmonic in a circular area can be 
developed in an infinite trigonometric series 


S 


(3) V (a, y) = & {An cos nw + B, sin no} = ST, 
=0 0 


on the et eee of the circle of radius R, the solution of 
Dirichlet’s Problem for the interior of the circle is given by the 
series 


(4) Va eee eee 


R R 


For every term is harmonic, and therefore the series, if con- 
vergent, is harmonic. At the circumference p= R, and the series 
takes the given values of V. The absolute value of every term 
is less than the absolute value of the corresponding term in the 
series (3), in virtue of the factor p"/R”, therefore if the series (3) 
converges, the series (4) does as well. Since the series fulfils all 
conditions, by Dirichlet’s principle it is the only function satis- 
fying them. 

We may fulfil the outer problem by means of harmonics of 
negative degree. Taking n negative, the series 


(3) v= Taos a Tt. 


is convergent, takes the required values on the circumference, and 
vanishes at infinity except the constant term. For a ring-shaped 
area between two concentric circles, we may satisfy the conditions 
by a series in both positive and negative harmonics, 


(6) V= Sp" {A, cos nw + B, sin no} 
0 


[oo] 
+ Xp” {A,’ cos nw + B,’ sin no}. 
1 
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94. Development in Circular Harmonics. We may use 
the formula (12), § 92, to obtain the develop- 
ment of a function in a trigonometric series on 
the circumference of a circle. Let the polar co- DAN 
ordinates of a point on the circumference of the 
circle be R, w and of a point P within the circum- 
ference p, ¢. Then we have for the distance be- 
tween the two points 


r = [R?+ p?—2Rp cos (o@ — $)]?. 


Fia. 45. 


Removing the factor R?, inserting for cos(w—p) its value in 
exponentials, and separating into factors we obtain 


1 


3) E + PP het ge | 


3 
= (1 => e i) (2 es fetes) | 


Taking the logarithm we may develop 
| log (1 - . e -) 
and log (1 fe fe ent 4) 
by lhe Theorem, obtaining 
(8) logr=log R— : S 2 a CC eth tig 9) ) 
= log R$ Fa C081 (0 — p). 


This series is convergent if p< R, and also if p=, unless 
@= >. 

Inserting this value of log7 in (12), differentiation with re- 
spect to the normal being according to — R, we have 


0 (log Dat B +3 ie cosn (o— $)t, 


on R 1 Reo 
(9) 2a 
Jee a cr V ( 


on 


log R — : F608 (0 ¢)) 


+ V (3 Secon (wo — #))} Rdo. 
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Expanding the cosines, we may take out from each term of the 
integral, except the first, a factor p” cos n@ or p” sin ng, so that Vp 
is developed as a function of its coordinates p, ¢, in an infinite 
series of circular harmonics, the coefficients of which are definite 
integrals around the circumference, involving the peripheral values 
of V and dV/on. This does not establish the convergence of the 
series on the circumference. Admitting the possibility of the 
development, we may proceed to find it in a more convenient 
form. In order to do this let us apply the last equation to a 
function V,,, which is a circular harmonic of degree m. Then at 
the circumference we have 


Vin= RL m Ve mR" T',, 
on 
and 
m ee Qa 
Gay) ede a log =)/ Lydia 
T 0 : 
1 — n Rm—n m 1 rH T d 
for ne (ee )f m COS 0 (w— ) da. 


The expression on the right is an infinite series in powers of p, 
while V,,(P) is simply p™Z7',. As this equality must hold for all 


values of p less than R, the coefficient of every power of p except. 


the mth must vanish, and we have the important equations 


Pi 
(11) | Tm cos n (w — h) dw = 0, m + n, 
0 


(12) To. (oye : | oe (w) cos m (co — $) deo, 


for all values of n, and for all values of m except 0. Since 7; is a 
constant, we evidently have 


Qa 
T, = mal T, de. 
Qa 0 


These two important results can be very simply deduced by direct 
integration, inserting the value of 7, (w), but we have preferred 
to deduce them as a consequence of Green’s formula (12), § 92, in 
order to show the analogy with Spherical Harmonics. Let us 


now suppose that the function V(@) can be developed in the © 


convergent infinite trigonometric series 


Vio)= s (A, cos nw + B, sin nw) = ST, (@). 
0 0 
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Multiply both sides by cosm(w—¢)dw and integrate from 0 
to 2zr. 


(13) [Ve eile) de = Syloee fay ccdm (Gad) da 


Every term on the right vanishes except the mth which is equal to 
wI'm(¢). Accordingly we find for the circular harmonic 7’, the 
definite integral 


23 

(14) Tn ($) == | Viayeis (od ide. 
0 

For m= 0, we must divide by 2. 


Writing for 77, () its value 
Am cos mp + By sin md, 


expanding the cosine in the integral, and writing the two terms 
separately, we obtain the coefficients 


1 Qa 1 Qa 
(15) A, = 5 | (ACERS An == | Tato conmndan 
Bn==["V(a) sin modo. 
TJ0 


This form for the coefficients was given by Fourier*, who assuming 
that the development was possible, was able to determine the 
coefficients. The question of proving that the development thus 
found actually represents the function, and the determination of 
the conditions that the development shall be possible, formed one 
of the most important mathematical questions of this century, 
which was first satisfactorily treated by Dirichlett. For the full 
and rigid treatment of this important subject, the student should 
consult Riemann, Partielle Differentialgleichungen; Picard, Traité 
d’ Analyse, tom. 1, chap. 1x. 


_ 95. Spherical Harmonics. A Spherical Harmonic of degree 

n is defined as a homogeneous harmonic function of the coordinates 
&, y, 2 of a point in space, that is as a solution of the simultaneous 
equations 


* Fourier, Théorie analytique de la Chaleur, Chap. 1x., 1822, 

+ Dirichlet, ‘‘Sur la Convergence des Séries Trigonométriques,” Crelle’s Journal, 
Bd. 4, 1829, ; 

+ A resumé of the literature is given by Sachse, Bulletin des Sciences Mathé- 
matiques, 1880. 
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(1) eV Ver ae 


out * yes 02? 0, 
OVS toy aealas 
2 a =n. 
(2) Op 9 ee n 
The general homogeneous function of degree n 
Ong L” + On—1,9 0 *Y + On—o,0 BY? 0000. + Ay, oy” 
F On1,10 2 + Onaga eae peweet + Ay” 12 
+ On —5. 072 oo. 00 + Qo, oy” 72" 
+ Q,n 2” 


contains 1+243...... +n+1=(n+1) (n+ 2)/2 terms. The sum 
of its second derivatives is a homogeneous function of degree n—2 _ 
and accordingly contains (n —1)n/2 terms. If the function is to 
vanish identically, these (n— 1) n/2 coefficients must all vanish, so 
that there are (n—1)n/2 relations among the (n+1)(n+2)/2 
coefficients of a harmonic of the nth degree, leaving 2n+1 
arbitrary coefficients. The general harmonic of degree n can 
accordingly be expressed as a linear function of 2n+1 inde- 
pendent harmonics. 


EXxAmPLeEs. Differentiating the arbitrary homogeneous function, 
and determining the coefficients, we find for n=0, 1, 2, 3, the 
following independent harmonics : 


n=0 constant 
n=1 L, Y, z 
n=2 e—y, yo, xy, Ye, 20 


nN=3 3a°y —Y’, 82°2— 2, 3y’a — x, By?z — 2°, | 
32°e — x*, 32°y — 3, xyz. 
If we insert spherical coordinates 1, 0, ¢, | 
2=r sin 6 cos ¢, 
y=r sin @sin , 
z=rcos 0 
the harmonic V,, becomes 


Via, (Ose) 
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where Y,, is a homogeneous function of the trigonometric functions 
cos 0, sin @ cos ¢, and sin@sing. Y,, being the value of V,, on the 
surface of a sphere of unit radius, is called a surface harmonic. 
The equation Y,=0 represents a cone of order n, whose inter- 
section with the sphere gives a geometrical representation of the 
harmonic V ,. 


If u and v be any two continuous functions of a, y, z 
(uv) ov dw dv Oat 
at oat tan aw T ” aa 
qe 8) 
0x 0” Oy dy 0202)" 


> 


(3) A (wi) =wAv + ou +2 ( 


Put w=7™, and since 
o(r™ 
(7) re or 


Tce 
Ox Ox : 


Or) i 
on? 


mrn? + m (m— 2) r™—4 273, 
we get 
(4) A (r™) = 38mr™ + m (m— 2) "4 (2? + Y? + 2°) 
= m(m+1)r"—. 
If V,, is a harmonic of degree n, 


(5) A (7 V,) = 7" AV, +m(m+1)r"V, 


2 mao Oy 
aati ax |? oy 


=[m(m+1)+2mn] rr” Vi, 
by virtue of equations (1) and (2). - 


Consequently if m=—(2n+1), the product r”V,, is a harmonic. 
Since V,, is of degree n, and r is of degree unity in the coordinates, 
r—ent) V, is of degree —(n+1). Accordingly to any spherical 
harmonic V,,=r"Y,, of degree n there corresponds another, 


Van 


ys (n-H1) = ynti? 


of degree —(n +1). Compare this with the corresponding property 
of circular harmonics, where the degrees of the two corresponding 
harmonics are equal and opposite. 
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96. Dirichlet’s Problem for Sphere. By means of these 
harmonics we may solve Dirichlet’s problem for the sphere. If a 
function harmonic within a sphere of radius & can be developed 
at the surface in an infinite series of surface harmonics, 


(6) Vey oy a.m : 
the internal problem is solved by the series 
(7) V=N+ Nita loti 


For each term is harmonic, and therefore the series (7), if con- 
vergent, is harmonic. At the surface the series takes the given 
values of V. Every term of the series (7) is less than the corre- 
sponding term of the series (6) in virtue of the factor r/R”, 
therefore if the series (6) converges, the series (7) does as well. 
Since the series fulfils all the conditions it is the only solution. 


We may in like manner fulfil the outer problem by the series 
of harmonics of negative degree, which vanish at infinity. 


2 3 
(8) ese Gee eee eet 


y 


For the space bounded by two concentric spheres, we must use 
the series in positive and negative degrees, as will be illustrated by 
an example in § 198, 


97. Forms of Spherical Harmonics. Before considering 
the question of development in spherical harmonics, we will 
briefly consider some convenient forms. Since if 


AV,,=0, 
we have 
0 OVn 
an AV, =A cas 0, 
and any derivative of a harmonic is itself a harmonic, so that 
o% «OR 07 


Gat Oy? dav n 


is a harmonic of degree n—(a+P+y). Since to V,=c corre- 
sponds the harmonic V_, =c/r, we have 

O82 OR Oto. 
(9) ( 


dae dyF Bev =) = V-a+otp+y): 
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If h, be any constant direction whose direction cosines are 
cos (hx) =1,, cos (hy) =m, cos(hz) =m, 


0 a) 0 0 
pier ton oy vag’ 


and S (=) is a harmonic of degree — 2, and to it corresponds the 
1 


harmonic, 

0/1 
(10) Kiara (5); 
which is of the first degree. Since 1+ m+ n,?=1, the harmonic 
contains two arbitrary constants, and multiplying by a third, 4, 
we have the general harmonic of degree 1, in the form 


f) | 
II Bese 2a |e 
( ) V, Ar oh, (- 
Tivimelike manner h,, hy....s. h,, denote vectors with direction 
cosines [,, Mz, Nz ..+-+- Laniten 


ioe (1 
Noi 6. Ohn 2 


is a spherical harmonic of degree —(n + 1) and to it corresponds 
i Ono On i 
See ley | 
G2) Utes Oona. Ohn (-) ; 
a harmonic of degree n, and since every h introduces two arbitrary 
constants, multiplying by another, A, gives us 2n+1, and we 
have the general harmonic of degree n in the form, 
0 0 a AS 
ah, hag Ve) 


The directions h,, h,,°...... hy» are called the axes of the har- 
monic. To illustrate the method of deriving the harmonics we 
shall find the first two. 


(13) ; Vr=A 


Paetars”. (=) = 4m (-$-"Y- “5 )=— A (In + my + n2), 


oh eh) sie 
Cm oxi) 
; is =Ar oh, Oly (=) 


= Ar (hag, + mag + gp) (le 55 + MZ + ae) (=) 
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0 O\ (lau + MY + NZ 
Ar (I da Oy + mz) ( ) 


3 


fe) 
(3- ee _ Bm,vy — tt) 


— Ar’ oe, r 7s 7s 
M, 38m — 3l,cy 8n yz 
ye tee Pr ) 


sn ( Ins a 
7 7 ? 
V, =A {— (dl, + mymy + mn.) (a2 + Y? + 2°) 
+3 (L107 + mymyy? + MN + (Lym, + Lm) vy 
+ (myng + My) YSZ + (Ml. + Nol) 2L)}. 
The coefficients are of course subject to the relations 
?+m?+n2Z=1, 12+m?+n?= 1. 


98. Zonal Harmonics. If all the axes of the harmonic 
coincide, we may conveniently take the axis for one of the coor- 
dinate axes, and write 

o” /1 
(14) Vi= Ame = (2), 

It is evident that this will contain only powers of z and 7, so 

that the surface harmonic will be simply a polynomial in 

2/r= cos (rz). 

The equation Y,, (cos (rz))=0 may be shown to have n real roots 
lying between 1 and — 1, and hence represents n circular cones of 
angles whose cosines are these roots, intersecting the surface of a 
sphere in n parallels of latitude which divide the surface into 
zones. The harmonics are therefore called Zonal Harmonics. 
The polynomial in cos(rz) which constitutes the zonal surface 
harmonic, when the value of the constant A is determined in the 


manner to be shortly given, is called a Legendre’s Polynomial, and 
denoted by 


o” /1 
P(c0s (72) = Arr am ().. 
99. Harmonics in Spherical Coordinates. We have 


transformed Laplace’s Operator into spherical coordinates in 
§ 88, and AV =0 becomes 


(15) sin 62 ( on) Me (sin 0 ST) +a Gar 5a) ='(), 
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If we put in this V, =r”Y,, we obtain 

OY, incr, 
a0 + sind og 
as the differential equation satisfied by a surface harmonic 
Y,,(@, @). This is the form of Laplace’s equation originally given 
by Laplace*. If Y,, is the zonal harmonic P,,, which is independent 
of d, we have 


ome? n(n+1)Y, + sp sin 0 =f) 


ied. (hears 
(17) n(n +1) Pat = nb a in 0 Btn 0, 
or putting cos 0 = p, 
dP, 
(18) oat = fe) A \+n(n41) Pa=0 


This is Be as Legendre’s Differential Equation. We shall 
now, without considering more in detail the general surface har- 
monic, find the general expression for the zonal harmonic. It 
may be at once shown, by inserting for P,(«) a power-series in pw 
and determining the coefficients, that for integral values of n the 
differential equation is satisfied by a polynomial in yw. The form 
of these polynomials we shall find from one of their important 
properties. 


100. Development of Reciprocal Distance. We know 
that 1/r, the reciprocal of the distance of the point a, y, z from 
any fixed point P, is a harmonic function of the coordinates 
2, y,2,and although it is not a homogeneous function except when 
the fixed point is the origin, it may always be developed in a 
series of homogeneous functions, that is, in a series of spherical 
harmonics. We shall now use the letter d for the distance from 
any fixed point, reserving r for the distance from the origin, Let 
us for convenience take the axis of z as passing through the fixed 
point P, which lies at a distance 7’ from the origin, and put 
cos (rz)=p. Then we have 


(19) Sa [rt tr 2rr'g ly tart yt ery 


Considering this as a function of z let us develop by Taylor's 
tie 


(0) 5=fe—")=f0)4-“(Z) tacre(F) te 


* Laplace, ‘‘Théorie des attractions des sphéroides et de la figure des planétes.” 
Mém, de VAcad. de Paris, Année 1782 (pub. 1785). 
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, peak) Le LOGS renee 3 
and since for 7’ = 0, pir es (-\, 
tee Onn 1 Aaa a | 
(21) gaat ene (2) +a1Cr¥ gals) + 


Now multiplying and dividing each term by r”*1, we find 


n! oz” 


P,=1, pees en . (Z). 


This is the determination of the constant A adopted by 
Legendre, for the reason that, since by the binomial theorem, for 
Y <7, and w=1, 


i a r a 1 gr? yn 
aoe se) ete es Sele 
r r Tr 


it makes for every n, 
(23) P,()=1. 

The term P,/r”*1 is a spherical harmonic of degree — (n+ 1), 
and the series (22) is convergent for r’<r. In like manner if 
r >r we find 


eee Yr r 2 
(24) Ana Pot BP +o Pat Peet aeaeae er \, 


In order to find P, as a polynomial in w we may write r/d as 


Tako ET i = i a 
oy -'s : Boner (4+s-1) (si \ uae 
Dees the last factor 


(«-5)= es = yee) Ares EN eK 


4s 2 \y en ee3 $. --(¢+8—1) ys —r 
(26) a= 2 =( NE (=) ui, 
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Picking out all the terms for which s+r=n we get for the 
coefficient of (=)" 


n—2 


(7) Py bt B Bes GoD Tn n(n —1) 


T.2(@n—1)" 
n(n—1)(n— 2)(n—8) rs | 
au 4 (2n —1)(2n—3) © Cie : 

The first polynomials have the values 

oe o(u) = 1, 

P, (u) = p, 

P, (u) =} (32-1), 

P, (#) ae (5p) — 34), 

P, (u) = 3 (63p? — 70! + 15p). 

101. Development in Spherical Harmonics. We may 
use the formula (6) § 83 for an internal point, to obtain the 
development of a function of 0, ¢, on the surface of a sphere in 
the same manner as in § 94 for the case of a circle. Since the 
polynomials in the development of the reciprocal distance involve 
only the cosine of the angle between the radii to the fixed and 
variable points, we have if r’ <r, 


Leelee , 
(22) Aap 2 (a) Pale) w= eos(r'r) 
and differentiating this with respect to — 7, the internal normal, 
ala) 23) 
28 ay =——— u 
i on oor 
Inserting these values in (6), A 83, namely 


a(a) loV 
Feu lh cing - amt 


and applying it to the case that V is a spherical harmonic 
Va ee 


+ 


=2(s 1) Ee ). 


we obtain, since 


dS =r*sin 0dédd¢, 
1 mw (20 es) /3 
(29) Vm(P)= 7 | [ ae Yn (8+ 1) 25 P, (u) 
+ mr"? Yn S 5 (= ) Py wh r? sin Odédd¢. 
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If the coordinates of P be 7’, 6, ¢’ we have, 
Vin Eye FY eo Oa), 
while on the right we have an infinite series in powers of 7’, with 


definite integrals as coefficients. Since the equality must hold for 
all values of 7’ less than 7, we must have, collecting in terms in 7 


poe (6, 6) Pu) sin dodo 0) eee 

0/0 

(30) 1 w (20 

Vn, (8 Oe i i Yn (8, 6) P,(u) sin 0d0db, s=m, 


so that we have for the values of the ee 
w (20 

(31) inl Vp. (8, 6) Pe (i) sin @d0dd = ——— Vn, (Ore 
0/0 = m+ ae 


In performing the integration, we must put for w the value 
obtained by spherical trigonometry, 


pe =cos (rr’) = cos 8 cos 6 + sin @ sin & cos (¢ — ¢’). 
By means of the above integral expressions (30) and (31) we 


may find the development of a function of 0, $, assuming that the 
development is possible. Suppose we are to find the development 


(32) S(O, 6)=VYot Vit Yot...... 


Multiply both sides by P, (u) sin 0d@d¢, and integrate over 
the surface of the sphere, and since every term vanishes except the 
nth we obtain 


G3) [FO $) Pa w)sin 0dbdg = 57 46, $, 
(34) Y¥n@, gy = tt I Io FS (9, 6) Pn (u) sin 0d0dd. 


Accordingly to find the value of any term Y, at any point 
P, (@, ¢’) we find the zonal surface harmonic whose axis passes 
through the point P, multiply its value at every point of the 
sphere by the value of f for that point, and integrate the product 
over the surface. It remains to show that the development is 
possible, that is that the sum of the series 


ig 2 2n+1)["[ "70, 6) Pa(u)sin od0as, 


actually represents the function /(6, ¢’). This theorem was | 
demonstrated by Laplace, but without sufficient rigor, afterwards 
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by Poisson, and finally in a rigorous manner by Dirichlet. A 
proof due to Darboux is given by Jordan, Traité d Analyse, 
Tom. I. p. 249 (2me éd.). 


102. Potential of Circular Disc at points not on axis. 
We have found in § 81 the potential of a disc of surface 
density o, radius Rf, at a point situated at a distance r from the 
center on the axis to be 
(1) V =2re (Vr+ Rr}. 

Developing by the binomial theorem for the two cases r< R, 
r> Rk, 

g2\t 


oO = {nr (1+ 5) =| 


es a jp ee ive il Bae 
CNS al Do GR O40 6 BS 


EE | 
je! = 200 tone lees 
ie esl ieW Ree 0 Meal eka eves! 
= 27ro — 
aur 


Fie. 46. 


If now the point be not on the axis, but on a line through 
the center making an angle 0< - with the axis, and at a distance 


r from the center, we may put 


a \R = rP, (cos 6) ae ? P, (cos 6) 


AF Tp Pe (0088) oases r<R, 
la ge aa Nan OF 
(5) Va dna} — 55 oe Ps (0086) 
ane Pi (008 8) esas i> [0 


For both of these series are convergent under the assumptions 
made, both are harmonic, for 7” P,, and P,,/r”*! are zonal harmonics, 
and both take the given values when 0=0. 

W. E. 13 
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103. Equations of Lines of Force. In § 36, we have 
considered the integration of the differential equations of the lines 
of any solenoidal vector-function and have found that the lines 
may be represented as the intersections of two families of surfaces. 
We shall now consider the same subject in terms of generalized 
orthogonal curvilinear coordinates. Let us call the components of 
the force at any point 9g, Y2, gj3in the directions of the coordinate 
axes at the point, R,, R,, R;, which by § 16 are 
OA ee ee 

On 0g 09: 

If now ds be an element of a line of force, its projections on the 

three axes being 


(1) R,=-h 


ae dq dds dqs 
Oa ds, hae? tig eo 
we have 
(2) OS? 1 OSaG sp ln ee eres 
or Cen SNOhO Oto OHO Tesdues Oslin. 


so that the differential equations of the line of force are 


OMe AGE a NGM 
(3) dq, : dq, : dq; =h, ai hs ah ge 2a 


or, dividing by h,hohs, 


ee mA ine 
(4) dq G dds g dds Fu hohs 001 : hshy Oe : hho 04s Qi: One ‘ Qs, 


while we have by Laplace’s equation the relation, (§ 87 (5)) 
0 (Ch, ate hy eee hs sts 
Oqr (Rohs 0G: 0qo (hshy Ode Uc 


AQ:  2Qs , 2Qs_ 
on 0 09s 


that is 
(5) 
We may now use the principle of the last multiplier demon- 


strated in § 37, replacing a, y, z, by m, q, g, and X, Y, Z by 
Q:, Q:, Q;. That is to say, if we have found an integral 


r (qm, qo, Ys) = const., 


we may obtain the other at once by a quadrature as . 


1 
(6) p= | a (Q.dq — Q,dq2) = const. 
09s 
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and inserting the values of Q., Q,, 


ee: aes. 0 Oven me 
(7) b= Eas ‘ o on saa ah dq | =const., 
Ogg 


where of course all the functions under the integral are to be 
expressed in terms of q,, q., . This principle will be made use of 
in the treatment of the flow of electric currents in thin curved 
surfaces, 


The theorem becomes very simple in two particular appli- 
cations. First let q, 2, 3 be rectangular coordinates a, y, z, and 
let V be independent of z, that is, the problem is uniplanar, or 
the lines of force lie in planes all parallel to the Z-plane. Then 
A =z=const. is one integral and ba other is 


(8) b= (Ge -“w)= = const. 


From this we obtain 
= a4 aya ay Og 


(9) 
Com OV owe 20 


‘Qe oy’ oy On’ 
and the function p is the function conjugate to the potential 
function V, as found in § 42. Since by § 36 the flux of the 
vector & across any cross-section of a vector tube defined by four 
surfaces A,X +dr, w, w+ du is drdyu, the function pw represents 
the flux through a tube bounded by two parallel planes z=0, 
z=1, by the surface 4 =0, and by the surface »=const. If the 
vector R represent the velocity of a fluid motion, w is called 
Earnshaw’s current function, and the amount of fluid crossing unit 
height perpendicular to the Z-plane of any cylindrical surface 
projected into a curve on the Z-plane is given by the difference in 
the values of mw at the two ends of the curve. We may call the 
function w for any vector the flua-function. 


In the second case let q,, 2, qs be cylindrical coordinates p, o, 2, 
and let V be independent of , so that the lines of force are in 
planes intersecting in the Z-axis. The figure is then symmetrical 
around this axis, and we have a problem of revolution. We then 
have an integral ) = w = const. ie for the second, 


(10) | (i =[p oe 0 — - 5 de} = const. 
13—2 
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The function w represents the flux for any tube bounded by 
the surfaces 4 = 0, w =const. and two planes through the Z-axis 
making a dihedral angle with each other equal to unity, and w is 
then called Stokes’s current- or flux-function. 


104. Functions of Complex Variable on Surface. Both 
of the cases just considered are cases of a class of problems of 
considerable generality. If the vector lines lie in one of the 
coordinate surfaces itself, we have the particular integral 
=q; =const., and accordingly 


(1) w= he ov h, oV 


hsh, oe Shs 0 
or the differential 


dqs \ = const. 


h, OV h, oV 


By ae ee , 
(2) Ot gadis 7 Coane a hy On a 


0qs 
From this we must have 
& Om he OV ow ih, OV 
5 dq, Mghy qn’ qa ratty Oa” 


Differentiating the first of these equations by q., the second by 
q@, and adding, 


(4) 


0 ces | a ios soto 
Ogi [Nghe OG.) Oe ahs 0qo) 
Expressing the derivatives of V in terms of those of u 


6 OV _ hy, Ou OV _ yh; Op 
Og, he OM. OG hy OG 


Differentiating the first by ¢,, the second by q., and adding, 


oO fis sat re 0 {ie PA By 
An) labia Guay 


Now if hs is independent of gq, and q., which will be the case 
if two consecutive surfaces q;, gs + dq3 are parallel, or everywhere 
the same distance apart, namely, 


(6) 


dn, = gs 


ie 
then h, comes out as a factor of both differential equations, and 
we find that V and p satisfy the same differential equation 


| d (h, of h, of 
(7) 0g B a cr 0gs ae =o, 
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In this case from the solution of any problem for the surface q, 
we may by interchanging the functions V and yw obtain the 
solution of a new problem, as in the case of uniplanar problems. 
But this is not the full extent of the analogy. We have for the 
length of the arc of any curve on the surface q;, by § 20, 

dq? , dq: 


sr he =e he . 


If we can find any two functions w(q@, q2), U(qi, qs) such that 
du? + dv? = Mds?, 


where M is a function of the position of the point, and does not 
involve the differentials dq,, dq., we have 


(8) dio + do? = M Ge i, a 


Now each member of the last equation may be factored into 
complex factors linear in dq,, dq, 


(9) (du +idv) (du —idv) = (Sh + sae) fears Ae 


Each of the four factors in this equation is linear in dq 
and dq, the first, for instance, being 
Ou  .ov Ou ov 
im \ dq a (se +i) dg 
Gs: ag) 8 Nog, * ogy) 

Now if a product of two linear forms is identically equal to a 
product of two others, each factor on one side of the equation 
must be a multiple of one of those on the other, so that in this 
case we must have either 


du +idv = (SP +4 ae $, 


hy 
or du+idy = (5 —% oe) a, 
where ¢ and are independent of the differentials dq, dq.. 
If we put P 
: dq: . . as) 
fad 4c em | ical po Le 
(10) du +2dv re +4 fe cv) 
that is 
(11) oa: dg. + 6a 7 det i (ae dqat+ ae ” dg.) = (SP ry p, 
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equating the coefficients of dq, dq., we obtain 


Ow Pac aa 

On Om a’ 
Oe Ou aa fies 

02 0d. tin 


Now eliminating ¢, 


CU CNN meee ou . Ov) 
(13) 2 ‘ae Bs: aA au fe a 0g) ‘ 


and equating the real parts on each side, and the imaginary parts 
in like manner we obtain 
ou ov ov ou 


(14) ae Ae Logue 300 


Solving for the derivatives of v 
ov _h,ow ov hou 


oe 0g, hy qn’ Aq, he OG,’ 

differentiating respectively by q, and q,, and adding 
0 (h, ou 0 (h,ou) _ 

oe se Moat Ts he bah 


Solving for the derivatives of u 


au ty 80 _ ha 2 
(17) GG msde Ody Wn 00, 


differentiating and adding 


0 (h, ov 0 (h, Ov 
~ On (F, a = 0s (r. ao sae 
that is, the functions wu and v satisfy the same equation as the 
potential and flux-functions V and «. Such a pair of functions, 
forming a set of orthogonal coordinate lines on the surface q;, may 


accordingly be taken for the potential and flux-function. If we 
have a second pair of functions w’, v’ such that 


du? + dv? = M'ds?, 


we have as before 
ee mags a) j 
du + ide = (GB +158 ¢, 


du’ +idv' ¢’ 
dut+idy  ’ 
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which is the condition, § 42, that the complex variable wu’ + iv’ 
is an analytic function of w+7iv. Thus from the solution of 
one problem for the surface g, may be deduced the solution of 
any number of others for the same surface. 


If now the quantities u, v be taken as rectangular coordinates 
in a plane, the are of any curve is expressed in the form, 


do? = du? + dv’. 
To any point uw, v in the plane corresponds a point with the 
same values of uw, v, on the surface g;._ In virtue of the relation 


do? = Mds? 


between corresponding arcs on the plane and on the surface, 
we see, as in § 43, that corresponding infinitesimal triangles 
are similar, or the surface g; is conformally represented upon the 
plane. If the UV-plane is conformally transformed to another 
plane XY, we have seen that we have w+v7 an analytic function 
of the complex variable «+72y and the real functions wu, v are 
potential and flux-functions in the X Y-plane. 


As we have just proved that they retain this property on 
the surface q,, we,see that the method of the functions of a 
complex variable will give us the solution of any number of cases 
upon a surface, and that the surface may be conformally repre- 
sented on the plane in an infinite number of ways. Such a 
representation of a surface on a plane constitutes a map. 
Surfaces which may be conformally represented on a_ plane 
may be conformally represented on each other. The theory of such 
transformations is the subject of an important memoir by Gauss*. 
The method here given is due to Beltramit, and may be applied 
even when the coordinates q,, g, are not orthogonal. The method 
is particularly applicable to the case of electrical currents flowing 
in thin conducting surfaces, and the conformal transformations 
may be found by experiment. A thin space bounded by two 
surfaces g,; in which is distributed a solenoidal vector which may 
be represented by a potential or by a flux-function as here de- 
scribed, is termed a vector-sheet. 


* Gauss, ‘‘ Allgemeine Auflésung der Aufgabe die Theile einer gegebenen Flache 
auf einer anderen gegebenen Fliche so abzubilden dass die Abbildung dem 
Abgebildeten in den kleinsten Theilen ahnlich wird.” Werke, Bd. iv., p. 189. 

+ Beltrami, ‘‘ Delle variabili complesse sopra una superficie qualunque.” Annali 
di Matematica, ser. 2, t. 1., p. 329. 
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105. Example. Conformal Representation of Sphere 
on Plane. Let the surface gq, be a sphere of radius R, and take 
for the coordinates q, and q,, the co-latitude @ and the longitude @. 
Then by § 17, we have 


sl gaa 
~R’? ™* Resin 6? 


ds? = R? (dé? + sin? d¢?) = (du? + dv?) M, 
and the differential equation satisfied by w and v is 
ia |Si0 Sah +5 ain ph ~° 
If we take 
/Mdu=Rdé, JMdv=Rsin Odd, 
and if we choose /M = sin @, then 


h, h, = 1, 


Integrating we obtain 


v= ®@, w= log tan § 


If now we take w and v for rectangular coordinates in a plane, 
the surface of the sphere is conformally represented upon the 
plane by means of the above transformation. This particular 
representation 1s known as Mercator’s Projection. The meridians 
g=const. correspond to the straight lines y= const. and the 
parallels @ = const. correspond to the lines wu = const.* 


Since the whole sphere is covered by a variation of ¢ between the 
limits 0, 27, the projection on the plane has the finite width 27, 
but the length of the projection is infinite, the poles 0=0, 0=a7 
corresponding to u=—0,w=0. If we make a conformal trans- 
formation of the UV-plane by means of the function 


u+w = log (w% +7y), 
we obtain the formulae, 


u = log r= log Ja? + y?, v=tan>®, 


Jet par = tang, p= tan, 


* For an example see Fig. 71, § 177. 


Saas 
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which give a new conformal representation of the sphere on the 
plane, the meridians corresponding to radial lines y/x = tan ¢, 
and the parallels to concentric circles. This is the stereographic 
projection, obtained by projecting points on the sphere upon a 
plane tangent at one pole from the other pole as a center of 
projection. Figure 23 projected upon the sphere by this 
transformation is shown in perspective in Fig. 47. 


yA 


Ke 
: 


} 


106. Diagrams. If we have a diagram representing a plane 
section of a set of equipotential surfaces, corresponding to equal 
increments of potential, and we superpose upon this a second 
diagram representing a second set of equipotential surfaces, drawn 
for the same differences of potential, we may draw the curves 
representing the equipotentials due to a distribution which is the 
sum or difference of the other two by simply drawing lines con- 
necting opposite corners of the curvilinear quadrilaterals into 
which the diagram is divided by the two equipotential systems. 
For as we go from vertex to vertex, the increase of potential due 
to one system is just counterbalanced by the decrease due to 
the other. Fig. 49 represents a combination of Fig. 23 with a 
straight field in this manner. 
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In like manner if we have diagrams of the flux-function of 
any two systems superposed, we may draw 
diagrams of the flux-function of the sum or 
difference of the two systems, for if we con- 
sider two flux tubes bounded by the lines 
AB, CD, and A’B’, C'D’, Fig. 48, the line PQ 
has the flux Aw through it in opposite direc- 
tions from the two systems, so that the total 
flux through it is zero, or it is a flux-line. 
In this manner the Figures 49*, 72, 74, 75, 76, 
77, 78 have been drawn. 


Fie. 49. 


* Fig. 49 is to be considered a diagram of lines of flow or of equipotentials 
according as the directions of the component vectors at the origin are the same 
or opposite. The analogous cases of the rotational problem are represented in 
Figs, 74, 75. 


CHAPTER V. 


ATTRACTION OF ELLIPSOIDS. ENERGY. POLARIZED 
DISTRIBUTIONS. 


107. Ellipsoidal Homeoids. Newton’s Theorem. If 
we transform Laplace’s equation to elliptic coordinates and 
attempt to apply the methods of § 88 to the problem of finding 
the potential of a homogeneous ellipsoid, we are at once con- 
fronted with a difficulty. It is not evident, nor is it true, that 
the potential is independent of two of the coordinates, and that 
the equipotential surfaces are ellipsoids. 


The following theorem was proved geometrically by Newton. 
A shell of homogeneous matter bounded by two similar and 
similarly placed ellipsoids exerts no force on a point placed 
anywhere within the cavity. Such a shell will be called an 
ellipsoidal homeord. 


Fic. 49 a. 


Let P, Fig. 49a, be the attracted point inside. Since the 
attraction of a cone of solid angle dw on a point of unit mass at 
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its vertex is 


eu wef ee dwdr 


= rdw, 


we have for an element of the homceoid the attraction 


dw (BP — DP), 
in one direction, and 

dw (AP —CP) 
in the other, or in the direction PB, 

dw (BD— AC). 


Draw a plane through ABO, and let ON be the chord of the 
elliptical section conjugate to AB. Since the ellipsoids are similar 
and similarly placed, the same diameter is conjugate to the chord 
CD in both. But CD and AB being bisected in the same point, 


LG ao 


and the attraction of every part is counterbalanced by that of the 
opposite part. 


108. Condition for Infinite Family of Equipotentials. 
Although the equipotentials of an ellipsoid are not in general 
ellipsoids, we may inquire whether there is any distribution of 
mass that will have ellipsoids as equipotential surfaces. 


Let us examine, in general, whether any singly infinite system 
of surfaces 
Ea a7, Gg) =0 
can be equipotential surfaces. If so, for any particular value of 
the parameter g, V must be constant, in other words V=f(q). If 
2, y, Z are given, g is found from F(a, y, z, g)= 0 and from that V 
from the preceding equation. 


Now in free space, V satisfies the equation AV=0. But, 
since V is a function of g only, 


CT Nas 
dz dq dx’ 
(1) CA ONAN 0 (=) 
Oa? = dq 0a §=ow 0x \ dq 
_aV oq | oa aa 
dq ox ( dq * 
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In like manner 


op ae fat) ae 


eV dV oq + (8) oe 


02? i az t 
(ZV + (4) ai a gM 
(2) Ag+ {(Z2) 0a alas dq 
dV tt nies 
Accordingly 
eV 
Aq d@  d/, dV 
(3) ig av dq (log) 
dq 


Now since V is a function of q only, the expression on the right 
must be a function of q only, say ¢ (q). Consequently, that 


; F(a, y 2,q)=0 


may represent a set of equipotential surfaces, the parameter g must 
be such that the ratio of its second to the square of its first differ- 
ential parameter is a function only of q, 


= > (q). 


If this is satisfied, we have 
ee OMe 
(4) -$ (= 3, (08 Ge) 


log G = [BCa) aa + 


av _ e719 (4) dg 
dq é 
(5) =A fog 4 B. 


There must be one value q such that the level surface is a sphere 
of infinite radius, and for this V must vanish. 
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These conditions are satisfied by the polar coordinate r, for by 


§ 95, (4) 


Ar=-, 
a 


NG ee, 
h,. = 1, he => F = p(r), 
2 
vad fel” +p 


=4/S4B 


Bia Th 
ms 


For r= «, we must have V=0, accordingly we must put B= 0. 


d 


A 
We may get a convenient expression for 7 — by transforming 
hg 


Aq into terms of three orthogonal coordinates, of which it is itself 
one. Put g=q, and since it is independent of gq, and qs 


ANG TONES = tr fh, 091) 


highs qr) 
Aq hh, 0 { h, 
(6) ee, aa ick 


= a ane ) 

ms ee 

See 
h, 0g) hs 0) hs 0m ; 


109. Application to Elliptic Coordinates. Applying this 
to elliptic coordinates gives 


AX ¢@ 
(7) om on 


{tox (@ +r) EFANE+A)U—V)(H—ANV—H)(v—A) . | 
= WO =r) (a+ w)(O+ MEF Hy (+r) (O40) (C+) 


uel 1 
<j teat eae $(), 
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which is independent of u and », and hence the system of ellipsoids 
® can represent a family of equipotential surfaces. We have 


ik ii 1 1 
©) [oma=sfapstmextent® 
= log V(a? + 2d) (b? + A) (C+ 2), 
e ~SP NAW 7 1 1 
V(a2 +2) (B+ A) (C2 +r)’ 


yea —— Cs -+ B, 
N(a? +) (b? +2) (c? +2) 
The constant B must be such that for X = ©, which gives the 


infinite sphere, V=0. This is obtained by taking the definite 
integral between A and o, 


(9) 


oe ds 
eo) yaa] V@+s\(0+s)\(2+5) 


d being taken for the lower limit, so that A may be positive, making 
V decrease as X increases. JV is an elliptic integral in terms of X, 
or ® is an elliptic function of V. For 

Nae a A 

dN Va? +2) (2 +2) (+2) 


rn 2 
(11) At (Te) = W444, 
av. 
a differential equation which is satisfied by an elliptic function. 


We may determine the constant A by the property that 
lim (rV)= MM, 


or that lee G ) = — M cos (re). 
We have 
av _dVan 
ox = AN OR 
A 206,? 
Via + 2d) (b? + A) (c? + A) (#? ny" [by § 19, (5)] 
OX. 2Ax6,2r? 


oa @ 4) J@EnN ENCE 
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From the geometrical definition of X, 


Now consider, for simplicity, a pomt on the X-axis, where 
. . . . 5 . 
$,=a2=r. The denominator becomes infinite in )?, that is, 7°, and 
so does the numerator. Hence 


Ces #3 
Le {r per ee M, 
so that 
Mt ds 
v=5/ , 
oo) 2J, V(a?+ s) (b+ 8) (2+ 8) 


110. Chasles’s Theorem. We have now found the potential 
due to a mass MV of such nature that its equipotential surfaces are 
confocal ellipsoids, but it remains to determine the nature of the 
mass. This may be varied in an infinite number of ways; we 
will attempt to find an equipotential surface layer. By Chasles’s 
theorem, § 84 (11), this will have the same mass as that of a 
body within it which would have the same potentials outside. 


If we find the required layer on an equipotential surface S, 
since the potential is constant on S, it must be constant at all 
points within, or the layer does not affect internal bodies. 


The surface density must be given by § 84 (10), 


c=— ashe , where m, is the outward normal to 2, 
4ar On ; 
and 
OV eV ON 5 eo 
dn, ddan, ~ ar’ 
Now since hy = 28), 
Dg Be 
fer: 


Since V is a function of X alone, the same is true of a which for 


a constant value of \ is constant. Hence o varies on the ellipsoid | 
Sas 8. Therefore if we distribute on the given ellipsoid S a 
surface layer with surface density proportional at every point to 
the perpendicular from the origin on the tangent plane at the 
point, this layer is equipotential, and all its equipotential surfaces 
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are ellipsoids confocal with it. Consequently if we distribute 
on any one of a set of confocal ellipsoids a layer of given 
mass whose surface density is proportional to 6, the attraction of 
such various layers at given external points is the same, or if 
the masses differ, is proportional simply to the masses of the layers. 
For it depends only on A, which depends only on the position of 
the point where we calculate the potential. 

Since by the definition of a homceoid, the normal thickness of 
an infinitely thin homceoid is proportional at any point to the 
perpendicular on the tangent plane, we may replace the words 
surface layer, etc., above by the words homogeneous infinitely thin 
homeoid. The theorem was given in this form by Chasles.* 


111. Maclaurin’s Theorem. Consider two confocal ellip- 
soids, 1, Fig. 50, with semi-axes a,, 8,, y,, and 2, with semi-axes 


Fia. 50, 


&, Bs, Y2. The condition of confocality is 


As? — a,” = B.’ — B= y2? — yr" = S, Say. 
If we now construct two ellipsoids 3 and 4 similar respectively to 
1 and 2, and whose axes are in the same ratio @ to those of 1 and 
3, these two ellipsoids 3 and 4 are confocal (with each other, 
though not with 1 and 2). For the semi-axes of 3are 0a,, 08,, Oy, 
and of 4 are @a,, 08,, Ory., and hence the condition of confocality, 
62a,2 = Ca,? a C82 —) G2 Jere an Ory. aa Ory? = @s 
is satisfied. Nowifon 3 we distribute one infinitely thin homeoidal 
layer between 3 and another ellipsoid for which @ is increased by 
dé, and on 4 a homeeoidal layer given by the same values of 6 and 
d@, and furthermore choose the densities such that these two 
homeeoidal layers have the same mass, then (since these homceoids 
are confocal) their attractions at external points will be identical. 


* Chasles, ‘‘Nouvelle solution du probléme de l’attraction d’un ellipsoide 
hétérogéne sur un point extérieur.” Jowrnal de Liouville, t. v. 1840, 


W. E. 14 


210 THEORY OF NEWTONIAN FORCES. (PT) INGLY. 


Now the volume of an ellipsoid with axes a, b, c, is 4mabe, that 
of the inner ellipsoid of the shell 3 is accordingly 
$7 Oa, B11, 
and that of the shell is the increment of this on increasing @ by 
dé, or 
(vol. 3) = 47r@*d@a,8,y1. 


Similarly (vol. 4) = 47 @?d0 aR... 


Consequently, if we suppose the ellipsoids 1 and 2 filled with 
matter of uniform density p, and p, the condition of equal masses 
of the thin layers 3 and 4, 


4p, P-d0a, Bry: = 47rp.P°d0a.8 72, 
is simply $ TPG Pina = $ TMP, 


that is, equality of masses of the two ellipsoids. And since for 
any two corresponding homeeoids such as 3 and 4(@ and 6+ d@) 
the attraction on outside points is the same, the attraction of the 
entire ellipsoids on external points is the same. 


This is Maclaurin’s celebrated theorem: Confocal homogeneous 
solid ellipsoids of equal masses attract external points identically, 
or the attractions of confocal homogeneous ellipsoids at external 
points are proportional to their masses.* 


112. Potential of Ellipsoid. The potential due to any 
homeeoidal layer of semi-axes a, 8, y, is to be found from our 
preceding expression for V, § 109 (12), 

M \ y ds 
V= = j 
Ja Je + 8) (8+ 8) +8) 


where X is the greatest root of 


ee mf ee ane ee 
awt+n B+N tn 


Now if the semi-axes of the solid ellipsoid are a, b, c, those of the 
shell a = 0a, 8B = 0b, y = 0c, we have M=47@*déabe, if the density 
is unity, and 
ds 


(1). deV = 2r6*dbabo | ‘ ay 
a /(eO? + 8) (BO + s) (CO +3) 


* Maclaurin, A Treatise on Fluaions, 1742. 
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where 2 is defined by 
_ Yy ee 
(2) CLR DETR OR TR 
To get the potential of the whole ellipsoid, we must integrate 
for all the shells, and 


2 


1 


Pi ds 
ir J(@0? +s) (BO + s) (CO +s) 
For every value of @ there is one value of X, given by the cubic 
(2), we may say X= ¢ (8). 


1 
3) (ae | o°d6 
0 


Let us now change the variable s to ¢, where, 6 being constant, 
8 = 0%, ds= dt; and put »= Ou. 


Then 
(4) = or abe i “ede i pee! ; 
0 tu J@+HOC+HC+E) 
where wu is defined by 
x y? 2 a, 
(5) nee 


Since @ is thus given as a uniform function of w, we will now 
change the variable from @ to wu. 

Differentiating (5) by 0, 
a y? 2 ; 
(@tuy’ P+up’ @+ a 

When 0@=0, w=, and when @=1, uw has a value which we 
will call o, defined by 


(6) 2640 =— 


a? aye zg 
=], 
(7) Pees thing uae. 


Accordingly, changing the variable, 


00 2 2 2 oy dt 
V=rabe| Geen ots a 
(8) Sed @+uyt (ru (e+up u /(@+t)(b+t)(c?+t) ’ 


The three double integrals above are of the form 
(9) T= | canal S(O) dt, 


1 
SO= Tap OD ELD 


where 


14—2 
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This may be integrated by parts. 


Call | i f()dt=4(), 


” b (u) du p(u)|* . (? b' (u)du | 
(10) J= ; Oe = |$O| + Pare 
Now g(o)=] s@d=0, (since f (co ) = 0), 


g(oy=[ F@ate 
#W=-SW. 


Inserting these values 


ie = da 
(11) Jagx,] sou-| G2%, 


or the variable of integration being indifferent, we may put w for 
t in the first integral. 


Applying this to our integral, by putting C successively equal 
to a, b’, c?, multiplying by 2, y’, 2, and adding, 
. Ss ee Po cha eee 
2) mabe] leretirotees e+u b+u Sra fds 
Now the first three terms of the integrand are, by definition, 
equal to 1, so that 


oe 2 2 2 du 
13) V=mabe | oes So - sal 
(13) i“ o vtu P+u C+u) /@+u)(P+u)(e+u) 
This form was given by Dirichlet*. 


If the point a, y, z lies on the surface of the ellipsoid 


ot be Ce 1, 
then ¢ = 0 and 
eS) 2, 2 2 du 
(14) V=mrabe[ j\-3o-go- a3 
0 a+u b+ wu e+u) J(a?+u)(!+u)(e+u)’ 


* Dirichlet, ‘‘Ueber eine neue Methode zur Bestimmung vielfacher Integrale.” 
Abh. der Berliner Akad., 1839. Translated in Journ. de Liouville, t. iv., 1839. 
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We find for the derivatives of V 


OV i = du 
a- =— 2rabex 
0x o (a2 + u) J (a? + u) (b?+ u)(2+4u) 


_ ee ae i i 
C+o BPto C+o\/(@+o)(P+a)(e+c) 


Oo 
— mabe an {1 


By definition of o, the parenthesis in the last term vanishes, 
and 


OV apes " du 

[i ia ca (2@+u)J/(e+u) (+ u)(e+u)’ 

7) * du 
a 
gies !!, Gia Jet Pia ere 

oV z du 

=~ 2rabes [ : = =. 

0z o (2+ u)J/(a?+ u) (P+ u)(2+u) 


113. Internal Point. In the case of an internal point, we 
pass through it an ellipsoid similar to the given ellipsoid, then by 
Newton's theorem it is unattracted by the homeoidal shell with- 
out, and we may use the above formulae for the attraction, putting 
for a, b, c, the values for the ellipsoid through a, y, z, say Oa, 0b, Ac. 
Since the point is on the surface of this, o = 0. 

OV du 


ce =n 2m brabew | ————$—$——— . 
ou 0 (Aa?+ wu) /(@a? + w) (0b? + wu) (Ae? + w) 


Now let us insert a variable wu’ proportional to u, u = @w’, 


eb aber | MO Jee a 
ox 0 e(a@t+uye/(et+uy\(P+uy(e+tw) 


The 6 divides out, and writing w for the variable of integration 


OV du 


—=— 2rabcax 


Ou | 0 (a2+u)JV(a@+u)(P+u)(e+u) 


So that for any internal point, we put o=0 in the general 
formula. Integrating with respect to a, y, z, we have 


V =r7abe i {1 e y a du 
0 


—@+u P+u +4) Vatu) O+u(e+u) 


The constant term must be taken as above in order that at the 
surface V may be continuous. 


= 
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In the case of an internal point the above four integrals may 
be made to depend on the first. Calling 


du 
= Trabe 
cre uy (P+ u)(e+ uy 
OD = arabe ie i du 
0 (a*) 0 2(@+u)/e+u)(C Z u) (+) 


and accordingly, 


key) oD oD 
V= De Beas) ae +2 HY te aay 
The integral ® is an elliptic integral independent of a, y, z, 
and so are its derivatives with respect to a’, b,c. Calling these 
: Lae OM ae: 
respectively — Aa eee have 
V=@—-4 {La + My + Nt, 


a symmetrical function of the second order, and since LZ, M, NV 
are of the same sign, the equipotential surfaces are ellipsoids, 
similar to each other. Their relation to the given ellipsoid is how- 
ever transcendental, their semi-axes being 


V-—® V-@® V-o® 
Od ’ od ’ 0D * 
“a@) * *a@) "a 


We have for the force 


OV ov aV 
On = La, a Oy aan = ay ale. 
Hence, since for two points on the same radius-vector, 
Bes eh) eA ¥,_ 4, Ta 
Se OH A en xe Ve 7 or 


The forces are parallel and proportional to the distance from 
the center. 


114. Verification by Differentiation. For an outside 
point, we have 


V = rate | {1- = te KE wl ua ! du ; 
. V+u P+u +u) V(a2+u)(P+u)(C+Uu) 
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OV i du 
=— = — 2crabex i — 
ow o (a? +u)V(a2+u) (BP +u) (e+ u)’ 
eV [ du 
= = — 2mabe 
Ow o (a? +u) V(a? + u) (2 + u) (2? + u) 
len 1 
+ 2crabca — — ; 
= 0@ (a2 +0) V(a2+c) (bh +0) (e+) 


Now by § 19, (5), 


2 2 


dc =: | Cee ee en? 
el (P@+oP? (P+oP  (?@+a)}° 


» ae eV : 
Forming ay? and aaF and adding, 
Reem 1 1 du 
AV=—2nabe| | +a + aaa ISS 
pe o (V@t+tu P+u e+u V(a? +u)(b+u)(e+u) ’ 
2 Amrabe 
V(e+o)(B+o)(e +c) 
The integration may be at once effected. 
Since d (wow) = www + a ai , 
i eT 


we have 


1 ) 
: ie +u) (BP +u) (e+ A 


1 Vertu ! 
— ees du 
NV (a? + u) (b> + u) (c+ u) 2 V(a? + u)3 
J 1 | 1 1 rt 1 du Sank 
2le@+u Bw e+u Vie +u) (BP +u)(e+u) 
The integral becomes then 
= 4mrabe 
V(a2+¢c) (P+a)(C +c) 4 


which cancels the second term, and AV=0.. 
For an internal point 


Pe 
Oat 0 (a? + u)V(a? + u) (B+ u)(e+u)’ 
AV =-—4r. 
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At infinity c=, and V and its derivatives accordingly 
vanish. 


Hence the value of V found satisfies all the conditions. 


115. Ivory’s Theorem. If z, y, z is a pomt on the 
ellipsoid 


(1) alee 


the point B—, Yr, o- 
lies on the ellipsoid 


(2) at iaten 


These will be called corresponding points. We shall now 
assume that these two ellipsoids are confocal, and (2) the smaller. 
Then 


Oe = (hs + nr, b,? = b.? + nr, Cis => Ox + Vi 


The action of (2) on the external point a, y, z is 


oo du 
.<-meaboe | STATS 
2=— Rerdabitel | (a9 + u) Var tu) Oe tu) PFU)’ 
a y? ae 
where PRT ape wee pide 4 
a a aed. 
and since Gat pat gam 


we must have o=X. 


If now we substitute 
u=uv +a2—aZ2%=wu' +o, 
dw’ 


X, = — 2ma,b.c fe ; a 
2 TAg0 20h 0 (az+u)V(a2+ w) (2 + w)(¢2 +) 


Now the attraction of the ellipsoid (1) on the interior point 


Fees 
Ay 1 Cy 


X,=—2abo0® | eee 
Jo (a2+u) V(a2+u) (b2+u) (C2 +4) 
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The definite integrals being the same in both cases, we have 


Xe bb. 
XG Cy: 
Maes 
neh 
SE 
bee GE 


This is Ivory’s theorem: Two confocal ellipsoids of equal 
density each act on corresponding points on the other with forces 
whose components are proportional to the areas of their principal 
sections normal to the components.* 


116. Ellipsoids of Revolution. For an ellipsoid of revolu- 
tion, the elliptic integrals reduce to inverse circular functions. 


Put b=c, a being the axis of revolution, 


“ du 
Ve v | tk aE eM 
(1) af o (B+u) Var+u ae! 
head he du 2 
(2) X =2rab ef 4) @ ul? 
= du 
Y= 2 b? | a 
(3) ites o (Bh +uyPVv(a?+u) 
uv? y? = 
where Aee See 
Put Beigpeaneeeled 
8 
uh \ 1-s 
a+u=(¥—0)(4-1)-@-0)°—, 
ee) 
8 
nen dors, =” co that 
enu=0,s=—=V;, whenwu=oa, $= [RRSY 10) a 
b= oc = 2 2) 93 
a Be eS a (Xn Ya) 


u=o 8°(b? — a?) V(b? — a?) (1 — 8?) 


* Tyory, “On the attractions of homogeneous Ellipsoids.” Phil. Trans., 1809. 
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Ba? 
_ Qrab? il ds 


— ————————— —_ Xx. Y; d 
(4) Vb? — a2 Jo V1 —s Be 
Op ahe a) 
(5) = esx Feet ot e+ Yy}, 
2 (b? — a?) 8? _ sds 
(6) EX4 = 2mabie | ao & (b? ae a?) (b aS a?)3 a == si 
b2-—a? 
_ derab?x jv Bre ads 
i. (ba?) é (1 — s?)8° 
No SL0S 7 ees Pon ds 
i d= vi-s J Vi—#’ 
so that 
_ Anabia ( [=a 4 I 
(7) rag abo an VEG |. 
ay) (b? = a?) SSds 
= 2rairy | 
(8) 4 mab y 3 (2? vs a’)? Ve wa a?) d = s°) 
B= a? 
oe ee | VRE od 
"@=aho ne 
Now a= ae 4 {sin2s—sV1—8}, 
so that 


= 2nabty (oo [a / ee 
(9) P= eee +o +o 


, 2 @? : b? — a? 
For sin NE ied: we may write tan™ af ; ; 
P+o ar+o 


Ph 
for if ain Oe 
P+o 
_ 

then cos 6 = case 
Beto 

Cyne ep) 

tan @= a w 

(Gh Sp Gy 


These formulae all serve for an oblate spheroid, where a < 0. 
For a prolate spheroid, b>a, they introduce imaginaries, from 
which they may be cleared as follows. 
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Call sin (7) =O, 
then iu=sin 0,V1+u?= cos 6, 


e-® — cos O—isind=V1+u?+ u, 


therefore —19=log {V1 + 22+ ul, 
sin (iu) = 0 =7 log {V1 + v2 + ul. 
eb 
Put WIN] Cis) 
oe 0 Oe. (reterse 
sin —— =1] — : 
b+ VP +o 
Hence 
Q7rab? Ve—b+Vae+o 
VY =. | ———— — 1X e+ Vai, 
0) Pa PA ag (PP NOEA _ire a ry 
4crrab'a Ve—Bb+Vae+o ne — b*) 
(1) X= ope pee OV ee 
_ 2mrab y V (a? — B®) (a? +0) a 
C2) P= ar cag  / 2 aa preemam 
In all these formulae, o is the larger root of the quadratic 


2 2 
x y i 


Pra Pro 


for an outside point, and «= 0 for an inside point. In the latter 


% 
case, we have functions only of the ratio 5 : 
117. Energy of Distributions. Gauss’s Theorem. Ifa 
particle of unit mass be at p, (a, y, z) at a distance r from a particle 
of mass m,, the work necessary to bring the unit particle from an 
infinite distance against the repulsion of the particle m, will be 


(1) W="4—V (a, y, 2) = Vp. 


If, instead of a particle of unit mass, we have one of mass 7m, 
the work necessary will be m, times as great, 


m. 
(2) Wog= es Mp = Mi V oi= MeV o, 
m 
where = 
r 


* Thomson and Tait. Natural Philosophy, Part 11., § 527. 
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In other words, this is the amount of loss of the potential 
energy of the system on being allowed to disperse to an infinite 
distance from a distance apart r. Similarly, for any two systems 
of particles my, mz, 


(3) Woq= = Xq Zp Et = = 2pMpVy = Xing Ve 


V, being the potential at any ee p due to all the particles ¢ 
and V, being the potential at any pomt q due to all the particles 
p. This sum is called the mutual potential energy of the systems 
pandq. If however we consider all the particles to belong to one 
system, we must write 


(4) W322 


where every particle appears both as p and q, the 4 being put in 
because every pair would thus appear twice. This expression has 
been given-in § 59, (33). 


If the systems are continuously distributed over volumes rT, 7’ 
we have 


Wie [fffPetecan= If ors [f], er 


The theorem expressed by the equality of the two integrals is 
known as Gauss’s theorem on mutual energy, where V,’ represents 
the potential at p due to the whole mass M), V,, that at gq due to 
the whole mass /,.* 


The above equality may be also proved as follows. Since 


1 
©) pean, 
1 , 
and (nie en AVY, 
the triple integrals in (5) become respectively, 
1 ' 
(7) -=//[ Vp AV, dtp, 
and ae If VAV sary 


* Gauss. ‘Allgemeine Lehrsiitze in Beziehung auf die im verkehrten Verhalt- 
nisse der Entfernung wirkenden Anziehungs- und Abstossungs-Krafte.” Werke, 
Bday. p: LOT. 
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Now since outside of 7, AV =0 and outside of 7’, AV’=0 the 
integrals may be extended to all space. But by Green’s theorem, 
both these ee are equal to ~ 


alin oV oV’ tor pt ae Be d 
0“ Ox Oy 02 dz e 
since the surface integrals 


[fr dS, [vas 


vanish at infinity. Gauss’s theorem accordingly follows from Green’s 
theorem and Poisson’s equation. 


118. Energy in terms of Field. For the energy of any 
distribution consisting of both volume and surface distributions, 
the sum (4) becomes the integrals 


(8) W=35 [ veas+5|[ Vpdr. 


Now at a surface distribution Poisson’s equation is 
eee oY 
dar ON, ON) 


If, as in § 85, we draw surfaces close to the surface dis- 
tributions, and exclude the space between them, we may, as above, 
extend the integrals to all other space, so that 


(9) = -<-[[ 7 5 as— fff VaVar 


the normals being from the surfaces S toward the space 7. But 
by Green’s theorem, as before, this is equal to the integral 


1 Cue OV. OV’ 

st Wa sell Am) + Cy) * Ge) te 

Thus the energy is expressed in terms of the strength of the 

OV OVN* aro V 
oes a 
len crm nla) ea 

at all points in space. This integral is of fundamental im- 
portance. 


field 


It is at once seen that this is always positive. 


We may obtain the same expression as follows. Suppose 
that the matter at a point 2, y, z is displaced to a point #+ 6a, 
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y+oy, 2+6z. The amount of matter in the fixed infinitesimal 
parallelopiped dadydz, dm=pdadydz is thereby changed, and 
the work necessary is the same as that required to bring the mass 
édm from infinity to the point «, y, z, where the potential is V, 
namely, 6W=Védm. We have found in § 388, 


set (p82), A(p8y) , +289) ina 
0a oy 


Consequently the whole increase of energy is 


(11) SW =-| il V {ee (pdx) | a ean) 2 (Ph ar 


dz 
Integrating by parts 


-[[[ve ip0z) dadydz = — | [Vededyde + [[[ose 5 OY dedyde, 


(12) sw=[ffo 12 {pe be + ae og bet dr = [| foovar, 


the integral being over all space, and the surface integrals vanishing 
at infinity. 


But since p=—— AYP, 
Agr 
this becomes 
Wee lil, AV8Var 


alin OV 0oV pie Va COV ec VeCoNe d 
~ der Ox Ox + oy oy 02 dz a 


no ff 58 (CEy+ E+ he 
= ell 5 (Se) z Gy rs (=) } ne 
= ga [|| Pera 


For a third deduction, since in moving a mass dm a distance 
whose components are dz, dy, dz the energy lost is equal to the 


work done by the system 
—dW=dm {Xba + Voy + 262} 
(14) == dm {045 by + 5 bel 


_=—dmbV =— pdVdr. 


so that 
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The whole variation of the energy is 
sw =f] (te eo 


Applying Gauss’s Theorem to the mutual energy of two distri- 
butions, one of which has density p, producing the potential V, the 
other the density dp, producing potential 6V, we have 


I[ : Vépdr=||[_ p3Var=8W, 


and w=5{| pVdr 


gives in agreement therewith 


sw=5][ _B(pV ar 


(15) =5 {[[f 2 var + |[f pavar| 
=| 8.var=[]]_ e8Var 


The integrals may be now restricted to the space occupied by 
matter. 


119. Maximum theorem for Energy. By making use 
of the two different expressions for the energy we can deduce 
an important theorem relating to the energy of a distribution. 
We may use the form, § 118, (8), 


(1) Was [ovas+5|] EVs 


which is distinguished by the suffix d to denote that the densities 
occur explicitly. This form, by the definition of the potential, 
holds for any law of force, whether the Newtonian or not.* On 
the other hand we may use the form, § 118, (10), 


© welll (y+) 


to which we give the suffix f in order to denote that it is ex- 
pressed only in terms of the field at all points, and does not 


* By this we mean any conservative law in which the action is proportional to 
the product of the masses, and to some function of their relative position. 
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explicitly contain the densities. This expression holds good only 
for a distribution acting according to the Newtonian Law. As 
these two expressions must be equal for all distributions, we may 
write 


CA ESE: 


= [Jovas+|ff_ [ov-se\Ge) + Gy) + Ga) Ee 


If in this latter expression for W we make an arbitrary varia- 
tion in the form of the function V, we obtain for the varied value 
of W an integral containing the variations of V, c, and p. If 
we suppose that the new distribution also acts according to the 
Newtonian law, in virtue of Poisson’s equation there will be 
relations between OV, éc, dp. 


We shall however remove this restriction, and consider V, a, p 
as perfectly independent functions, which can be varied inde- 
pendently. 


We shall choose 6c and dp as zero, in other words we shall 
suppose V to be varied from the values that it actually has for 
the original Newtonian distribution, the variation being entirely 
arbitrary, while the densities are unchanged. Calling the varia- 
tion under these circumstances dp W, 


(Woy ie Jo+eryas+ |] pV +8V)de 


-E fff CTE) + CGD) + CEO 


From this we obtain by subtraction of (3), 


(5) srw |[osvas+ ff o3Vdr 


- [ff | (eee eas mee OV 08V d 
» [Ow ont oy er ane 


sll, ( + Ge) + Gr) 


Integrating the third integral by Green’s theorem, we have 
finally 
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(6) ayw =| [lo (e+ +5, )p8vas 


On, ON» 


wie p+ AV | 8Var 
~ gelll, (Ge) + Ge) + Ge} 


Since the unvaried distribution is a Newtonian one, by Poisson’s 
equation the factors multiplying 6V in the first two integrands 
are zero. Consequently the variation of W is equal to minus the last 
integral, which, as the integrand is a sum of squares, is necessarily 
positive. Accordingly 6,W <0 and we may state the theorem : 


If the potential due to any given distribution of matter acting 
according to the Newtonian Law is known, the energy calculated 
by the formula (3) is a maximum for the actual distribution of 
potential as compared with arbitrary distributions differing by 
an infinitesimal amount from the actual. 


We may state this theorem in physical language, avoiding 
specification of the form in which W is to be expressed, as follows. 
We may consider V+6V as the potential due to a Newtonian 
distribution whose densities differ at each point of space by an 
infinitesimal amount from the densities of the given distribution, 
the differences being otherwise perfectly arbitrary. We will call 
the supposed distribution 2, the original distribution being 1. 
Then the terms 


[fos SV) as+|[[oV+ SV) dr, 


are the mutual energy W,, of the distributions 1 and 2, by 
§ 117, (5). 
The integral 


— ehhe V+ ey a Qe 4 (ee kar 


is the energy W, of the distribution 2, by § 118, (10). 


Accordingly equation (4) is 
W,+ 6; W = W,.- W;, 
so that 
dy W= W,,—(W,+ W2)<90, Wi< Wit Wz. 
W. E. 15 
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That is: The mutual energy of any two Newtonian distributions 
differing infinitesimally from each other, and supposed co-existing, 
is less than the sum of their individual energies. This theorem 
is probably true for all repulsive forces. We shall make use of 
it in § 180 to deduce the laws of dielectric and magnetic actions. 


120. Potential of Polarized Bodies. Double Distribu- 
tions. Ifa particle of mass dm be placed at a point where the 
field-strength is F, it experiences a force of amount dm in the 
direction of the field. If any distribution m be placed in a field 
which is uniform, that is, for which at all points Fis constant in 
value and direction, the force P experienced by the whole mass is 


P=||[Fan =F ||[am= Fin. 


Certain bodies exist in nature which, on being placed in a uniform 
field, experience no tendency to move in any direction, so that P 
is zero. Accordingly for such bodies m must be zero, or their 
density must be in some points positive and in others negative. 
Such bodies experience a couple when placed in a uniform field, 
although the resultant force vanishes. Not only does the above 
property hold for the whole body, but if it be broken into any 
number of parts the resultant force on each part is zero. A 
magnet is the most familiar example of such a body, for placed in 
a uniform field of magnetic force it experiences no resultant force, 
no matter into how many pieces it may be broken. In such a 
body then the mass of any part, however small, must be zero. Let 
us consider how such a condition is possible. 


Let us suppose that any portion of space 7 is occupied by a 
body A of constant density p and that occupying identically the 
same space is a second body B of constant density —p. The two 
bodies will then completely neutralize each other’s action in every 
way, and when placed in a uniform field would experience neither | 
force nor couple. Now suppose that the first body A is displaced by 
an infinitesimal amount, so that every point in it moves a distance 
h in the same direction. The effect will . 
be that while in the space occupied in 
common by the two bodies the densities . 
neutralize each other, there is a space on 
one side filled with positive matter, and on 


119, 120] POLARIZED DISTRIBUTIONS. 227 


the other a space filled with negative matter, (Fig. 51). The 
volumes of these two spaces must be equal, since the bodies A 
and B originally coincided. The effect of the system is now that 
of a body covered on part of its surface with a 
positive, and on the remainder with a negative 
surface distribution. If n, Fig. 52, is the normal 
drawn inwards, and fh represent the direction as 
well as magnitude of the displacement, the amount 
of matter contained in a right prism standing on the 
element of surface dS will be 


— ph cos (hn) dS,. 
but this is equal to odS where o is the surface density. Accord- 
ingly the surface density of the equivalent distribution is 
(1) o =— ph cos (hn). 


If we now decrease h and increase p without limit, keeping their 
product finite and equal to J, we obtain a body charged with 
surface density 


(2) o =—T cos (hn), 


possessing the property of experiencing a couple, but no resultant 
force when placed in a uniform field. 


To find the magnitude of the couple let us divide the body up 
into prisms with their generators parallel to h and standing on the 
elements dS. Such a cylinder of length / carries upon one end 
the charge odS which experiences the force /odS, and upon the 
other the charge — dS which experiences the force FodS in the 
opposite direction. The moment of the couple thus produced is 


L sin (hF’) FodS. 


For the whole moment we must take the integral of this over the 
positively charged surface, 


(3) ! i Pani) FodS = — Fan (hF) i | IT cos (hn) a8. 
Now — cos (hn) dS is the area of a right section of the prism on dS, 


1 
so that —/cos(hn) dS is its volume i dr, and the total moment 
0 


becomes 


(4) F sin (AF) | | [ Idr = FI sin (hF). 7. 
{pete 
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Such a distribution may be called a double or sliding dis- 
tribution, and a body possessing such a distribution is said to be 
polarized in the direction h, The conception of the sliding 
distribution is due to Poisson, The moment of the couple 
experienced by the body when placed in a uniform field of 
strength unity whose direction is perpendicular to the direction 
of polarization, is called its moment of polarization, and I, the 
moment of unit volume, the zntensity of polarization. I is a 
vector quantity, for the whole couple may evidently be sup- 
posed to arise from three bodies occupying the same space, 
and polarized in three mutually perpendicular directions, the in- 
tensities of polarization being respectively 


A=Icos(/z) B=Icos(Uy), C= cos(z). 
For if the components of the field are 
A =F cos(fz), Y=Fcos(fy), Z=F cos(f2), 


the polarization B produces the couple BZ about the X-axis, and 
the polarization C the couple —CY about the same, In like 
manner the couples about the other axes are obtained, 


(5) L=BZ- CV. CX Fa Nee 


We accordingly find that the resultant couple is the vector product 
of the intensity of polarization and the field-strength, whose 
magnitude is 

FTI sin (FT), agreeing with (4). 

Suppose now that we have a body of such a nature that every 
element of its volume has a double distribution, although the 
direction and magnitude of the polarization J may vary from 
element to element. Such a body is polarized in the most general 
manner, and the volume-density will not vanish throughout. Let 
us seek its value in terms of the polarization at each point. Con- 
sider a rectangular element of volume dr, whose sides are dz, dy, dz, 
and in which the values of the component polarizations are A, B, C. 
Then the face dydz on the side next to the origin has the charge 
—Adydz, while the opposite face has the equal and opposite 
’ charge Adydz. In the next element of volume on the right, 
whose center is at a distance dw from the center of the first, the 
X-component of polarization will be 


A ae dx, 
Ox 
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so that the face dydz next the origin will have the charge 


0A 
— (4 Rees de) dydz. 


This is superposed on the charge + Adydz, so that the whole 
charge on that face is 


0A 
a dady dz. 


Similarly the faces dzda and dady on the sides farthest from the 


origin, have the charges 


oB 
Tet dady dz. 


oC 
and Fray dady dz. 


If we consider these faces as belonging to the element dr, while 
the opposite faces belong to adjacent elements, the whole charge 
belonging to the element dr is 


3 Od OB, oC 
‘a dy oz 


Thus the charge per unit volume is 


0A eB 3€ 
(6) p=- [Eat oat 


Integrating this throughout the volume occupied by the body 


[fear — [Ilse oy * ae} 


(7) ={{t4 cos (nv) + B cos (ny) + Ccos (nz)} dS 


= | [Leos In) a8 = |foas, 


so that the total mass of the volume and surface charges is zero. 


‘ dadydz. 


121. Induction. Comparing the expression for the density 
with the ordinary expression for the density as 1/4 times the 
divergence of the force, we have 


Be CAM sBE DCW 1) ak NY az 
©) p=- le +5 + aah ae owt ay ae 
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so that the vector § whose components are 
(9) £=X+4rA, Y= V+4rB, 3=7+ 400, 


has no divergence anywhere. Its normal component is continuous 
at the surface of the body, for since by § 82, 


c= _ {F';, cos (Fn;) + F, cos (F.ne)} = — I; cos (L;n,), 


(where the suffixes 7 and e denote values inside and outside, and 
the opposite directions of the corresponding normals), we have 
(10) §; cos (82) =f; cos (Fyn;) + 47J; cos (1,7) 

=— F, cos (Fn) = — &e 608 (Sere) = Fe CoS (Seni). 
The vector § being everywhere solenoidal, its surface integral over 
any closed surface vanishes, so that as many unit tubes enter as 
leave the surface. Tubes leave the polarized body where o is 
positive, and enter it where o is negative. They form closed 
tubes, every one of which passes through the body. The vector § 
is called by Maxwell the induction, and is characterized by the 
solenoidal property. The line separating the region of positive o 
from those of negative is linked with all the tubes of induction 
belonging to the body. The induction is not in the same direction 
as the force / unless the polarization J is. 


We obtain another physical conception of the induction by 
considering the force in a cavity in the conductor. By hollowing 
out a space in the body we remove a portion of the volume distri- 
bution, but give rise to a new surface distribution. We shall 
suppose the cavity so small that the volume-density of the part 
removed may be considered constant. Now if we consider the 
forces at corresponding points of geometrically similar distributions 
of constant densities, we have for the action of the volume-density, 


roll 


and if we increase the dimensions in the ratio n, the element of 
volume and the potential at a corresponding point are dr = n°dr, 


vee dr’ ndr _ if 
ye =e a=] pes ne 


Le. CON Sve 
Os" pons) ee meos 


and the force 
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while for surface distributions 


Veo |[S=o[["=nv, MG SI 

r mr ds ds 
Accordingly as we decrease the linear dimensions indefinitely, the 
force from the volume distribution decreases indefinitely, while the 
force from the surface distribution remains finite. Consequently 
in an infinitely small cavity the force does not depend on the 
volume density of the part removed, but only on the surface 
densities formed on the surface of the cavity. This will be at 
all points 


o =I cos (In), 


the normal being directed into the cavity. Suppose the cavity is in 
the form of a cylinder with generators in the direction of the 
polarization. Then the density on the sides is zero, and on the ends 
J and —J. If ais the radius of the cylinder, 20 its length, the 
action of the ends on a point at the center of the cylinder is the 
same as the action of two circular discs, of surface density J and 
— TI, which, by § 81, is 


b 
and. ve +0 i. 
This is a function only of a/b, as we have just shown that the action 
is independent of the linear dimensions. If the radius is infinitely 
small in comparison with the length the action vanishes. Accord- 
ingly in such a cavity the force is that due to the action of the 
rest of the body, or 


If on the other hand the length of the cylinder is infinitesimal in 
comparison with the radius, the force is 47rJ,so that the total force 
in the cavity is 

X+47rA=%, Y+4rB=9, Z7+4rC=3, 


or the induction is equal] to the force in a thin crack perpendicular 
to the lines of polarization. 


122. Potential due to Polarized Distribution. If we 
introduce the expressions of the volume and surface densities in 
terms of the polarization, we obtain for the potential due to a 
polarized distribution | 
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oy valfets ea 


--|/F cos (nz) + B cos ue) + C' cos (nz)} ds 


[ITF ae iy eh 


Integrating the volume integral by parts by vite method, the 
surface integral cancels the surface integral in V, leaving V as the 
volume integral 


refute elo 


If as usual we use «, y, z to denote the coordinates of the attracted 
point, and a, b, ¢ for the coordinates of the point of integration, 
we must write 


ik il 
Meee iireckrucrraslha 


Now since 


=(@—a) + (y —b)?+ (2—¢)% 


1 
=; = 72 008 (re), 


(4) 7 


ly—b 1 
rb =e Slay: 
1 
a (=) lz-—c 1 
nals 


the integrand is the geometrical product of the intensity of polariza- 
tion and r the vector distance from the polarized element to the 
attracted point, divided by the cube of the distance. We might 
have obtained this result from the consideration of a doublet, or 
pair of points of equal masses of opposite signs, placed at a distance 
apart h, so that the moment of the doublet is M=mh. Then if 
r, and r, are the distances of the attracted point from the positive 
and negative ends of the doublet, we have 
mm _m (7. —1;) 
aoe ry ‘ i TPs ; 
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But if / is infinitesimal, we have, neglecting infinitesimals of 
the second order, r, — 7 =hcos (hr) and yr, = 7°, 


(5) yam cos (hr) _ M 


yr? v2 
Now in a polarized body in general, the element of volume 
dadbdc contributes the potential 


Idadbdc cos (Ir) Ir dr 


r ip 


cos (hr). 


2 


so that we obtain the form already given. 


If the direction of the axis of the doublet is that of the 
Z-axis, we have 


to which, by § 103 (10), we find the conjugate function 
Mp? Msin’(zr) 


rs r 


Fia. 53. 
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From this, the lines of force due to the doublet, or the lines 
WV = const., are drawn by asimple geometrical construction, Fig. 53. 
(Nature, Vol. Xx1., p. 371.) The combination of this field with a 
straight field in the direction of the axis of the doublet, drawn by 
the method of § 106, is shown in Figs. 74 and 75, according as the 
axis of the doublet is in the direction of, or opposite to that of 
the field. The lines are drawn for equal increments of WV. 


123. Potential due to uniform Polarization. We may 
easily find a convenient expression for the potential at any point 
due to uniform polarization, J=constant. Let © represent the 
potential at a pot P whose coordinates are a, y, z of a body occupy- 
ing the space 7 and filled with a single or ordinary distribution 
of the uniform density unity. Then after the body A of the 
double distribution has been displaced the distance h in the direc- 
tion I, the potential at P is the same as if the body had remained 
fixed while P had been displaced the distance h in the opposite 
direction, that is, 


The potential at P of the negative body B is 
= f50), 


and the potential of the double distribution is the sum of these 
two, or 
00, 
hs ph ah’ 


and inserting the value of the polarization, 


00, 00, 00, 00, 
(6) oot. =—][ oe cos (Lx) + ay cos (ly) + = cos (Ia). 


Consequently if we know the value. of the potential due to a 
single distribution of constant density, we may obtain by differen- 
tiation the potential for a body of the same form uniformly 
polarized. The expression holds both for inside and outside points. 
The potential due to a doublet illustrates this, for the potential 
due to a point m is 


0, 
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while the potential due to the doublet is 


1 
4) a 

0Q (=) M cos (hr) 

(7) Mme hoo 


a spherical harmonic of degree — 2. 


124. Solenoidal and Lamellar Polarizations. The 
volume-density of polarized matter has been found, § 120 (6), 
to be equal to the convergence of the polarization. If the polari- 
zation is solenoidal, the volume-density vanishes, and the polariza- 
tion is equal to a surface distribution, as in the original assump- 
tion of § 120. We may then divide the body into tubes of 
polarization, or polarized solenoids. Such a solenoid possesses the 
property that if it be cut anywhere the two cut ends will bear 
equal and opposite charges, their amounts being the same wherever 
the cut be made. The potential due to a solenoid of infinitesimal 
section depends only on the position of its ends, and a solenoid 
may be considered as equivalent to a doublet of points at a finite 
distance apart. Again the polarization may be lamellar, that is it 
may be the vector differential parameter of a function ¢ which 
will be called the potential of polarization. We then have 

op 0d op 
) sai da ” PE a aa 

Outside the polarized body, since J=0, @ must be constant, 

and accordingly discontinuous at the surface. 


Inserting this in the value of V the potential becomes 


(9) {fer ta -26 10) 3 ta. 


Applying Green’s theorem we obtain 


(10) yf eas- fea 2) 


But since 1/r is harmonic except for r=0, if the attracted 
point is outside of the polarized body, V is given by the surface 
- integral, 


1 
(11) peat (ee 
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Accordingly the potential at points outside of a lamellarly 
polarized body depends only on its form and position, and on the 
values of the potential of polarization at the surface. 


If the attracted point is within the substance of the polarized 
body, we may integrate (9) in the other manner, interchanging } 
and 1/r, obtaming 


(12) = y=-|[- a, OS — I[f- = Ad dr, 


which, by the theorem of § 83 (5) or § 84 (12) applied to ¢, 


becomes 


(13) ae 


In the case of lamellar polarization the induction becomes 
0 
(14) Ba de ss D=-F +45 = ,3=- ON + Aer Be 


so that the induction, being the ee of the function 
— V + 4q, is also lamellar. For both inside and outside points, 
this function is equal, except for a constant, to the surface 
integral 


(15) 


as we see from (13) and (11), together with the fact that outside 
¢ is constant. 


125. Polarized Shells. The characteristic of a lamellar 
polarization is that if we construct two infinitely near equi- 
potential surfaces of polarization ¢ = ¢, and ¢ = ¢y, the polariza- 
tion is normal to them at all points, inversely proportional to the 
distance between them, and in the direction from the smaller to 
the larger value of ¢. The portion of matter included between 
the two surfaces, which need not be closed, is called a simple 
polarized shell. If we consider the infinitesimal portion of the 
potential due to such an unclosed shell, the surface integral(11) is — 
taken over both sides of the shell, the portion over the edge 
vanishing, since the width of the edge is infinitesimal. Conse- 
quently, replacing n, the internal normal, by n, and nm, away from 


z 
; 
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the shell, 


1 t 1 
(16) oaiiae a4) [o aS = (qd, olf 


The ry integral, 


(17) Ife, 2 aoa == Eee cos a) as 


has been found in ae 39 to be bei to the solid angle w sub- 
tended at P by the surface S, if n, points 
toward the side of S on which P lies. Con- 
sequently the potential at any point P due 
to the shell is equal to the product of the 
difference of potential of polarization on the 
two sides of the shell by the solid angle 
subtended by the shell at P, the potential 
being positive if P is on the positive side of 
the shell, that is, the side toward which the 
polarization is directed. Now we have seen in § 39 (5) that the solid 
angle integral is equal to — 47 for a point inside a closed surface, 
and to zero for an outside point, that is, it experiences a dis- 
continuity of 47r as P crosses the surface. When the surface is 
not closed the same thing takes place. For the integral 


[fess 


is a continuous function of P so long as r is not zero, that is, so long 
as P does not lie on the surface. If P lies on the surface, the in- 
tegral has an infinite element. We remove this by cutting out a 
small area around P. If now a’ be that part of the mtegral due 
to the remainder of the surface, o’ is finite and continuous even 


Pp 


Fia. 54, 


_ when P passes through the surface. As P approaches the surface 


the solid angle subtended by the small area cut out, which may be 
treated as plane, approaches 27, so that at the surface on the side 
1, ao, =o +27. At an infinitely near point on the side 2, how- 
ever, the cosine in the numerator has changed sign, for the small 
area, so that the solid angle subtended by the latter is to have the 
negative sign. Accordingly on the side 2, o,='— 2m, and ac- 
cordingly, 

(18) @, — @, = 47, 
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and the potential V experiences a discontinuity of — 4m (¢, — ¢.) 
in passing through the shell from the positive to the negative 
side. 


The discontinuity may be also explained 
by considering the solid angles subtended 
at points 1 and 2 approaching a point on 
the surface from opposite sides. If the 
solid angles have different signs on opposite 
sides, as the points come together the sum 
of the absolute values of the two angles 
S approaches 47r, so that at the surface 


Fia. 55. @, + (- @») = Aq. 


If the thickness of the shell is e, the polarization is (¢, — ¢.)/e, 
and the moment of the equal and opposite charges on the element 
of surface dS on the opposite sides of the shell is, since the volume 
of the element is edS, equal to 


(di — 2) aS. 


Thus the surface density times the thickness, or the moment 
of polarization per unit of surface of a simple polarized shell, is 
constant. The value of the constant @=¢,—¢, is called the 
strength of the shell, and it is this strength that is multiplied by 
the solid angle in the expression for the potential.* Suppose now 
that the intensity of polarization increases without limit, so that 
the strength of the shell ¢, — ¢, is finite, instead of infinitesimal. 
Then the difference of potential on the two sides of the shell is 
finite, or the potential is discontinuous in crossing the shell, by 
the amount 


Vi, — V. = 47r®. 


The derivative, 0V/dn, is however continuous. We may prove 
the converse of this proposition. If a function satisfies Laplace’s 
equation, vanishes at infinity, and is continuous everywhere ex- 
cept at a certain surface, its first derivatives being everywhere 
continuous, the function represents the potential of a double 
distribution on the surface of discontinuity. If the function were | 
uniform and continuous, it must, by Dirichlet’s principle, vanish 
everywhere. The demonstration will be given in § 210. 


* Gauss, ‘Allgemeine Theorie des Erdmagnetismus,” § 38, 1839. Werke, Bd. 
Why 15 UNG). 
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126. Energy of Polarized Distributions. If a polarized 
distribution is placed in a field of which the potential is V, their 
mutual energy is, by § 117, 


w= |[Voas+||[Vpar, 


which, by § 120, is equal to 


(1) W= -| V {A cos (nw) + B cos (ny) + C cos (nz)} dS 


-{[[v ae 0B + ar 


Integrating by Green’s theorem, this becomes’ 


(2) W= (Nas Be +05} a 


The integrand is the negative ‘ the geometric product of the 
polarization and the force of the field. This result may be ob- 
tained directly for a doublet as we obtained the potential in 
§ 122. 


If the polarization is lamellar, the energy of the distribu- 
tion is 


ab AV, a6 AV, ag 2 
= = ([ aa ty dy! de oe 


=-|[eo as—|{[$aVar. 


For a polarized shell the volume integral disappears, and the 
surface integral becomes 


(4) W= =/[a5 aS +{[p. 2" isp =o [| as. 


Accordingly the energy of a polarized shell is equal to the 
product of its strength by the flux of force through it in the 
direction opposite to the polarization. 


If we wish to find the energy of the polarized distribution 
itself, we must put for V in the above formulae the potential 
due to the distribution itself, and multiply by the factor one- 
half, as in § 117. It is important to notice that the energy of 
polarized distributions is defined as the work that they are capable 
of doing if every particle is allowed to retire to infinity carrymg 


240 THEORY OF NEWTONIAN FORCES. [PT. 1, CHy V: 


its own charge. But if the distribution should be cut up into 
small parts, new surface densities would appear on each part. 
To prevent this the distribution must be supposed split up into 
infinitely thin shreds along the lines of polarization—on separating 
these from each other no new surface densities would be formed, 
so that the energy as calculated would be the work obtained 
by letting these shreds be bodily removed to infinite distances 
from each other. Similarly polarized shreds side by side of 
course repel each other, so that this energy is positive. If we 
should further break up each shred into infinitely short lengths, 
and separate these from each other, we should have to do positive 
work to pull them apart, and if we should remove all the parts 
to infinite distances from each other, it has been shown by Lord 
Kelvin* that we should have to do exactly as much work as was 
before obtained by separating the shreds. Consequently the 
energy must be defined by the first operation alone. 


127. Development of Potential of Polarized Body in 
Spherical Harmonics. We have seen in § 123 (7) that 
the potential due to a doublet placed at the origin is a spherical 
harmonic. We may develop the potential due to any polarized 
distribution in a series of spherical harmonics. If we call 7 and 7’ 
the distances from the origin of the attracted point a, y, z, and the 
point of integration a, b, c, so that 


Pr=P+y+2, r2=o+ b+, 
we have for the distance between the two points, by § 100 (22), 
if r <7, 


teal ieee, 
arate (v) += P; (x) +5 P, (u) + 4 


where yw, the cosine of the angle between 7, 7’, is 
(aa + by + cz)/rr’. 


Inserting this value and those of P,, P,, P., § 100, we 
have 


+ 


ax+by+cze  13(ax+by+czP—rr? 
ar =P Onn 
cs 2 ihe 


* Thomson. ‘On the Mechanical Values of Distributions of Matter, and of 
Magnets.” Papers on Hlectrostatics and Magnetism, p. 437. 
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"Now inserting this value of 1/d in the expression for the 
potential in § 122 (3), in which 1/r is to be replaced by 1/d, 


r=[[J4 a ol, al, 


or performing the differentiations, «, y, z, 7 being constant, 


pa lffa(etertbewenre, 4 
W fe 


yr? 


+|/[B oe + AG al Gee Paes ...) dr 


+ {ffe (5 , (ant by 4 cz)e—1e ...) dr, 


> 


and collecting in powers of «, y, z, which can be taken out from 
under the integral signs, we get the development in spherical 
harmonics 


Se) ape eee 
Aw + By + Cz 


7 


Va= 
V= 
(2L—-M_—N )#+(2M—N—L) y’+(2N—L-M)2+3(Pyz+ Qee oy 


r* 


where the coefficients are the definite integrals 


A=||[Adr, B=|[[Bar, o=|[ fear, 
L=|[fAadr, M=[[[Bbdr, =| [[Codr, 


P=[f[@e+ Ob) dr, Q=[[[(Ca+ Ao)dr, R= |[[(Ad-+Ba)ar, 


In like manner the coefficients in the harmonics of higher 
orders are definite integrals throughout the polarized body of 
the components of polarization multiplied by powers of the co- 
ordinates of the point of integration. By a change of the origin 
the integrals Z, M, N may be made to vanish. For putting 


a=ata, b=)4+0', c=Q+c, 
W. E. 16 
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we have 


L=a,{[[Adr+ ff An ie as Meee 


M=b, |{ [Bar + ||[Bodr = B+ M, 


N= a {| [Cdr +][ Cdr =co,0 +N’. 
and if we choose 
(ae A ? 0 B ‘) 0! oa GC ? 
the integrals Z', M’, N’ vanish, and V_, reduces to three terms. 


The values of the integrals A, B, C, are not changed by this 
change of origin, but those of all the others are. 


The new origin is called the center of the polarized distribu- 
tion. If the polarization is uniform, it is the center of gravity 
of the body. If we find a vector M whose components are 


Ke B, C, we have 
ae M {cos (Mz) cos (rx) + cos (My) cos (ry) + cos (Mz) cos (rz)} 
9 r 
M cos (Mr) 
—s << * 


But this is equal to the potential due to a doublet of moment 
M situated at the center. M is called the moment of the polarized 
body, and since at great distances the first terms are relatively 
the most important, we see that at great distances the body 
acts as if concentrated at its center. The line through the center 
having the direction of M is called the axis of the distribution. 


PART II. 


ELECTROSTATICS, ELECTROKINETICS AND MAGNETISM. 


CHAPTER VI. 
ELECTRICAL PHENOMENA. SYSTEMS OF CONDUCTORS. 


128. Fundamental Experiments. We shall begin the 
treatment of Electricity by the description of a number of simple 
experiments, for the most part due to Faraday and described by 
Maxwell, the explanation of which will devolve upon the theory, 
when mathematically established. 


EXPERIMENT I, Let a piece of glass and a piece of resin, 
neither of which exhibits properties different from those of 
ordinary bodies, be hung up near each other by silk threads. 
They do not affect each other, and the threads hang vertically. 
Let the glass and the resin be rubbed together, and left in contact. 
They still exhibit no peculiar properties. Let them now be 
separated. They attract each other, and the strings take an 


inclined position. The system composed of the glass and resin 


has now acquired energy, which has enabled it to do work against 
the force of gravity in lifting the two bodies through a certain 
distance. 

Let a second piece of glass be rubbed with a second piece of 
resin, and be similarly suspended. Then it may be observed that 
the two pieces of glass repel each other, and have therefore 


_ acquired energy, which is evinced by their as gravity in 


lifting themselves. 
16—2 
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The two pieces of resin in like manner repel each other. Each 
piece of glass attracts each piece of resin. All of these phenomena, 
each of which indicates the acquisition of a positive amount of 
potential energy, are known as Electrical phenomena, and the 
bodies exhibiting them are said to be electrified, or charged with 
Electricity. 


The properties of the two pieces of glass are similar, but 
opposite to those of the resin. What the glass attracts the resm 
repels, and vice versa. Bodies repelled by the glass and attracted 
by the resin are said to be witreously, those attracted by the glass 
and repelled by the resin, resinously electrified. By general 
convention we say positive, instead of vitreous, negative for 
resinous. 


EXPERIMENT IJ. Let a hollow metal vessel be hung up by 
silk threads, and let a lid completely closing it be also so hung, so 
that it may be removed and replaced without touching it. Then 
if the electrified glass be hung inside the vessel without touching 
it, and the lid placed on, the outside of the vessel will be found 
vitreously electrified, and the manner of the electrification will be 
exactly the same in whatever part of the interior the glass may be. 
That is to say, if we place successively at different points of the 
external space the same small electrified body, it will be acted 
upon at each point by a certain force. The direction and magni- 
tude of this force determine a vector called the strength of the 
electrical field of force. The field may be geometrically repre- 
sented by lines of force in the usual manner. The electric field is 
the tangible evidence of the electrification, and the measurement 
of a force is the means of its measurement. We may therefore 
describe the above experiment by saying that the field external to 
the closed metal vessel is independent of the position of the charged 
body within. If the glass be removed without touching the vessel, 
the electrification of the glass will be unchanged, and that of the 
vessel will have disappeared. If resin be substituted for glass the 
outside of the vessel will be negatively electrified. Such electri- 
fication, which depends on the proximity of electrified bodies, is — 
called electrification by influence, or induction. In this manner a 


body may acquire energy without contact with other bodies, and 


it is natural to suppose that the energy has passed through the 
intervening medium from the electrified body. Such a medium, 
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which allows electrical influences to pass through it, is called a 
dielectric, as was proposed by Faraday*. 


EXPERIMENT III. Let the vessel be positively electrified by 
induction as before, let a second vessel be suspended by silk 
threads, and let a metallic wire, similarly suspended, be made to 
touch both simultaneously. The second will be found to be 
positively electrified, and the positive electrification of the first is 
lessened. 


EXPERIMENT [V. If instead of a metal wire we had used a 
rod of glass, sealing wax, or hard rubber, no such effect would have 
been produced. Bodies may accordingly be divided into two 
classes, 1°, those which, like metals, allow a transference of electri- 
fication from place to place. These are called conductors. The 
second body above is said to be electrified by conduction: 2°, those 
which do not allow such transfer. These are called non-conductors 
or insulators. The dividing line cannot be drawn with perfect 
sharpness, since no bodies have been found to be absolutely non- 
conducting. All insulators are dielectrics, but not all dielectrics 
are necessarily insulators. 


EXPERIMENT V. In Experiment II it was shown that the 
external electrification of the vessel due to the introduction of the 
electrified glass was independent of the position of the latter in 
the vessel. If we now introduce the piece of glass together with 
the piece of resin with which it was rubbed, without touching the 
vessel, the electrification of the latter disappears. We therefore 
conclude that the electrification of the glass and resin, which are 
able to counteract each other’s effects, are equal in amount. By 
putting in a number of bodies, and examining the external field, 
we may show that the induced electrification is proportional to 
their algebraic sum. We thus have an experimental method of 
adding the effects of several electrifications without altering the 
electrifications. 


EXPERIMENT VI. Let there be two insulated metallic vessels, 
A and B, and let the glass be introduced into A and the resin 
into B, and let them be connected by a wire. All electrification 
disappears, as was to be expected. Now let the wire be removed, 
and then let the glass and resin be taken out. It will be found 


* Exp. Res., § 1168. 
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that A is now negatively electrified, and B positively. By intro- 
ducing A and the glass together into a larger metal vessel C, 
its outside will be found to have no charge, consequently the 
induced charge on A is equal and opposite to that of the glass. 
In like manner the charge of B may be shown to be equal and 
opposite to that of the resin. The charge of A, which is not 
apparent as long as the glass is within, is said to be bownd by the 
inducing charge of the glass, and resides on the inside of A. 
By the withdrawal of the glass it becomes free, and appears on the 
outside of A. We have thus a method of charging a vessel with 
an electrification equal in amount and opposite in kind to that of a 
given electrified body without changing its electrification. 


EXPERIMENT VII. Let the vessel B, charged with a quantity 
of positive electricity, which we shall take for a provisional unit, be 
introduced into the vessel C without touching it. C will be found 
charged on the outside with a unit of positive electricity. Now let 
B touch the inside of C. The external electrification is unchanged. 
If B be now removed from CO without touching it, and taken to a 
distance, the field external to C is still unchanged, that is, C is 
charged with a unit of electricity, but B is completely discharged. 
If B be now recharged with a unit of positive electricity, and 
again introduced and made to touch C, on removal it will again be 
found to be completely discharged, and the charge of C will be 
increased by one unit. This may be repeated indefinitely, and no 
matter how highly C may become charged, it will be found that B is 
always completely discharged. This is a cardinal point in the 
theory of electricity. Since when in contact B virtually forms a 
part of the conductor C, we may state that there is no electrifica- 
tion on the inside of a charged conductor left to itself. We now 
have a means of charging a body with any number of units of 
electricity. A machine for the purpose of generating electricity 
on this principle is Kelvin’s Replenisher, whose theory will be 
considered later. 

The last experiment may be modified by examining the field of 
force within a hollow charged conductor. This cannot be done by 
introducing anything through a hole, but was accomplished: by | 
Faraday by building a closed conductor large enough for a person 
to remain inside. Even when the outside was so highly electrified _ 
that large sparks were flying off from it, the strength of the field 
at points within was absolutely zero. 
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EXPERIMENT VIII. Suppose that while the pieces of electrified 
glass are suspended as in Experiment I, we surround them with a 
dielectric fluid insulator, such as turpentine, kerosene, or melted 
paraffin. It will be found that, if the buoyancy of the liquid be 
just counterbalanced by weights, the threads will now hang more 
nearly vertically, showing that the repulsion is less. The energy 
of the system is consequently less. We see then that the energy 
of a system of electrified bodies depends not only on their charges 
and positions, but on the nature of the dielectric medium in which 
they are placed. The consideration of the part played by the 
medium is now one of the principal parts of electrical theory. 


If any of the other experiments be repeated with the closed 
vessel filled with any dielectric fluid, the results will be unchanged, 
showing that the values of charges induced on a closed conductor 
by charges within are unaffected by the dielectric. 


We will now briefly recapitulate the results of our experi- 
ments. 


We may examine the nature and the magnitude of the charge 
of any electrified body without altering it, by placing it within 
an insulated hollow conductor without touching it, and examining 
the charge induced on the outside of the latter. 


The amount of electricity on a body remains unchanged, unless 
it be put in conducting communication with another body. 


When a body electrifies another by conduction, the quantity of 
electricity on the two remains unchanged. 


When electricity is produced by friction (or otherwise, as we 
shall find) equal quantities of positive and negative electricity are 
produced. 


When electrification is caused by induction from a body 
- surrounded by a conductor, the amount of electricity on the inside 
of the conductor is equal in quantity and opposite in sign to the 
charge of the inducing body. 


There is no electricity on the inside surface of a closed hollow 
conductor, charged but under the action of no internal bodies. 


The forces between charged bodies, and their electrical energy, 
depend on the dielectric medium in which they-are placed. The 
charges induced on closed conductors by charges within do not. 
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129. Mathematical Conclusions. Law of Force. We 
have used the words electrification, electricity, and charge to 
denote a measurable quantity, which possesses the property of 
conservation, that is of remaining unchanged in amount. For if 
electricity disappears, it is by the disappearance of two equal 
quantities of opposite sign, whose algebraic sum was zero. We 
need define these terms no further than by their properties, and 
for the present, the single property of exerting force is sufficient. 
We may speak of electrification occupying definite portions of 
space, for the field of force is such that lines of force issue from 
positive electrifications and run into negative electrifications. 
Electrifications being always examined by examining their fields 
of force, we may consider the field of force as specifying the 
electrification. Certain writers have gone farther, and insisted 
that electricity does not exist, but that lines of force and electrical 
energy are the only real entities. Such a question is purely 
metaphysical, and of no importance to the physicist. It is 
obviously of no importance whether we define electricity as that 
which exists where lines of force converge, or say that the 
electricity exerts force upon other electrifications. If we wish to 
use the term “electrical fluid” or “matter” we may do so, provided 
we use “fluid” or “matter” simply as convenient terms, without 
attributing to electricity any of the properties of ordinary fluids or 
of matter. It has, so far as we know, no inertia, the fundamental 
property of matter, nor is it incompressible. We may then define 
a charge of electricity as a “something,” “fluid,” or “matter,” which 
possesses the unique property of repelling or attracting other 
charges of electricity, according to the signs of the two charges. 
By definition the force is proportional to the charge, and it is 
natural to suppose that the force between two electrified elements 
will be in the line joming them, and proportional to some function 
of the distance. Experiment VIII shows that the force depends 
on something beside the distance, but if we suppose all space to be 
filled with the same dielectric medium, such as air, the assumption 
is justified by experiment. This supposition will accordingly be 
made for the present. We shall also suppose all conductors to be 
made of a single material. 


We shall now deduce the law of the force from the result of 
Experiment VIJ,—that there is no force within a hollow conductor. 
Let the conductor be in the form of a sphere. On account of 
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symmetry the charge is so distributed that equal areas possess 
equal charges. Let the charge per unit area be oa, and let us find 
the form of f(r), so that the resultant of all the forces odS/(r) 
due to all the elements dS at distances r from a given point Q 
within the sphere, shall be zero when resolved in any direction. 


On account of symmetry, the force acting Pass 5 
on @ must be in the direction of the radius 
OQ. We shall accordingly consider the radial Ba 
component f. Let OQ = b, and let the radius 
of the sphere be a. Let the distance PQ, 
where P is any point on the surface of the 
sphere, be 7, and let the polar coordinates of 
P be @, ¢, the co-latitude 6 being measured 
from the radius OQ. Let the angle PQO be 6. Then the whole 
force at Q resolved along the radius OQ is proportional to 


Fic. 56. 


w [20 
3) a [oas.f0r) eae o| | Vcc atcin Oded. 
0/0 
We may at once integrate with respect to ¢, 
(2) Bacto | View 
0 
Now O@ is the sum of the projections of OP and PQ on the radius 
rcosé6+acos0@=b, 
(3) b—acos 6 


cos 6 = 
r 


From the relation between the sides of the triangle POQ, 


(4) r? =a? +b? — 2ab cos 8, 
. we get on partial differentiation with respect to b, 
r ub =b—acos 8, 
(s) ob 
5 or b—acos@ aes 
0b 


Substituting this value of cos 6 in the integral, 
Roomate | eG) canine: 
0 ab 


and if we call f@)=f(¢), 


250 ELECTROSTATICS. [PT. TL GHaws. 


so that 
= a 
fry eae, 
we have 
(6) Re oriee =| @ (r) sin 0d, 


We may now change the variable from 6 to r by differentiating 
the relation 


r= a? +b? — 2ab cos 6, 
rdr=ab sin 6d6, 


(7) sin ed =" 


For 6=0, r=a—b, and for 0=7, r=a-+ b, so that 
@ fee Darrar 


R= 2rve 
a—b ab 
Calling r® (r) = WV" (r), 
we have 
a+b 
(8) [2 ¥@ ar=¥(a40)-¥(@-9) 
and 
(9) R = 2rac =| aE (W(a+b)—V(a- wy. 


By the conditions of the problem this must vanish, so that we 
have the differential equation for V, 


(10) o 15 (V(a+b)—Via— »))| =i) 
which being integrated gives 
(11) 5 {¥ (a+b)—¥ (a—-b)} = 


V(at+b)—V(a—b) =Cb, 


a functional equation to determine VW. Differentiating twice with 
respect to b, 


Ww” (a+b)—W” (a— b) =0, 
(12) Ww’ (a+b)=W" (a—b). 
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This equation holding for all values of a and 6, since a+ 6 and 
a —b are entirely independent variables, VY” must have the same 
value for all arguments. Accordingly, putting r for the argument, 


(13) WW’ (r)= A, 


(14) W(r)=Ar+B=r0(r), 
(15) &(n)=Ate, 
(16) O(n) = f(r) =— 5. 


Consequently the force /(7) is inversely proportional to the square 
of the distance. This proof is due to Laplace*. The law of force 
was also deduced by Cavendish as a consequence of the fact that 
a conductor is completely discharged by contact with the interior 
of a closed conductor. The experiment was repeated very care- 
fully by Maxwell}. The law of the force may also be deduced 
from the result of Experiment IL. 


The law of the inverse square was obtained by Coulomb by 
direct experiment with the torsion balance, but such experiments 
could not be exact enough to demonstrate the law with the same 


accuracy as by reasoning from the results of the experiments of 
Cavendish and Faraday. 


130. Dimensions of Electrical Quantities. Since charges 
of electricity in a uniform dielectric medium act on each other 
according to the Newtonian Law, the whole mathematical investi- 
gation of Newtonian forces and potentials at once becomes 
applicable. The volume density of electrification, or the charge 
per unit of the volume, will be denoted by p, and the surface 
density, or the charge of unit area of a superficial distribution, by 
o. The charge of a body e is 


: c= [[otr+ [ous 


and the potential at a point, 


° r- [fees 


* Mécanique Céleste, 1. 2. 
+ Electricity and Magnetism, 1. p. 79. 
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is the work that must be done against the electrical forces in bring- 
ing a unit of positive electricity from an infinite distance to the 
given point. Positive electricity tends to move from places of 
greater to places of less potential, and negative electricity the 
contrary. 


The unit of electricity must be defined as the amount of 
electricity, which if concentrated on a very small body, will repel 
a body similarly charged and placed at unit distance from it in 
vacuo, with unit force. This unit is the basis of the electrostatic 
system of electrical units. In the c.G.s. system, the unit of elec- 
tricity repels a similar unit at a distance of one centimeter with a 
force of one dyne. 


It is necessary, as shown by Experiment VIII, to specify the 
medium in defining the unit. If air were adopted instead of 
vacuum, that is, ether, the difference would be so slight* as to 
escape detection by all but the most refined electrostatic measure- 
ments at present in use, hence we may with very slight error 
consider all experiments to be made in air. 


The dimensions of the unit of electricity are found from the 
equation of force 


i 


ae = Force, 
P 
2 ML 
A zs || , fe) = ALT}, 


and the ¢.G.s. unit of electricity is 
1 gm? cm.? see.—1 
The dimensions of p, o, V are found from 


Electrification _ [e] 
Volume _—— [J] 


[ep] = Volume density = =(M?L tT, 


Electrification _ [e] 
Surface = [L?] 


_ Electrification _ [e] 
Distance —[Z] 


[o] = Surface density = = (M3127 >}, 


[V]= Potential =n Ty 


* Less than one part in a thousand. 
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The strength of electric field, or the intensity of electric force 
at a point, F, is defined as the force acting on unit of electricity 
placed at the point. Its dimensions are obtained from 

[Fe] = Force = a | ; 
(F] =(MeL 37}. 
This agrees with the definition F = — which is of dimensions 
Potential eae 
Teceag [Meter |), 


The energy of the system may be written in either of the forms, 


§ 118 (8), 
We=5[[oVas+5 [|pVar, 


the integrals having dimensions 

[Surface-density x Potential x Surface] =[ML?7T~], 
and [ Volume-density x Potential x Volume], 
or, § 118 (10), 


1. OVO Ne TOV. 
Wo= salll AGe) + Gq) + Cae) fe 
the integral having the dimensions 
[Field-strength?] x [Volume] = [M77], 


giving in either case the proper dimensions for energy. 


131. Electrical Equilibrium. Suppose we have an electric 
field due to the presence of a number of charged insulating bodies 
D, together with a number of conductors K, insulated and originally 
either charged or not. The charges of the bodies D cannot move 
in the bodies, since they are insulators. We shall assume that the 
dielectric properties of the bodies D are the same as those of air. 
- The electrification of the conductors, however, may move in any 
manner in the conductors, subject to the condition that the total 
charge e, of any conductor K, is constant. By the principle of 
virtual work, we can find the condition for equilibrium. 


Suppose that in any assumed distribution V is the potential 
due to the total electrification of the conductors K, in which the 
volume and surface densities are p and o. Let V’ be the potential 
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due to the fixed electrification of D in which the volume density is 


/ 


p. The total energy of the system will be 


(2) w=5|f{] + V)pdr+5 |] (V+ V') odS 


+5/|[ 7+ Vode, 


or 


 womlll OS) 
Hy (? Ce Os a eS ay a 


Suppose now that if we change p in the conductors to p+ép 
and o to o + 6c, the integral W becomes W + 6W, while p’ and V’ 
are unchanged at all points, since the electrification of D is un- 
changed. Also since the charges of the conductors are to be un- 
changed, we must have for any conductor K, 


(3) Se {fear +]]_, 228 |=0. 


The condition for stable equilibrium is that for all possible 
values of the functions dp and 6c subject to the conditions de, = 0, 
we must have 6W >0, (§ 58). 


Making the above changes in the integral (1), we have 


(4) w+ow=s [|] (v+3r4 Vipeesay ee 


+5 || W+av+ V+) (0480) a8 
K 


i. si {| r+ Sve eae 


and subtracting W, we get 


(5) sw=5[f] (r+ SV + V’) 8p + pdV} dr 


1 ; 
+5 /[ 17+ 8V + V") 80 + o3V} dS 


+5]] p SV dr. 
D 
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Now V, V’, &V are potentials due respectively to distributions of 
densities p, o in the space K for V, p’ in the space D for V’, and 
dp, dc in the space K for 5V, and accordingly by Gauss’s theorem 
of mutual potential energy, § 117 (5), 


[|| eavar =| i Vépdr, 
(6) [[_esvas ait Vdcd8, 


| i | (paar = I _V'8pdr + iil _Vibod8. 


In virtue of these equalities, the integral reduces to 


(7) sw=|/{ (r+ V’) Spdr +|[ + V) 8c 


+5] [_ 8Pepdr + 5 | dv seas, 
2 K DRAW 5 


all the integrals being taken throughout all the conductors only. 
In order to take account of the conditions 6e,= 0 we must multi- 
ply each such equation by an arbitrary constant, —c;, and add the 
sum to the above value of SW, 


(8) dW — >,c,de, 2 0, 
that is, = 0 to the first order of small quantities, while the terms 
of second order must be positive for a minimum. 


Introducing the values of ée, (3) 


fy aes = 3 [fied 5]. edS=[|[__ Sodr+ |] Seas 


we get 


(10) 3, {If (V4 Vi = 6) Spdr +{f (Van a) Scds 


+5} [_ eV sear+ | sVaeds} 20. 
K, K, 


The equations of condition having been introduced, we may 
treat 5p and éo as arbitrary, and if we put in each conductor 


(11) V+V’-c,=0, 
the above reduces to the terms of second order 


: il 8Vepdr+5 || SV 8ods, 
2I)IIK 2) Kx 
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which being the energy of the distribution 6p, 6 may be written 


se fff. (Se) + ee Ge) 
+ {| ~—}} dr, 
oy 0z 
which is necessarily positive. Consequently the condition Sot 


stable equilibrium is that in each conductor the total potential 
V + V’ is constant*. 


The integral which takes a minimum in the above investiga- 
tion is the same one that appears in the demonstration of Kelvin 
and Dirichlet’s principle, § 86. We saw that in general there was 
a doubt as to the existence of a function making the integral a 
minimum. In the electrical case, experiment shows that there is 
always an equilibrium distribution, so that the only doubt which 
may affect the mathematician does not trouble the physicist. 
Reasoning depending upon such physical facts was frequently 
made use of by Green, and while not legitimate for purposes of 
mathematical demonstration is frequently of service to the 
physicist. 


Since in any conductor V+ V’=e, 


GS) CLO Bara ER Saode), WEE IZ) 
Ox oy 0z 
or there is no force in the substance of a conductor; further 
A(V + V')=0. 


But since the distribution causing V’ lies outside of the con- 
ductor, AV’ = 0 in the conductor, and 


(13) AV=0=— 4p. 


Consequently, in every conductor p= 0, or the distribution is 
superficial, Now at the surface distribution o we have a discon- 


‘eae re: ee. V 
tinuity in the derivative we , and 
(14) — + ~_ = — 4aro, 
But since within the conductor V + V’=c,, 


UE. Pe 
(15) ALO Sm 


On; eee Gee Cie 


* The above demonstration is given by Betti, Teorica delle Forze Newtoniane, 
p. 164. 
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for the derivative of V’ is continuous on crossing the surface, as 
none of the distribution causing V’ lies on the surface. Accord- 
ingly the surface equation becomes 
CGV ets Vabels 


Ay — Ano. 


(16) 


The surface density at any point of a conductor is the deriva- 
tive of the total potential in the direction of the external normal 


to the conductor multiplied by — = , that is to the field-strength 


directed away from the conductor divided by 47. This theorem 
is due to Coulomb, at least by implication*. The total charge of 
a conductor K, is 


: hae Behe 
(17) a={f ods--7-[f as. 


The following form of the investigation is shorter, and depends 
on the variation of the second form of the integral 


(2) wast (eae a ee 


where we put, as we shall hereafter do, V for the total potential, 
heretofore denoted by V+ V’, 


=7 eV 0ov OV GOV. OV cov) 
eS alt i ox Oy oy +3 dz | ae 


io Ves: 0OV 
- || oat inc |S ae {ff VasVdr 


=--;-[-¥ ee wnt OS ae = iff VaaVar 


On; One | 


ae Vieds+[|[ Vopdr. 


Now in D, 69=0, and in external space p=0, so that the 
volume integral can be taken through K only, and introducing the 
- equations of condition Se, = 0, 


Boyt S; fr -% Sod +{ff_. 7-9 bp i 


* Coulomb. ‘‘Suite des recherches sur la distribution du fluide électrique 
entre plusieurs corps conducteurs,” 1788. Collection de mém. rel. & la physique, 
pub. par la Soc. frang. de Phys. Tom. 1. p. 230, 


Ww. E. LZ 
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necessitating 


Vee: AVi=0; 7p =0; 


OV aro, 
On; OMe 


lhe Kg nts 


the same results as above, writing V for V+ V’ above. 


=— 4c, 


We may easily show that there is but one equilibrium distribu- 
tion. For if there be another, V, o, for which the constant 
values of V are @,, let us apply Green’s theorem to the difference 


u=V-YV, 


co) Jed= lf (ze) +) +E) fe 
_ [[_« a dS [[Juauar, 


the volume integral on the right being extended to all space 


outside of the conductors. But in that space AV=AV =0 or 
— 4p’, and accordingly Au=0. Also at the surface of any con- 
ductor K,, 


UW = Cs — Cz. 


The integral J (uw) therefore becomes : 


» [ef] 


Now the surface integral is equal to —1/47 times the dif- 
ference of the charges of K, in the two distributions. But the 
charge being originally given this is 0. Accordingly the integral 
J (w) vanishes, and everywhere 


ee EN u=V—V=const. 
Oz Oy Oz 

Since V and V vanish at infinity, the constant is 0, and the 
distribution o is the same in either case. Consequently we see 
that the constant values of the potential on the ‘surface and 
throughout the substance of the conductors, or as we shall say, the _ 
potentials of the conductors, are determined by the electrifications 
of D and the total charges of the conductors. 
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132. Zero Potential. If we have a single charged conduc- 
tor in the form of a sphere, uninfluenced by other bodies, since the 
surface density will be constant, the potential at the center will 


be ~ where ris the radius of the sphere, and since the potential 


throughout the conductor is constant, its value will be Asr 


increases the potential decreases in absolute value. Now the 
earth may be considered as a conductor of a radius which is in- 
finite in comparison with the dimensions of our apparatus. Its 
potential may be therefore regarded as zero, and any conductor may 
be kept at zero potential by being connected with the earth. 


If within a conductor there is a hollow space, not containing 
any electrified body, the function V is harmonic in the cavity, 
and being equal to a constant at the inner surface of the conduc- 
tor, must by Kelvin and Dirichlet’s principle be constant through- 
out the cavity, consequently there is no force at any point in the 
cavity. Ora closed conductor screens the interior from the effect 
of an external field of force. This explains Faraday’s Experi- 
ment VII. 


If the system is composed of a single hollow conductor in 
communication with the earth, containing within several rigidly 
electrified bodies D, then the total potential V being zero at the 
outer surface of the conductor and at infinity is by Dirichlet’s 
principle zero everywhere in the external space, and there is no 
force there. That is, a closed conductor connected to earth shields 
external space from the action of an electric field of force within. 
This principle of electric screens is of great importance in practice 
in connection with electrostatic instruments. 


The surface density at the outer surface of the conductor 


then vanishes, and the outside is without charge. On the inside 


om — Fl i 8 


the normal as as usual, drawn away from the conductor. But 


San aa ~ [[[aver=— |] [ par, 


17—2 


_ surface, the charge is 
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AV vanishing except in the bodies D, in which it is equal to 


_ - p. Consequently the charge e on the inside of the conductor 


is equal and opposite to the whole charge of the bodies D. This 
explains Experiment VI. 

If the conductor is not connected to earth, the same result as 
far as the inner charge follows. There is, however, an outer 
charge, but as there is no force in the substance of the conductor, 
the distribution of this charge is unaffected by what is within. 
This explains Experiment II. 


133. Tubes of Force. If we apply the above reasoning 


WV NX We SS 


ows 


K 
Fie, 56a. 
to the space inclosed by any tube of force, which must end either 
at infinity or at conducting surfaces, we have, since AV = 0, 


-{f Avan = [fan 8+/ fon 8 0, 
oe 


or the ends of any tube of force cover equal and opposite charges, 
the flux of force through the tube or the number of unit tubes 
contained in it being 47 times the absolute value of the charge. 


134. Theorems on Sign of Electrification. By means 
of the properties of tubes of force and of the Potential Function, 
we may deduce a number of theorems on the sign of the electrifi- 
cation on the surfaces of conductors. These theorems are taken — 
from the excellent Legons sur [Electricité et le ee by 
P. Duhem. 


We shall call a distribution in which the sign of the surface- . 
density is everywhere the same, monogenic. If the density varies 
in sign we shall call the distribution amphigenic. We suppose | 
that all the conductors are external to each other, and that in 
each case there are no conductors present except those mentioned. 


=A 
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THEOREM I, If the system consists of a single electrified 
conductor, the distribution is monogenic. For on the conductor 
the potential is constant, while at infinity it is zero. In free 
space, being harmonic, it has neither maximum nor minimum 
(§ 34), hence all the equipotential surfaces are closed surfaces 
surrounding the conductor, and the tubes of force proceed from 


the conductor to infinity. Thence a is of the same sign all over 
e 


the surface of the conductor, and the theorem is proved. 


THEOREM II. If the system is composed of two conductors, 
the distribution of at least one of them is monogenic. For the 
greatest and least values of the potential are two of the three 
values of the potential on the two conductors, and at infinity. 
The potential on one of the conductors is accordingly an extreme 
value, so that the derivative has the same sign over its surface. 


TaeoreM III. If an insulated conductor with zero charge is 
placed in presence of a charged conductor, the charge of the 
former is amphigenic, of the latter monogenic. For since the 
charge of the first is zero, the surface-density and hence the 
derivative "8 must be positive in some regions, negative in 

; é@ 
others, consequently its potential lies between the extreme values, 
which are accordingly on the second conductor and at infinity. 


Fie. 57. 
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On the line on the first conductor separating positive and negative 
values of o, the potential does not vary as we leave the surface in 
the direction of the normal, or in other words the equipotential 
surface of which the conductor forms a part has a sheet cutting 
the conductor normally. This sheet is closed, containing the 
other conductor with the monogenic charge. This sheet is dotted 
in Fig. 57. The direction of the lines of force is shown by the 
arrows. 


TurorEM IV. If the system consists of two bodies with 
equal and opposite charges, the distribution on each is mono- 
genic. For if not, it is evident on inspection of Fig. 57, that 
if we draw a sufficiently large surface including both con- 
ductors, the tubes of force will cross it everywhere in the 
same direction (outward or inward). But the total outward 
flux of force is equal to 47 times the total charge within the 
surface, which is zero, accordingly all the tubes of force must 
issue from one conductor and end on the other. 


THEOREM V. A charge concentrated at a point produces a 
monogenic charge on a conductor whose charge is of equal amount 
and opposite sign. For this is a particular case of the preceding 
theorem. 


THEOREM VI. A negative charge concentrated at a point 
produces a monogenic distribution on a conductor with a positive 
charge of greater absolute value. For the charged point may 
be considered as the limit of a conductor with potential —o. 
This is then the lowest value of the potential occurring. The 
value at infinity, namely zero, is not the greatest value, for then 
all the values occurring would be negative, but as we approach 
infinity the value approached by the potential is M/r, § 74(7), 
where M is the total charge of all the distributions, which is 
here positive. Since positive values occur, the highest value 
attained must be on the conductor, whose distribution is there- 
fore monogenic. 

The remaining theorems are expressed in terms of known 
potentials, instead of charges, of the conductors. 


THEOREM VII. _ If two conductors have potentials of the same 
sign, the distribution is monogenic on the one whose potential 
has the greatest absolute value, and the density has the same 
sign as the potential. 
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For the potential of the conductor having the greatest absolute 
value is, if positive, the highest, and if negative, the lowest value 
occurring, so that in the former case o is positive, in the latter, 
negative. 


THEOREM VIII. On each of two conductors whose potentials 
are of opposite signs the distribution is monogenic. For the 
potentials of the conductors are the highest and lowest oc- 
curring. 

THEOREM IX. If one of two conductors has the potential zero, 
the other a potential not zero, the distribution is monogenic on 
both, and on the second the density has the sign of the potential, 
on the first the contrary sign. For this is a limiting case of the 
preceding, as the potential of one of the conductors approaches 
Zero. 


THEOREM X. On a conductor connected to earth, a charge 
concentrated at a point causes a monogenic charge of sign 
opposite to its own. For this is a particular case of the preceding 
theorem. 


Theorem I may, be generalized as 


THEOREM XI. In a system formed of any number of con- 
ductors, the distribution on at least one is monogenic. For the 
highest or lowest value of the potential must be on one of the 
conductors. 


135. General Problem of Electrostatics. If we have a 
number of conductors in a state of equilibrium, of which some 
are insulated and charged with quantities e,, others connected 
to earth, or kept, by means to be hereafter described, at given 
constant potentials V,, and influenced by certain bodies D rigidly 
electrified with density p, the problem to be solved consists in 
finding a potential function V which, 1°, is constant in each con- 
ductor, taking the values V, in those conductors for which the 
constant is given, 2°, in the bodies D satisfies the equation 


AV =— 4p, 
and 3°, in the rest of space is harmonic, 
AV=0. 


We can satisfy these conditions if we can solve n+1 inde- 
pendent problems, n being the number of conductors. 
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I. To find for each value of s from 1 to n, a function v,, which 
at the surface K, takes the constant value 1, at all the surfaces XK, 
where r is different from s, takes the constant value 0, and in 
all space external to K is harmonic. Each of these n problems 
is a different problem of Dirichlet. 


II. To determine a function w, which in all the conductors is 
zero, in the bodies D satisfies the equation 
Aw =— 47, 
and in the rest of space is harmonic. 


These n +1 functions beimg found, the required function V is 
given by the linear function 


(1) V= Vww,+ Vay. + Vnntn + W, 


where V,, V,... V, are the given constant values. For each of 
the functions v, and w is harmonic in all space except D, where 


the v,’s are harmonic, and w satisfies Aw =— 4p; therefore the 
sum V is harmonic everywhere except in D, where it satisfies 
AV =— 4p. 


On any conductor K,, w and all the v’s vanish except v;, which 
is 1, hence 


Aen er 


From any of the functions v, and w let us calculate for any 
surface K,, the integrals 


OUs 
-z {lf desea r= ~~ Aer mil mee 


Since the finding of the function v, is a purely geometrical 
problem, depending on the form and position of the surfaces K,, 
all the n? quantities q,, are geometrical constants for the given 
system of conductors. We have now for the charge of any con- 
ductor K; 


1 Ov, 
2) _ =a K, ma der ike ONe a 


ae ee peas | ne as |, 
K,0 K,ONe 


or inserting the above notation for the integrals, 
(3) Cs = GisVi + Gas V grees + OnsVin + Qe. 
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There is one such equation for each conductor. These n equa- 
tions determine the charges in terms of the potentials, and if 
the potentials of some of the conductors are given, and the charges 
of the rest, all the remaining charges and potentials are deter- 
mined, Q, is the charge of the conductor K, by induction from D 
when all the conductors (including K,) are connected to earth, and 


consequently 
V,=V,=...=V,=0. 


136. Coefficients of Induction. Reciprocal Relation. 
We shall now suppose the system of conductors to be under the 
action only of their own field, so that @=0. Then we have 
Gi = Gin Vy + or Vi... + Gains 
ex Gia Vx ale oo Vg j00 SP Gna! ae 


ee 


en = Qin Vi+ Gen Va--- a Gna ne 


(4) 


The constants q;; are called coefficients of induction, and any 
Qrs 18 defined as the charge induced on the conductor K,; when 
it and all the others are earthed, except K, which is brought 
to potential 1. ‘Any coefficient with double suffix qs. is the 
charge of K, when it is at potential unity, and all the other 
conductors are earthed. It is called the capacity of the con- 


ductor K,. The dimensions of the q’s are EB =[Z]. We shall 


now show that the order of the suffixes in g,, is immaterial. 
Applying Green’s theorem in the second form to the functions », 
and v,, we have 


(5) ie (o ae Uy =) dS =| (v,Av, — v;Av,) dr. 


The volume integral being taken throughout the space ex- 
ternal to the conductors where v, and v, are both harmonic, 
vanishes, and since », vanishes on all conductors except K, where 
it is constant and equal to unity, and v, vanishes on all conductors 
except K, where it is equal to unity, (5) becomes 


I eee ohh ot dS = 0, 
ae KG. 


fe Ov; 
(6) ; -afl = Ke ae fs 2 fm ONe aces 
Urs a Usp 
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We may accordingly state the reciprocal theorem : 


The quantity of electricity induced upon a conductor A of a 
system when another conductor B is brought to a given po- 
tential V and all the others including A are earthed, is the same 
as the quantity induced on B when it and the others are earthed, 
except A, which is brought to the same potential V. 


137. Energy of System. ‘The energy of the system is 


(7) w=5{[ ovas-a5.7.|[ odS 


= 4 (Vie Vee, --2..- Vines); 
or introducing the values of e, and bearing in mind the relation 
Yrs = sr 
(8) W =40nVi2 + 44m Ve..... + 4¢nnVie 
be aaVVitqaVVi + Tt od + Gos VoV5 + ...00 ; 
That is, the energy is a homogeneous quadratic function of the 
potentials of the n conductors, the coefficients being the coefficients 


of capacity and induction. The energy expressed in this form will 
be denoted by Wy. 


We have 


OW, 
(9) ave P= GeV; =P as Vn Ia sleiele eis + dns Vn = es, 


or the charge of any conductor is obtained by differentiating the 
energy-function expressed in terms of the potentials partially with 
respect to the potential of the given conductor. 


138. Coefficients of Potential. Solving the linear equa- 
tions (4) we get n equations 
Vis Pier + por Cz «++ 00+ + Prien, 
( 10) US = P1201 + Pog - 0-00 + Pneen> 


UA =Pinbit Pon€o+++++ +Prnn> 


where any coefficient p,, is the minor of q,, divided by A in the 
determinant 


eee rw wen ewes 


136—138] SYSTEMS OF CONDUCTORS. 267 


The coefficients p are called coefficients of potential. Their 
dimensions are B = lz |: Since the determinant A is un- 
changed by interchanging columns and rows, the determinant 
of the p’s must have the same property, or p,,=p,,. We may 
prove this directly as we did for the q’s. Let V be the value of 
the potential when K, has the charge e and all other conductors 
charge 0. Let V’ be the value of the potential when K, has 


charge e and the others charge 0. Then as in (5) 


(11) ey Gy | a=0. 


and since on any conductor K;, V and V’ are constant and re- 
spectively equal to V;, V;’, 


ov’ ; CVE ee 
(12) xi id acre mee [me @|=9 
Now since the potential V’ is due to a distribution in which only 
K, is charged, all the integrals 

[[ S aso 


 K; on 


vanish except for 1=<s, for which the integral is — 4rre, likewise all 


the integrals 
ff as 
on 


vanish except for 7=7, when the value is — 47re. Consequently 
we have 


(13) DS 4re(Ve—V./) =0. 


Now from the equations (10), putting e, =e, the other e’s zero, 


V = Drees 
Again putting e, =e, the others zero, 
Vii Spee: 
Whence 
(14) Prs = Psr> 


and we have the reciprocal theorem : 


If a conductor A receive a certain charge, e, all the other con- 
ductors of the system being uncharged, the potential of any other 
conductor B is the same as would be attained by A if B should 
receive the charge e, all the other conductors being uncharged. 
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Making use of the equations (10) and the condition p,,=p,,, 


the energy W=32s00Ve 
becomes 
(1 5) W= Pues” ae $ Do 0s? seseee os EPnnen’ 


+ 20 + PrsOres + -seeee + Pos€203 + veeees ; 
or W isa homogeneous quadratic function of the charges of the 
n conductors, the coefficients being the coefficients of potential p. 
This form will be denoted by W,. If we differentiate partially by 
any charge e, we get 


oW, 
(16) ane = Pipl + Poy Gn +++ +» + Dns@n = Vs; 
$ 
or the potential of any conductor is the partial derivative of the 
energy of the system as a quadratic function of the charges, by the 
corresponding charge. 


139. Properties of the Coefficients. As the energy of an 
electrified system is intrinsically positive, the values of the co- 
efficients g and p must be such that the functions W, and W, 
shall be positive for all possible values of the V’s and e’s. We may 
deduce certain properties of the coefficients from the elementary 
properties of the tubes of force and equipotential surfaces. Let 
one conductor KK’; receive a positive unit of charge, all the others 
being uncharged, its potential is then p,;, and the energy 


We= 3 Dss@ ae Ess» 


and since this must be positive pss is positive, or: Any coefficrent 
of potential with double suffix 1s positive. 


Any conductor kK, completely enclosed by A, has the same 
potential, so that for these two p,,=,,. Auy conductor KX, out- 
side of K, has a potential of the same sign but of less absolute 
value. For the charge of a conductor is proportional to the excess 
of unit tubes issuing from it over that entermg. An uncharged 
conductor accordingly has as many leaving as entering. Accordingly 
all tubes have one end on K, and the other at infinity (Fig. 57), 
and the potential of K,, p,, 1s consequently intermediate between 
that of K, and that at infinity, : 


Pss 2 Da. 


All coefficients of potential are positive, and those with double 
suffixes are not greater than those with single suffixes. 
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Secondly, let all the conductors be at potential 0, except K,, 
which is at potential unity. The energy is 


W= 4s V? = $908, 


so that the capacity of any conductor is positive. The number of 
unit tubes of force issuing from K, 1s proportional to the charge 
Yss- Some of these extend to infinity, while others end on the 
other conductors. At the latter the charges will be negative, but 
the sum of all such charges is not as great as q,,. Accordingly, 
every q with double suffimes is negative, and 


(17) Yss a (ia Qos ++ 4 Ysa, 8 TiQsrivs pies oF Ons): 
If, however, K, is completely surrounded by a conductor K,, 
— Vss = Yrs+ 


If a new conductor be introduced into the field, the coefficient 
of potential with the double suffix for any conductor is diminished. 
For if any portion of the field be made suddenly conducting, elec- 
tricity will move in it so as to make the energy less than before. 
If K, was the only charged body, the energy $p,,e? must be 
diminished, but ‘as the charge e has not changed, p,, must be 
diminished. 


Introducing a new body into the field increases the capacity of 
any conductor, and diminishes the absolute value of every co- 
efficient of induction.. For if the new conductor and all the others 
be at potential 0, while K, is at potential unity, some of the tubes 
of force which before ended on the other conductors, now end on 
the new conductor, which receives a negative charge. This in- 
duces a positive charge on K,, increasing its charge q,,, and positive 
charges on the other conductors X,, diminishing their negative 


charges q,.. 


140. Work done during displacement of conductors. 
Suppose that we deform or displace the conductors of the system, 
thus changing the geometrical coefficients p and g. Suppose the 
configuration of the system is specified by m parameters 


di; do, CLS dm; 


so that if the conductors are displaced as rigid bodies m = 6n. 
Let the mechanical forces due to the electrification be denoted by 
® so that the force tending to change the parameter ¢; is ®;. 
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Then the work done in a displacement d¢,,... 6m 18 
(1) D, dds: Dib eno Noga 


and if no energy is furnished to the system this work must be done 
at the expense of the electrical energy W and 


(2) —SW=;P;5¢;. 
In the differential 6W we may use according to circumstances 
either of the three forms 


Wey =42sesV 55 W. or Wy, 


which are of course identical, though expressed in terms of different 
variables. If we choose W., the total differential 


(3) oW.y =32, {e,0V,+ V,, des} 


does not contain the 6¢’s explicitly. For neither the coefficients p 
nor g appear in W,;. However, the ée’s and 8V’s are not inde- 
pendent, being connected by either set of equivalent linear relations 
(4) or (10) above, which in the coefficients q¢ or p involve the para- 
meters ¢, consequently we may eliminate either the dV’s or éeé’s, 
and replace them by é¢’s. 


Now we see by the relations 
OW ea” OWy _ 
cee Ve, Vee 
that the functions W, and W;, are reciprocal functions (§ 63) 
with respect to either set of mdependent variables ¢,...e@,, or 
V,,... Vn, containing also the independent variables ¢, corre- 
sponding to the variables z of § 63. Accordingly by the last of 
equations (5), § 63, 


5 


OW, OW, 
© | abe Ode 
If the conductors are insulated, so that all the charges are 
constant, we use the form W,, so that any force ®, has the value, 
from (2), 


(6) 0,=- 55. 


The system tends to move so as to diminish the energy. 


If on the other hand the potentials are maintained constant we 
must use the form Wy. In this case we must supply energy from 
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outside and the equation (5) can no longer be used, but in place of 
it we have, by (4), 
(6) ®, = “Obs . 
The system now tends to move so as to increase the energy, and 
the increase of energy is exactly equal to the work done by the 
electrical forces. For 
OW, 
oS: y 
(7) sW i= 3 Se 
We accordingly see that the system is analogous to a cyclic 
system. The forces &, correspond to the negative values of the 
positional forces P,, for the latter are defined as the forces that 
must be applied from outside in order to equilibrate the reactions 
of the system. Comparing equations (5) and (6) with (1) and (3) 
of § 69, we obtain the analogous results 


8, = SB, 84. 


_ oly Lye Ue 

Sar a 0gs° x= Ods ? 

aw WE he Ole 
ve Ogs ’ ae date: 


The electrical energy W plays the role of the kinetic energy 7 
in the cyclic system. In order to determine which of the variables 
e or V are to be assimilated to velocities and which to momenta, 
we must recall that in an adiabatic motion work is done through 
the positional coordinates at the expense of the energy 7. This 
corresponds to the case of constant charges (2). The charges are 
accordingly the analogues of the momenta, and the potentials of 
the velocities. Accordingly to an isocyclic motion will correspond 
a motion in which the potentials are maintained constant. We 
have already seen that in this case electrical energy must be 
supplied from without, and since this must not only do work but 
also increase the energy of the system by an equal amount we 
have the analogue of the Theorem I of § 70:—In any motion 
of a system of conductors in which the potentials of the conductors 
are maintained constant, an amount of electrical energy must 
be supplied from without equal to twice the amount of work done 
by the electrical forces during the motion. 


The equations for the cyclic forces P, BE are here not 


dt 
applicable. 
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Example. In the case of a single conductor, the coefficients 
q and p reduce in each case to a single one, the capacity and its 
reciprocal respectively, and 


e=9V, 
V=pe, 
ie! 
are 


W=teV =4qV?=ipe 
If the conductor is a sphere of radius 7, we have 


e 

=, 

7 

The only geometrical parameter ¢ is here r, and since W, 
tends to decrease, Wy to increase, 7 tends to increase. 


If the sphere is elastic, as in the case of a soap-bubble, the 
electrical forces tending to enlarge the sphere may be held in 
equilibrium by a greater pressure of the air on the outside than on 
the inside, or by the surface tension of the film. If P denote this 
excess of pressure, that is, the force acting normally on a unit 
of surface, the work done by the whole surface S in increasing the 
radius by dris PSdr. If T is the surface tension of the film, or 
the elastic force tangential to the surface exerted normally across 
a curve on the surface per unit of length, in increasing the surface 
by dS we must do work TdS. Hence we have 


Odd = PSdr + TdS = —dW,=dWy, 


1 1 le 
— =>—_— SS — 2 = 
q=T, p = W ghV age 


Le 

S=4rr, dS = 8rrdr, W,==—, 
27 

, oe Cpe aye 
Aor {Pr + 2Tr} dr=5 {dr = 5 Vdr, 


e = 87r {Pr +2T}, 
V? = 80r {Pr +27}. 


If the soap-bubble be blown on a tube connected with a mano- 
meter, the difference in pressure P may be observed. J may be 
determined by an observation when the bubble is unelectrified. 
Calling 7, the radius under these circumstances, P, the pressure, 

PrP 2l = 0; 
Pyro 


T=--S, 


P, being negative, 
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and using this value of 7, 
Ve=8ariPr— Poryl. 


Accordingly a potential may be measured in this simple 
manner by a measurement of P and r, P, and r, having been 
observed. If the tube on which the bubble is blown is open to 
the air, P=0, and 

Ve lorrl. 


141. Distribution on an Ellipsoid. We have found the 
potential due to an equipotential layer of amount e distributed on 
an ellipsoid of semi-axes a, b, ¢ to be, § 109 (12), 


ee) ie ds 
vera V(a? + s) (62 +8) (+s) 


where X is the greatest root of the cubic 


a i TE, 2 as 
feta, Wo,” GPL, : 


At the surface of the ellipsoid X=0 
e | ‘ ds e 
Vg = 2 oe 
2Jo Via@+s)(P+s)\(P+s) 9 
so that the capacity q is the elliptic integral 
2 


= 


| ds 
o V(a? +s) (2 +38) (+s) 
The surface density of the charge is given by 


Ne Viele V, ) 
~7- = -=-— (Sk) 
Agr ON 4ar \ dr A=0 


which by § 110 gives 


o= 


pa Ee ae ae 1 
~ Aqrabe ee 4crabe © x uF 2 § 
a To 


Ellipsoids of Rotation. 


If a=b, the ellipsoid is one of rotation, and the elliptic integral 
simplifies into 
i * ds negeee . _Vai—e 
0 (@+s)Vet+s Vae—e 
W. E. 18 
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ie., when the ellipsoid is oblate, and 

c CK pag Ho? ioe jess ete oat 

o(a@+s)Ve+s Ve—a j 


The capacity is 


when the ellipsoid is prolate. 
i ® 
q= ia ee nine ellipsoid, 
aN ee 
sin - 


Ve — a? BE 
= ee , prolate ellipsoid. 
{s e—a+ec i i 
log paar 


For a very long prolate ellipsoid, neglecting (=) F 


so that as a approaches zero, the capacity approaches zero, but 
more slowly, viz., logarithmically *. 


In the limiting case of an oblate ellipsoid, for c= 0, we have a 
circular disc, whose capacity is 
en 
If in the expression for the surface density we eliminate ¢ by 


the equation of the ellipsoid, 


(Me et ed 

oe @ 1, 
e-3(1-5-§) 
Ce 2 Oe Bey) 7 


= Aarabe a y? 2 he yp? Re 
(1-3-5) 
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If we now make z= 0, we get the density on an elliptical disc 
e 


C= 


d 


and if a = b, 


é 
C= 
4a Va? — 7? 


for a circular disc of radius a. At the edge of the disc, 


and the density is infinite, so that this case is not physically 
possible. It is however of considerable theoretical importance. 


For the case of the circular disc the potential at any point 
becomes 


e | é (ar es fate e = © 
= = - = — tan? —_, 
2), (a+s)V5 es a) VG Vr 
where A is the greatest root of the aia 
x +y° 
= eae 
+n a Xr 


142. Concentric Spheres. Suppose we have a sphere of 
radius R,, surrounded by a concentric spherical shell of radu R, 
and R;. In the space between the conductors and outside of the 
outer, V satisfies the equation, § 88 (7), 


BV %dV 
ere a 
whose integral is 
I rd 
iT 
yeAyp 


If V, is the potential of the inner sphere, V, of the shell, 


A 


Yy=- R 
1 


+ B, 


Viz-5+ B, 


18—2 
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which determines A : 


eee 


R,—R 
The surface density on the inner sphere is 
ee al OV Lea 
Aar ON, dor Or 4or 7?” 
Tigi Vi- Vv, 
OL Ace (Rg 2 Biya ee 


The charge on the sphere is 


Poy Peg 
6 =4rh7o,= oe (V,— V,). 

In like manner, at the surface r= h,; differentiating by —r, we 
get for the charge e,’, 


an BEE 


6 = 


hop ea Vi)=—-@. 


To find the charge at the outer surface r=R,;, we must 
redetermine the constants A and B. Since V, =0 


V,, =B=0, 
eee 
p 
rant 
A=-—V,R;,, 
Hae 
dr ie 
pee tered = (a) cs V, 
dr/rar, 47-R,’ 
and the charge at the outer surface 
= 4 Roc, = VR. 
The whole eee of the conductor 2 is 
aol te! = i “o (V.— Vi) + V.Rs. 
We accordingly have for the coefficients q 
Tdaes RR, ge, 


Cee: Qo2 = ae R, 
Of — Ofte 
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143. Condensers. The capacity g, decreases as R, in- 
creases, becoming equal to R, when R,= 0. Accordingly by the 
presence of the envelope the capacity of the sphere is increased 
R fy R. which may be made very large. Such an 

Pea 

arrangement of two conductors, by which the presence of the 
second largely increases the capacity of the first, is called a con- 
denser, for by it a larger quantity of electricity is condensed on 
the first by raising it to a given potential, the second being to 
earth. The coefficient gy, or —q». which is here equal to it, is 
called the capacity of the condenser, and will be denoted by K. 
It is not necessary that one conductor shall surround the other. 
If it does not, we shall not have q,.=—q,, but in any condenser 
we shall suppose the coefficients qu, qo, — Gy» to be nearly equal. 
In that case we need not distinguish between the two conductors, 
or plates, of the condenser. 


in the ratio 


The energy is 
Wr=tqnVe+4 QaaVe?+ eVi V2 
=$ qu (Vi — Vil? +4 (Gee — Qu) Vo? + (G2 + Qu) Vile. 


In virtue of the supposition made regarding the q’s, the last 
two terms are small compared to the first, and we may write 


W,=4K (V,—- JV,), 
or the energy of a charged condenser is proportional to the square 
of the difference of potentials of the plates. If one of the plates 
is to earth this is accurately true, and this is generally the condi- 
tion in practice. 
Now Gis Qn Vy ar OV. — hi) (Vi- V) Te (qu Ste ia) Ve 

ey = dia V3 uF ys =u (V, —V,) +( 22 — qu) Vo+ (Qe + Qu) Ve 
or é.=—@,=K(V,- V.), 

to the same order of approximation, and the two plates of a con- 
denser receive equal and opposite charges, proportional to the 


_ difference of their potentials. Using 


we get 
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or the energy of a condenser is proportional to the square of the 
charge of either plate. Since the forces tend to cause W, to in- 
crease, if the potentials remain constant, and W, to decrease, if 
the charges remain constant, the capacity AK tends in any case to 
increase. 

In the case of the sphere, if &,— R, be denoted by 7, and if S 
be the area of the sphere whose radius R is the geometrical mean 


of Ry, R,, 


i 


T tT  Anr 


iG 
If 7 is small, S is approximately the surface of either plate. 


144. Concentric Cylinders. If the internal conductor is 
a circular cylinder of radius R,, the external a hollow cylinder of 
radu R, and R;, both of very great length, at a sufficient distance 
from the ends we have V dependent only on 7, and in the space 
between the conductors (§ 88 (9)), 


@V 1dV 
AY de 7 ar 
dV_A 
dr rr’ 
V=Alogr+B. 


The potentials of the conductors being V, and JV,, 
V, =A log R,+ B, 
V,=A log R, + B, 
Vi Ve A (log R, — log R,), 


ee ees ay 
log R. 
At the inner surface 
potent C.Vee an al Vg eel toca ee 
1 bar One 4a Cg arene aes 
Oo 

The charge on a length J of the cylinder is 

Bevis = Ae 


2 log 3 
1 
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At the surface r= R,, we get in like manner, 
Os, 

2 log Hs 

R, 


Accordingly the capacity of the condenser formed of J units of 
length of two conductors is 
l 
a 2 lo zy 
8 R, 


If we put A, — R, =7, and consider 7 small, 


By Ta ee 
log 7g = log (1 +RI= Ee 
LR, 27hl 8 


QT Arr Aart 


K= 


p) 


where S is the surface of one condenser plate. 


145. Parallel Planes. If the conductors are two parallel 
planes, of great extent, parallel to the plane of X Y, at a sufficiently 
great distance from the edges in the space between the plates, V is 
independent of « and y, and 


V=Az+B. 


If zis measured from the plate whose potential is V,, and r is 
the distance between the plates, 


V,=B, 
V,=Ar+B, 
Vata — A. 
= 


The surface density on the plate 1 is 


lee erie | as _Vi-V, 
0z z=0 


for On 4ear 


o;= 
3 4nr 
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and on the plate 2, 


1 (=) V,-V; 


79 am \ bz Aart 


The charge on an area S of either plate is 


S 
at =o, a! spec ue asi V,), 


S 
(Ge So, = 
s © Agree 


(V,—Vj=—4. 


The capacity of the condenser is 


agreeing with the results in the two preceding cases, 


In fact, for any condenser in which the two plates are separated 
by a small distance, which is the same over the whole of their 
opposed surfaces, we may use the above value for K. 


146. Standard Condensers. For the purpose of furnish- 
ing a standard of capacity or for measuring quantities of electri- 
city when their potentials are known, condensers of one of the 
three forms just described, viz., plates, cylinders, or spheres, are 
nearly always used. The spherical condenser is the only one for 
which our formulas are exact, for in the other two cases some of 
the dimensions have been supposed infinite, and we have dis- 
regarded the charges on the backs of the plane plates, or on the 
outside of the outer cylinder. This difficulty is surmounted in the 


D 


A Cc 
Sea IRE PEE 2H, 


B 
Fie. 58. 


following manner. If a portion of the plate A (Fig. 58) be separated 
from the surrounding portion C by a narrow cut, but be placed in 
conducting connection with C, the charge on A, if the edge of the 
outer portion C is sufficiently remote, will be that calculated, for — 


— 
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between A and B the field is uniform. A being then discon- 
nected from C, its charge may be used by itself. The outer part 
C is called the guard-ring, and its function is to render the field 
uniform all over the working conductor A. In order that there 
may be no charge on the back of A, the guard-ring CO is made 
part of a closed conducting box D, which has no charge in its 
inner surface, hence none on the back of C and A. The principle 
of the guard-ring is due to Lord Kelvin*. It may equally well be 
applied to the cylindrical condenser, by separating a portion of the 
outer cylinder from the ends, which are connected with an envelop- 
ing annular box. 


147. Absolute Electrometers. The potentials of the 
plate of a plane condenser being V, and V,, the energy is 


g 
W all F434 V.)2 
fom ral peel: 


The force tending to increase T is 


OWy _ 


> OT - gs Cae 


The negative sign shows the force to be an attraction. If the 
working plate be hung from a balance, and counterbalanced by the 
weight of a mass M, 


Mg = 55 (V.— Vey, 


Si7rgM 


V,-—V,=T S 


We thus have an electrometer, or instrument for the purpose of 
measuring differences of potential. Lord Kelvin’st original instru- 
ment has the plate B carried by a micrometer screw, so that 7 can 
be varied, while A is hung from a system of springs, whose 
tension, replacing Mg, is constant. In this case V, — V, is directly 
proportional to 7. In the balance form, used by Rowland and 
others, t is constant, and V,— V, is proportional to JM. We 
have in this case a practical difficulty, in that if the upper plate 


* Electrometers and Electrostatic Instruments. 2B. A, Report, 1855. Papers 
on Electrostatics and Magnetism, p. 263. 
+ loc. cit. § 358. 
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approach too near, the force becomes greater and the plate is 
attracted still nearer, and is accordingly in un- 
stable equilibrium. 


The electrometer of Bichat and Blondlot* 
consists of a cylinder with rounded ends inserted 
concentrically into a hollow cylinder and sup- 
ported by a balance. If the ends of the internal 
cylinder are far enough from the end of the 
external cylinder, the distributions upon them 
will be independent of the depth to which the 
internal cylinder enters the other. Fora certain 
distance the field between the cylinders (whose 

Fra. 59. equipotential surfaces are shown in Fig. 59) 

will be the same as if the cylinders were 

of infinite length. Let the length of this portion be J. Then 
we have 


K=Ky+— ; 
Ns 
1 if 
Wr=s Ky + : (Vo-Viy 
% he 
2 log > 


and the force tending to increase J, that is, to draw the inner 
cylinder into the outer, is 


pW _Vi-Vy 
ot slog 2 
Ss 


The difference of potential is proportional to the square root of 
the force, and independent of the position of the inner cylinder, 
provided only that the cylinders be long enough. This electro- 
meter is of course less entitled to the designation absolute than 
Lord Kelvin’s, on account of the assumptions made. 


We have now seen that in any absolute measurement of 
potential, we must measure a force and certain geometrical 
quantities of the nature of lengths. 


* Journal de Physique, 2me, Série, t. v. 
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148. Symmetrical Electrometers. The last described 
electrometer forms an intermediate type to the Kelvin absolute 
electrometer and the class of symmetrical electrometers, of which 
Lord Kelvin’s quadrant electrometer is the commonest example. 


Suppose a conductor C, Fig. 60, in the form either of a thin 
plate or a cylinder, to be surrounded by two conductors A and B, 


ee | o> 


Fie. 60. 


composed in part respectively of parallel planes or cylinders, and 
together forming a box enclosing C. We must then consider the 
coefficients 


Qu» Yo2, Y33, Giz, Gis, Joa, 


where the suffixes 1, 2, 3, refer to A, B, C. As in the last 
example, the distributions on the edges or ends of C will be un- 
affected by a slight change in its position. Besides this there 


will be charges ,on portions where the field is uniform, and pro- 
au 


— where S is that part of the surface of C on which 
the field is uniform. If we displace C from the symmetrical 
position by changing a coordinate 6, we shall change S by an 


amount proportional to @. 


portional to 


Accordingly, if B and C are at potential 0, A at potential 
unity has the charge 
Qu = Gy, + 0,0, 
where a, and ¢, are positive constants. 


If A and C are at potential 0, B at potential unity has the 

charge 
22 = Ao, — 0.0. 

If A and B are at potential 0, the charge of C at potential 

unity is 
33 = Msg + (C, — Ca) O. 

If A is at potential unity, B at potential 0 is not affected 
by the position of C at potential 0 whereas the negative charge 
on C contains a part proportional to 6. Accordingly 


die = Ae, is = As — 08, Qog = Aog + 0,0. 
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If the apparatus is symmetrical 


feng OD 

1 a dart 00 | 

In the quadrant electrometer, the box AB is a flat circular 
box divided into four quadrantal sectors, 


connected alternately to form the two 
\ / conductors A and B. 
\ The conductor C, called the needle, 
is of the shape shown in the figure, and 
rotates about its center, the angle of 


rotation being the coordinate 6. The 
couple tending to produce rotation is 


where 
Wy = $ (Qu ote c,0) Ve of ¥ (dep = C20) V? te y {Gg a (G er Cs) 0} Ve 


+ dy ViVe+ (dis a c,0) ViVs+ (Gog = C0) Vive 
giving 
® = 46,V? cr 40,V,? + 4(G bes C3) Vig oe 0, ViV3 + Colas 


If the electrometer is correctly constructed and adjusted ¢,; = C2, 
and 


& =c(V,—Vi) {Vs -—4(Vi + Vi}. 


The needle is usually suspended either by a torsion fibre, or 
by a bifilar suspension, so that the force of restitution ® is 
proportional to the deflexion, the factor of proportionality being 
denoted by A. 


In the usual method of use, the potential V,; of the needle 
is made large in comparison with V, and V,. We may then 
neglect the second term in the brackets, and the deflection is 
proportional to V,—V,. This is called the heterostatic method 
of use, the needle being charged by an extraneous source of — 
potential. 


In the cdiostatic method, the needle is put into connection 
with one pair of quadrants, which are put at the potential to 
be measured, the second pair of quadrants being to earth. Then 
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V, — Ve = V; V, = 0, 
eis 
d= 5 V2 


and the deflection is proportional to the square, instead of to the 
first power of the potential. This method does not show the sign 
of V like the former. 


If the electrometer is not in perfect adjustment, we use the 
more general form 


p40 = $0,VP—40,Ve + 3(G + C2) Ve rz aViV; Te C2 VoV3. 


In order to be able to adjust ¢, and c, to equality, two of the 
quadrants should be capable of motion toward or from the center, 
one roughly, the other micrometrically, so that the amount of 
surface of the needle covered by them may be varied. -In order 
to make the adjustment, we may first put both pairs of quadrants 
to earth and observe the deflection when the needle, originally to 
earth, is charged. Calling this @,, we have 


A@, =4(q— Ca) V2, 


which shows whether c, or c, is greater. We may then adjust 
until there is no deflection, however the needle is charged. 


Ifa high potential is not available for V,, we may conveniently 
proceed as follows: 


By means of a voltaic battery and two commutators, we may 
charge either of the quadrant-pairs to a given potential V either 
positive or negative, the other quadrant-pair being to earth. We 
thus have four combinations, as follows: 


Cmeey ae ls 

, é . reverse commutator A 

A 3 reverse . B 
5 USSSA ie es e A 

Cm Or Va) 


The deflections are given by 
A= $¢6,V2+4(e, —0,)V2—e,V V5, 
A@j= $¢6V?+4(4,—¢)VP+¢VV3, 
Aé; = —$0,V?+4(c, —¢,)V2—c,.VV5, 
AO,= —46,V?+4(a—G)VP+0VV;; 
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Taking differences we obtain 
A (@;,— 63) = 26, V,; 
A (6, re Cy) = 2¢,VV3, 


Gn ees 
GC O—0;° 


; : me: : 
In this manner we can accurately bring the ratio s to unity. 


2 


Whether the adjustment be made or not, and without the 
necessity of making V, large, if we can reverse the sign of V 
we may by observing @, and 6, get the correct value, since 


A (6, — 0,) = 20,VVj, 


so that V is directly proportional to the difference of the two 
deflections, or to the arithmetical mean of their absolute values. 


149. Induction Electrical Machines. As a further 
example of induction in a system of conductors, we shall con- 
sider the action of a class of electrical machines typified by Lord 
Kelvin’s Replenisher. 


This consists essentially of two semi-cylindrical conductors 

A and B called the inductors, and two smaller conductors C 

and D called the carriers, which may be rotated as a rigid system 

about the axis of symmetry. If V, be the (positive) potential 

of A at any time, V, that of B, supposed 

A negative, then if C and D be put in conduct- 

re) ing communication with the earth while in the 

D position shown, C will have a negative, and 

D a positive charge induced upon it. Now on 

insulating C and D, and turning them until C 

is opposite B and D opposite A,if C be put into 

communication with B, being nearly surrounded by 8B, it will give 

up its charge, thereby increasing the absolute value of the negative 

potential of B. D being put into communication with A gives up 

its positive charge, and increases the positive potential of A. 
The connections of C and D with each other and with A and | 
B are made automatically by contact springs once in each half 
revolution. 


If V”) and V.™ are the potentials of A and B after n half- 
revolutions, A, and K, the capacities of A and B and whatever 


Fra. 62. 
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conductors they are respectively connected with, their charges are 
e, (n) — K, Ve (n). e{”) = UNG lig (n), 
If gq, and q, be the absolute values of the coefficients of induction 
of A and B respectively upon the carriers when they are connected 
to earth, the charges induced on the carriers are 
—qV,™ on C and — qV. on D. 


These are given up after a half-turn to B and A respectively, 
so that 


ery) as e™ — q VE, 
efrt) = ef” —h Vv, 


or in terms of the potentials, 


Vint) — Yr) — Go Vim 
1 1 iG a) 
Vem = VO a2: ra Vv. 


If we write g? and p? for the positive constants 2 and 2 we have 


UG UG 
Vio) = Vy” _ ¢ Vi, 
Vio) = Vm = Pp V™. 
Multiplying these equations respectively by p and gq, adding and 
subtracting, gives 
pV i ae qV nt = ( pV sie qV.™) (1 = pq); 
Pp Vion -—4q Vi. (p Vy -—4 Vs) qd aie pq). 
Consequently the linear functions 
pVi+qV, and pV,—qV, 
decrease and increase respectively in constant ratios for each half- 
turn, and 
p Vv ak q Vi” — ( p VY, a qV.) (1 _ pq)"; 
pV) — qV = (pV — V2) (1 +.pq)”. 
As n increases, no matter what the original signs or values of V, 
and V,, pV,+ qV, tends toward zero, so that ultimately V, and V, 
become opposite in sign, and since pV, — qV, increases, the values 
of the potentials may be made as large as we please, and increase 


very rapidly. Ifthe replenisher be turned in the reverse direction 
V, and V, are rapidly reduced to equality. 


288 ELECTROSTATICS, PT. Chat 


In Lord Kelvin’s form of the quadrant electrometer, a re- 
plenisher is used to bring V;, the potential of the needle, to a 
definite value, which is controlled by a small guard-ring attracted 
disc electrometer, called the gauge. Descriptions of the complete 
instrument are found in Lord Kelvin’s Reprint of Papers on Electro- 
statics and Magnetism, and in the usual treatises on Electrical 
Measurements. 


CHAPTER VIL. 


METHODS FOR THE SOLUTION OF PROBLEMS IN 
ELECTROSTATICS. 


150. Equipotential Layers as Screens. The theorems 
of Green, given in § 84, have an important electrostatic appli- 
cation. By the first theorem we may produce at all points outside 
of a closed surface S the same field as is produced by any electri- 
fication within S, whose potential is V, by distributing over the 
surface S a certain surface distribution, and if S is an equipotential 
surface, the surface density must be 


If now we place on the surface S a distribution whose surface 
density is — o instead of oa, its effect on outside bodies will be the 
negative of that of the internal electrifications. Accordingly if a 
closed equipotential surface completely surrounding electrified 
bodies be made conducting, we may cover it with such a charge 
as to completely screen external bodies from the electrical action 
of the internal charges. By the same theorem the magnitude of 
the surface charge is equal and opposite to that of the internal 
electrification. By the theorem for an interior point, we see that 
upon such an equipotential surface made conducting we may place 
a charge that shall shield internal points from the action of the 
external electrifications, the magnitude of the shielding surface 
charge being now equal to that of the internal charges. 
W. E. ; 19 


290 ELECTROSTATICS. [PT. II. CH, VIL, 


151. Green’s Function. As a means of solving certain 
problems in electrostatics Green introduced a certain function™, 
whose properties we shall next consider. Green’s problem for a 
portion of space rt bounded by a closed surface S may be stated as 
follows : 


It is required to find a function G satisfying the following 
conditions: 


1°. Gis harmonic in the whole space considered with the ex- 
ception of a single point P. 


2°. G becomes infinite at P, but in such a manner that the 
function G -* is harmonic, 7 being the distance from the pole P. 


3°. The value of any function V harmonic in 7 is given at the 


pole P by the surface integral 


(1) =;-| i, y? x © 6 
A function satisfying these conditions is called Green’s function 


for the space r and pole P. 


The problem is unique, if it has a solution. For if there are 
two solutions G, and G,, by 3 


1 yom 
2 ae eal On; AS 

1 0G, 
(3) Vive 4dr [" On; Usp 


so that by subtraction 
0(G,— Gh) gq _ 
(4) [[v S=“as=o, 
for any harmonic function V. But by 2°, 
ie r 


are harmonic, so that their difference G,— G, is also harmonic. 
Applying the above result to the harmonic function G,— G4, 


(5) [@- es ds = 0. 


* Green, Hssay, §5, The name Green’s Function is due to C. Neumann, who 


applies it, however, as does Maxwell, to the function G— - 
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But by Green’s theorem this is equal to the volume integral 


Be 9) CRB. =a, 


which, as in § 86 can vanish only if G,— G,= const. That is, with 
the exception of a constant, Green’s function is unique. But as in 
the employment of the function only its derivative is used, the 
constant makes no difference. 


Since the function CG =- is harmonic, we have by § 33 (2) 


© [ifr(e-4)-(e-)Zas-o 


or transposing, 


(7) NP se —° Se) 


1 
a(7) 
r Loy 
=e Tig ore ae 


by § 83 (6). If on the surface G =0 we obtain 


=i/ I"; V5 38 


Consequently if we can solve Dirichlet’s problem for the given space, 
obtaining a harmonic function I’ which takes at the surface S the 
values 


1 
Ts SS r ? 
: i 
then the function Ga ie = 


solves Green’s problem. Conversely if we can solve Green’s problem 
for the space and for any pole P, the equation (1) enables us to 
find any harmonic function V from its values at the surface, 
» solving Dirichlet’s problem. 

The problems of Green and Dirichlet are thus exactly 
equivalent. 

In physical language, Green’s function is the potential due to 
a positive unit of electricity placed at the pole P together with 
that of the charge which it induces on the surface S made con- 

19—2 


= 
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ducting and connected to earth. If og is the density of the 
induced charge, 
Le 
Acar On,’ 
and (1) is 


— If, Voed. 


Suppose that G is Green’s function for a certain space, with 
the pole P, whose co-ordinates are a, b, c, and that G’ is Green’s 
function for the same space, but a different pole P’ whose co- 
ordinates are a’, b’,c’. Then there exists the reciprocal relation 
that the values of either function at the pole of the other are 
equal. For 

Gea, eialg atee A 

Tp rp 

where the suffixes indicate from what point the distance is measured. 

Now since I’ and I” are harmonic, by the property of the two 
Green’s functions G and G", 


‘nT y= [[P as 


(8) ar 
Aree | | = as, 
so that 
; fag 
Oveg DAR Site [[(e% aay, a 


1 


=[[(eZ-Ps) an ) ds+ {|(oc! 2) _ Gea) ds. 


The last integral but one vanishes because I‘ and I” are harmonic 
functions, while on account of the surface values of I’ and I”, the 


Since both the functions 1/rp and 1/rp are harmonic except at 
their poles P and P’, by constructing small spheres about the 
points P and P' and proceeding as in § 83, we find that the two 
parts of the last integral destroy each other (each being equal to 
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4r/rpp), So that 'p=I"p. Accordingly we have for the two points 
end J”, 
iL 


(10) G@p=Tpt > =P p+ = G4. 


PP Y pp 


In order to show the dependence of the function G@ on the co- 
ordinates of its pole P let us write it 


(11) G (2, y, 2)=9(#, Y, % 4 b, ©), 
and Ga, yi2) = 9 ey ye) &e 6 oe). 
Then by the above theorem 
Gi(a;0;¢)=G G, 6, e), 
(12) MiG UC 0, 0.0)= 9 (a,.0, 6a, 0,¢), 
or Green’s function is a symmetric function of its variables a, b, c 
and a’, b’, c’. 


152. Examples of Green’s Function. Plane. Let us seek 
Green’s function for all that portion of space lying on one side of 
a given plane. Let A be the given pole, at a distance a from the 


rf a 7) 
‘au go des B A B 
ny 


Fic. 62a. 


plane, on the left, and let B be its geometrical image in the plane. 
Let the distances of any point at the left of the plane from A and 
B be r and 7” respectively. Now for every point at the left of the 


¥ Le : : 
plane the function — wis harmonic, and for points on the plane, 


Pe: 1 F : 
where r =7’, it assumes the value — = It is therefore the function 


T of the preceding article. We have then 


; 0G __ cos (mr) 4 008 (nj; 1") _ 2 cos 0 
an; ir? tie 7 


2 


_ where @ is the acute angle included between the radius r and the 
normal to the plane. Consequently, the equation 


rae bf Base 2 [fret asa [fas 
a 
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solves Dirichlet’s problem for the left-hand side of the plane. If 
we suppose a charge of a positive unit placed at A, and a negative 
unit at B, the plane of symmetry will be an equipotential surface 
of zero potential, and we may apply the theorem of equipotential 
layers. If the plane of symmetry is made conducting, and the 
charge B removed, the conducting plane receives a charge —1 
which screens the space on the right from the action of A. The 
surface density on the plane is og=—cos@/27r’, so that the 
whole charge on the plane is, applying Gauss’s theorem, 


This is an example of the second theorem of § 150, the space 
on the right being considered internal. 

The charge —1 at B is said to be the electrical image in the 
plane of the charge + 1 at A. 

Two point-charges A and B are said to be electrical images of 
each other in a certain closed surface separating them if either one, 
say B, produces in the portion of space in which the other, A, lies, 
the same effect as would be produced there by the charge induced 
on the surface made conducting and connected to earth, by the 
point A alone, the image B, being removed. 


153. Planes intersecting in a sub-multiple of two right 
angles. 


Let us seek Green’s function for a portion of space lying in the 
acute angle between two planes intersecting in an angle which is 
equal to two right angles divided by an integer. Let the planes 
be denoted by 1 and 2, let the pole be P, and let P,; be the 
geometrical image of P in 1, P, that of P, in 2, P, that of P, in 1, 
and so on alternately in the two planes. Let Q, be the image of 
P in 2, Q, that of Q, in 1, Q; that of Q, in 2, and so on. Since the 
angle is a submultiple of w it is easily seen that the series of 
images will be finite, the Q’s and P’s finally coinciding. Let the 
distance of any point from P be denoted by r, from any P, by 7,, 
and from any Q, by r,. Then the reciprocal of any distance 7, or 
rs is a harmonic function in the space between the planes since 
none of the images lie in that space. Also for all points lying on 
the plane 1, 


ial il Wea sts aba ck 


— 


41) 
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and for all points lying on the plane 2, 


0, Lean Beets eee OOOO) 


ae TR GR 3 


Consequently the function 


1 Ie tL 1h eal ae al 
G=—-(-+5)+(-+5)-(-+5)+ Souane 
PONG ee tis Uh: ls TR: 


vanishes for points on either plane, and being harmonic except 
at P,is Green’s function. 


154. Two parallel Planes. If P lie in the space between 
two parallel planes the successive images will all lie in a straight 
line, and will be infinite in number. Using the same notation as 
in the last example, we have the same equations, and the same 
form of Green’s function, except that we shall have an infinite 


series. 
1 


Gare ly (= +5). 
r 1 Ts Vs 

155. Sphere. Let A be the given pole, at a distance a from 
the center of the sphere of radius R. Take a point B lying on the 
same radius as A, at a distance from the center 6 such that ab= R®. 
Then A and B are said to be inverse points with respect to the 
sphere. If M be any point on the surface of the sphere, the 
triangles OMB and MAO are similar, for they have a common 
angle at O, and the sides including it are proportional, for by 
hypothesis, 


Fia, 63. 


Accordingly, for points on the surface 


(2) —=— and aie 
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r and 7 being the distances of any point from A and B respec- 
tively. Therefore, since 1/r’ is harmonic in the space containing 
A, Green’s function is for that space 

LZ 


ib gap 
oG lor Rl er __cos(mr) Roos Arty 
4) ang om tartan are 
(s) =7|[¥ — SS + las 
Cet 


so that the density of an equipotential layer induced by a unit 
charge at A on the sphere made conducting is 


(6) cos 1 {eee (nr)  R cos oo 


Aar r 0 yr? 


Now in the triangles OMB and MAO we have 


w= R? +r? —2Rr cos(nr), 


(7) B= fh? + r?— 2Rr' cos (nr'), 
so that 
(8) cos (nr) _ cos (nar! a — (fh? + i, R (b — (BR? +7r”)) 
7 aa 2Rr* a ‘2hr® R 
which by (1) and (2) gives re ; and 
1 R-@ 

(9) Deron 

we— Rk? ppv 
(10) Vi= oe || a. 

The whole induced charge is 

(11) | =z ff ( cos — R cos ee cnt) dS, 


and if A is an outside point by Gauss’s theorem 
[[t@rasqo [[ eee as — an 
r ; f V2 ae 


so that 


(12) | f= — 


be 
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If we should place a charge e at the outside point A, and a 
charge e’ at the inside B the potential on the surface of the 


sphere would be V=* “+5 5 ~ spill if we make ¢ = = — Re/a becomes 


zero. The action of 4e charge e at B in portions of space 
outside of the sphere may thus be exactly replaced by making the 
sphere conducting and removing the charge B. Accordingly the 
charges at A and B are electrical images of each other in the 
sphere. 


Suppose now that the sphere, instead of being connected to 
earth, is insulated and charged to a potential V, then beside the 
induced charge it will have a uniformly distributed charge VR of 
density V/47R, so that the whole charge of the sphere is now 


13) FRYER eas Dama Vee ae 
. ( ) a a 


R 


The surface density 
an Veal a 
ah * hes _ RR’ Rr §’ 

vanishes along the circle Vr? =a?— R?, which divides the surface 
into two parts ea electrified. If however 
: — f? 2 a? — R?2 

a . PS ea. (a— RY or V< (a+ Ry’ 

the surface density is of the same sign all over the sphere. Since 
the action of the induced charge on external points is the same as 
would be that of a charge e’ at B, and the action of the uniform 
charge is the same as that of a charge VR at the center, the 
repulsion of the whole charge of the sphere on the charge 
eat A is 

VRe. ee V eu: 

eat, G@—by =eR la ae BF ! 
a =élE-e RB (2a? — a. 


a(a— BR) | 
This is negative, so that there is an attraction, when V = 0, or 
H=0, or a— ff is small; that is if the sphere 1 is connected to earth, 
if it is insulated shoe charge, or in any case if the charged 
‘point A is very near to the sphere. On the other hand, by 
making V or EZ of the same sign as e and great enough in absolute 
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value, we have a repulsion, when 


| 3 aa 2 
IV 1> | arpl |H\> eh? (2a - BR?) 


a(@— RY | 


156. Electrical Images in a Sphere. Points which are 
electrical images of each other, besides having the properties 
connected with equipotential layers described above, possess 
peculiar reciprocal properties with respect to the portions of space 
in which they are respectively situated. There thus arises a 
method of finding from the known solutions of electrostatic 
problems a new class of problems whose solutions can be found. 
This method of electrical images was discovered by Lord Kelvin in 
1848*. Suppose as before that A and B are inverse points with 
reference to the sphere of radius R, A being outside. Let M and 
M’ (M outside) be two other inverse points situated at distances 
1 and J’ from the center, and at distances r and r’ respectively 
from A and B. Then the triangles OAM and OM’B are similar, 
since ab=/l'= R* Suppose a charge e placed at A, and a charge 
e =—eR/a placed at B. If we call V the potential at M due to 
the charge e, and V’ the potential at M’ due to the charge e’, 
we have 

VERO Tato Tam, lil ae R 


@) V Wye eho aa be er a 


If then we have any number of electrified points such as A, 
and find their images B, and if V be the potential of the system 
A at any external point, M/, then 


re A RE 
(2) V=- [ins ae foe 
will be the potential at M’ the inverse point to M, of the system 
B which is the electrical image of the system A. 


We shall give an analytical proof of the same proposition, 
based on the method of curvilinear coordinates. If a, y, z are the 
coordinates of the point M, 2’, y’, 2’, those of the point M’, we have 
w'/a=y'/y = 2'/z and since ll’ = R?, 

Rx ,_ Ry Be Mate 


(3) erie y Pe? oi RP?’ 
P=arty?t+ 2, [2 =o? + y? + 2, 


* Papers on Electrostatics and Magnetism, p. 144. 
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If aw’, y’, 2 are given, we know 2, y, z and the position of M, so 
that we may consider a’, y’, z’ given by the above equations, as 
curvilinear coordinates of the point M, disregarding for the present 
their relation as rectangular coordinates of the inverse point M”’. 
Forming their differential parameters, 


3 ae 2 Spe! es ep ad 


Ow eo oy po az ye? 
Oy _ wy OY sit 2y) oy yz 
me a peas oe ee 
dz Ma een = Tp te 
Pc? By ji se Re a. 
4 2 22 4 
am lt = Ny ahaa (tty +a) +e ee -+ ; 
R 1? 
(5) hae =F 


It is easily seen that the surfaces, x’ =const., y’=const., 
z =const., cut each other orthogonally, for example the cosine of 
the angle between the normals of «=const. and y’=const. is 
proportional to 


ox’ Oy’ | Ox Oy’ 4 Oa! Oy" _ Re ‘ (ay + ay + xyz?) boy) _ 0 
0x 0% ° Oy Oy Oz Oz E ie 


We have then by § 87, (5) 


ATG a Ne On Lie OO 
© AV = alae (mae) tay (tay) tae (ae) 


and performing the differentiations 


a(5) 
- noe Lev 2°\r) ar 


da’ \I? da’) U2 Oa? Vou Oar’ ap 


Now we have 


ov (US OV On’ aes 


a (71-3 av 
a 


fa am av av lz) #(7) 
‘ 


mie tee. oae 
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Forming the derivatives for y and z, writing 
id “f tas 2 e 
On? oy?” 027 


and comparing with the expression for AV above, we get 


A’ for 


Le Vile aral 
(7) pa’ {ot = iG AV +7 A (5). 
But 1/l’ is harmonic except at 0, and therefore 
4 
(8) Ae any, 
l Us 
If we put 
l= —— then 
(0) A'V’ = AY, 


and we get the proposition that if V is a harmonic function of the 
point WM, then V’ is a harmonic function of the corresponding 
point M’. If the distribution causing V is distributed continu- 


ously in three dimensions, the density is p =— AV/47 and in the 
image the density is p' = — A’V’/4m so that 

f Lick Oy 
( 10) -= | ~R 3 


If ds and ds’ be ieee infinitesimal arcs, ANS ds 
in terms of the curvilinear coordinates 2’, y’, 2’ 


ENA DB rE he ee 4 ny _ tds’? 
hy? ar hy? aia = R: (dx = dy + dz Nie Re ‘ 


h? 
so that we have for the ratios of corresponding infinitesimal ares, 
surfaces, and volumes 
(a1) ds) i lie dS, Be ds ee 
dso SR. 0S ele an ee eee 


d= 


The ratio of charges of corresponding infinitesimal volumes is 
dé pdr Kk 
(2) de» pdvimale =the 


and of the surface densities 
; oo de. OS Ee 
(13) . RE i 
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It is to be noticed that if the original distribution is an equi- 
potential one, which is the case if it is on the surface of a 
conductor, the image will not be equipotential, on account of the 
variable factor 1/I’, but if we place at 0, the center of inversion, a 
charge — RV, its potential — RV/I’ added to the potential due to 
the image gives zero, an equipotential distribution. Consequently 
any problem of electrical equilibrium whose solution is known 
gives us the solution of the problem of induction by any point- 
charge on a conductor whose surface is the inverse of the given 
conductor with respect to the point at which the inducing charge 
is placed. Conversely the solution of a problem of induction by 
a point-charge gives us the solution of a problem of undisturbed 
equilibrium. Thus the solutions of the problems treated above 
furnish us new solutions. 


The image of a sphere is a sphere (including a plane as a 
special case) for the equation of a sphere 


A (2? + y+ 2)+ Be+Cy+ Dz+ H=0, 
becomes, using the equations (3), 


ee, PR ORY Re 
a+ yf? + 2’ vp y?+ Zz? w+ y?+ 2? ay’? z” 


+E=0, 


that is, 
E (¢?+ y2+ 22) + BR’ + ORy' + DR’ + AR‘=0. 


If A is zero, we have originally a plane, which inverts into a 
sphere passing through the origin, while if # is zero, the sphere 
through the origin inverts into a plane. 


As an example of the method, let us invert a sphere of radius 
a/2 charged to potential V about a point on its surface, with 
radius of inversion, R=a. The sphere inverts into a plane 
tangent to the sphere at the point diametrically opposite the 
center of inversion. The charge of the sphere being Va/2, the 
surface density is ) 


Consequently 
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and if we put at the center of inversion a charge e=— Va, 
a ed 
oO Onl’ 


is the density of the charge induced on the plane, agreeing with 
the result of § 152. Inverting the distribution induced by a point- 
charge on the two parallel planes gives us the equilibrium 
distribution on two spheres tangent to each other, and inverting 
the distribution on two intersecting planes gives the equilibrium 
distribution on two spheres intersecting at an angle which is a 
sub-multiple of two right angles. For the full treatment of these 
and other examples the reader may be referred to Lord Kelvin’s 
Reprint of Papers on Electrostatics and Magnetism, XIV, XV, 
and to Maxwell, Treatise, Vol. I, Chapter x1. 


157. Distribution on Spherical Bowl. Asa final example 
we shall work out the solution of the most remarkable problem 
that has been treated by this method, namely the distribution of 
electricity on an open spherical bowl, or segment of a sphere. 
This is the only case in which the distribution on a portion of a 
geometrical surface has been solved, except in the case of the 
distribution on a circular plate, the inversion of which gives the 
circular bowl. We shall not follow the method of Lord Kelvin, but 
that given by Lipschitz*, who solved the problem independently, 
being unacquainted with the existence of a previous solution. 


Let & be the radius of the sphere of which the bowl is a segment, 
Fig. 64, and let the radius of the 
opening be a. Let the surface of the 
bowl be denoted by S, and let the plane 
surface which closes the bowl, of radius 
a and distance c from the center of the 
sphere, be denoted by >. Inverting 
the figure with respect to the center 
of the bowl and radius R, let the 
spherical segment into which the 
plane & inverts be denoted by 
Let the space enclosed between S and 

scons = be denoted by 7, that between = 
and 2’ by 7”, and the remaining portion of space by 7’. Let 


* Lipschitz, Borchardt’s Journal, Ba. uyut., p. 162, 1861. 
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us now form a function W which behaves at infinity like a 
potential function, and is harmonic in all space, except that it is 
discontinuous everywhere on the spherical segment S. (If it were 
not for the discontinuity, such a function would vanish everywhere.) 
Let us also form a function W’ defined by 


Iisie aes =) 


: _& 
met @y.)- 70 (2, 
R eeae yt, ane 
=7T Wey “)=pwWwey, 2). 


Multiplying by 1//R= R/U, 


(2) We, y, 2) = W' (a, y, 2) =; We (AE Rey se : 


['2 > [2 ? [2 
If the values of the functions for points internal and external 
to the sphere S be distinguished by the suffixes 7 and e, on the 
surface S, since v=2', y=y',z=2, 
(3) W, = NG; We = We 
W’ (a, y, 2) vanishes for 1 = and is finite for / = 0 since 
(4) W'(a, y, z) =5 W (a, 452) and 
la Wo = E lim UW (#’, y’, 2’) = const. 
i=0 R [=a 
Let us now put 
(Se Vi@ey, z)=W (a, y, z)+ W (a, y, 2), 
and we shall show that the function W may be so defined that V 


will be the potential of an equilibrium distribution on the spherical 
segment. 


We have seen in § 141 that the potential at any point due to 
an equilibrium distribution on a circular disc of radius a is 


g 5 — tan | 
a 


a {2 
where X is the greater root of the quadratic 
xv + Oe zZ = 
an ate 


The derivative of this function according to the normal of 
course has a discontinuity by changing sign on crossing the disc. 
If we consider the disc placed in the mouth of the bowl, on 
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account of the change of z-coordinate we must take X as the root 
of the equation 

a Le Bask igh s 
and if X’ be the same function of a’, y’, z' that dis of a, y, z we 
must have 


=1, 


ee+y? (2—cP 


(7) ae ww + V = 15 or 
(-%) 
vA —_— 
8) TEE pia ae 
( V+n Na Ie 


We will now define our function W by two different analytic 
expressions. 


In the space 7’ we take 
We= a + tan Jn ; 
2 a 


and in the space 7” and 7” 
W=-s5 — tan? —— oy 
This makes W continuous at = as aaa since on the disc 
>» =0, and the change of sign in the second term makes the 
normal derivative continuous in crossing the disc =. By the 
definition of W’ we have in JT and 7” (since the inverse of T' is 7”, 


and of 7” is itself) 
wet @ — tan) f 
2 a 
and in 7” 


, Efe FAR 
Was (F + tan i a I: 


Accordingly we have for the values of V in 


ee lt oe 
fal =F ttn 47 (F tant), 

rages Fle de eee 
(9) Na ee =F —ton 2% +7 (F + tan), 


aE R A 
Me se can ee ee Sy Nee 
f PNM =5 tan += ] (5 tan 
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The function V is everywhere continuous, for W and W’ are 
continuous except at S and there, by (3), 


(10) Vi= Wit Wi= Wi + We= Ve, 
so that V is continuous. 


We have already seen that the derivative of W is continuous 
in crossing &, and accordingly that of W’ is continuous in crossing 
>’. Now the derivative of W is continuous in crossing &’, since 
W is defined by the same continuous analytic expression in 7" and 
T”, and the derivative of W’ is continuous in crossing &, since W’ 
is defined by the same continuous analytic expression in 7’ and 
T”. Accordingly the derivatives of V as well as V itself satisfy 
the required conditions of continuity, and on S, since 


CaO Yay, Se, b= ht, N= 2X, 
we have V=7 and V, the function assumed, is therefore the 


potential of an equilibrium distribution on the bowl. At the 
center of the bowl we have on the one hand 


. VO=|[F =% 


while in order to employ the formula (9) we have s=y=2=0, 
1 Se ’ 
But when / is infinitely small, \’ must be infinite of the second 
order, as we see by making / infinitesimal in the equation 
cl?\2 /a2 elt 
(8) e+yt(e-h) (G+l)=4%) x. 


The terms of the lowest order are 
ae 


Ri~ 


VP+rP+e= 


Hence approximately 


and 


eee me nN ho leo 
W’(0)=lim 7 (5 — tan 7) = lim F tan =: 


Therefore we have finally 


7 eg pec 
(12) V(O)=5 + tan at pp? 
(13) e=RB(F + tan 2) +a. 


W. E. 20 
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If we call y the angular half-opening of the bowl, a/R=sin y, 
a/c= tan y and the charge of the bowl is 


(14) e=Rh(r—y)+Rsiny, 


giving as its capacity 


_¢@ »r—ytsiny 
(15) K=7=h x : 


To complete the problem we have to find the surface density. 
We find 


AG sa £2 Se ee 
On; 14% 2avr Ons Py yh Aan’ Ons 
a a 
Ral (a UN 


av’ 1 ls oy Roles oes 


I ——=— , = 7 
OP mT R Ba VR Im TW Beal 
a a 
1h, Gl 7 A UM : 
nose in 
Now on the surface S 
ie ON Or % ob 
N=A, on... on’ b= ’ On, Om; , 


and therefore 


(18) oe a (5 — tan S + = ox 
on; R \2 a) (A+rA)VA OM; 
OV Gy re Las, _ MA a On 

(9) enameon | Se a, aera 


Now the direction cosines of the normal n, being a/R, y/R, 2/R, 
we have 
oe Qu _@ Or, yOR, Zr 
On, Roe” Roy Rh oz* 


The quadratic for is, cleared of fractions, 


(21) rN (a? +r) — (a? + y?)X—(2—c)? (@ +A) =0, 
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which being partially differentiated gives 


[a?+ 2A — (a? + y*) —(¢—c)"] S == 2a, 
z On 
(22) [at+2d— (a +y")—(@—0}'] 5 = ry, 


[a? + 20 — (a8 +) — (2 - oF] Y= O(a +2) (z— Cc). 


Multiplying these respectively by a/R, y/R, z/h and adding 
gives 
(23) OX _ 2rA[(*+y?+ 2) — cz] + 2a?2(z — ¢) 
. an, Bla +2d— (+ y')—@—OF] 


Putting now #@+y?+2=fh?=a?4+e¢ and using the quadratic 
(21), the numerator 2 {A (R?— cz) + a*z? — a’cz}, becomes equal to 
the denominator, 2R (X + cz—c?), multiplied by (a?+ )/R so that 
finally 

on ON a+r 


(24) One on; RK’ 
and for the density within and without we obtain 
. . See A ee 
1a On; 47R)2 — By vn) 
V a = 
da R A ca a 
a oV Vr ) 
1 eee (7 Ney ee 
Ce dar Om 4rR {p+ tan tin Nea 
y 


The difference of the densities within and without is V/4aR. 
The smaller the opening of the bowl, the smaller is the density 
within. At the edges of the bowl, where X becomes zero, the 
density is infinite, as in the case of the circular disc, but the 
_ capacity in either case remains finite. 


158. Application of the Conformal Representation to 
two-dimensional problems. In cases where the densities of a 
distribution are the same at all points situated on the same line 
parallel to a given direction, as for instance, in the case of the 

20—2 
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electrification of very long cylindrical conductors at a distance 
from the ends, the potential is independent of the coordinate whose 
axis is parallel to the given direction, and Laplace’s equation 
reduces to two terms. 


(1) aa® * By? . 


Such problems are called two-dimensional, or uniplanar, since 
the distribution is the same in all planes parallel to a single one. 
For the solution of two-dimensional problems the method of the 
conformal representation by means of functions of a complex 
variable gives a powerful method. Let V be a function of a, y, 
holomorphic in a certain-region of the plane. Let us make a 
conformal transformation of the plane by means of two conjugate 
functions u,v. V then becomes a function of uw, v in the trans- 
formed plane. That is, u, v are to be taken as rectangular 
coordinates in the transformed plane. Then to every point P in 
the original plane, having the coordinates «, y, there correspond 
definite values of the functions wu, v, and the point P’ in the 
transformed plane having the coordinates u, v corresponds to the 
point P. To corresponding values points P and P’ belong the 
same values of V. Thus level lines of V in the X Y-plane corre- 
spond to level lines of different form in the UV-plane. We shall 
first show that a certain function of the derivatives of V remains 
unchanged if we replace in it one set of rectangular coordinates a, y 
by the other w, v. 


Considering V as a function of wu, v 


eV _oVau , aV ov eV = OV cian eV, ov 
Ox Oude’ dv dv” dy Oudy Ov oy’ 
a Gi Vinee aI OV du ov os OV Ou 
( Ou? ~—s Ow? \Oax ovou ox 0x Ow Ox? 
CV duodov @V a OV oy 
Ouov 0x 0x ~—s OW & Ov 0a?’ 
ae AD eV dv du, Vu 
oy? dou? \dy/ * dvdu dy dy dw oy 
OV du dv i: eV aa oV ov 
Oud dy oy av? C ov oy?” 
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Adding the second derivatives, and making use of the funda- 
mental equations of conjugate functions, § 42 (A), § 44, 


Ow ov ov ou du cu dav ov 


oy ba by Get iP ow oye 
we obtain 
OV GV eV V\/sou? /eur2 
(3) oat cy a Su = = (sz) + a ). 
If we call 
iy OV eV 
as uz | Ove’ 


we see that in a conformal transformation the second differential 
parameter A’V of any function V in the transformed plane is equal 
to the second differential parameter AV for the corresponding 
poimt in the original plane divided by the square of the ratio of 


linear magnification h = | se at the point P’ (§ 43). Consequently 


a harmonic function of w, y is transformed into a harmonic function 
of wu, v. 


In like manner ‘squaring the first derivatives and adding, we 
obtain 


@ Gry+Cpy-[ny° Cee] 


Calling 
KY, faa 
oe ie rae x: 


we see that the square of the first differential parameter hy pos- 
sesses the same property with regard to the transformation. 


Dividing equation (3) by (4) obtain 


eV ov eV av 
AV i oy ae tot AV 
(5) hp Vy eve Vy OV hy?’ 
(an) * Cap) Gu) + Ge) 


or the ratio of the second differential parameter of any function to 
the square of the first is unchanged by a conformal transformation. 
We may call such a quantity an invariant of the transformation. 
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We now require the condition that an equation ¢$ (a, y)=C 
represents an equipotential family of curves. In this case we shall 
have for the potential function V, V=/(¢) and as in § 108, (2) 


d av 


(6) AV =— 14 29+ Ga dd? he? =0, 
so that 
AEN WA 
(7) ao 
(2) +(2 Dy ee 0) 
ox oy dd 


The right-hand member depends on ¢ alone, consequently the 
left hand must also. Consequently in order that @¢ (a, y) = C shall 
represent an equipotential family the ratio of the second to the 
square of the first differential parameter of ¢@ must be a function 
of ¢@ alone. Let now $(a,y)=C represent an equipotential family, . 
and let ® (u,v) =O" be the transformed family. Since by (5) 

OP EN 

ee 3 hs? ; 
and since Ad/h,? depends only on ¢, A’@/hg? will depend only on 
®@, for ¢ and ® are constant together. 

Accordingly a conformal transformation leaves every equipo- 
tential family equipotential. It is upon this property that the 
application to electrostatical and other physical problems depends. 


If we integrate the second parameter of V over a portion of the 
X Y-plane where it does not vanish, using the element of area in 
curvilinear coordinates 


dS = ee 


Cla oa) CV &V\ dudv 
) Il Got ) de dy = [fv (Get +) he? 
and now oe fen second integral to refer to the trans- 
formed plane, and e and ¢é’ to be charges of corresponding regions, 


(9) e=||p dedy=—- |[ AV dedy=—— |[ a’ V dude 


=| p dudv =e’, 


or corresponding regions in the two planes have equal charges (the . 
densities being different). 
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If WV be the conjugate function to V, we have for the charge 
upon any conductor V = C between points A and B, 


B B 
e= | ta av" ts 
A 


4ar A ONe 


1 (ov eV 
sees i ee cos (nv) + a cos (ng) ds, 


A 
or since cos (nx) ds = dy, cos (ny) ds = — da, 
ey (ov oV 
a Aor Ge 3y®) 
Lite (Oe ov i 
pee Sac at) 


so that the flux of force of any tube of force is measured by 1/47 
times the difference of the values at its two sides of the conjugate 
function to the potential, as in § 103. 


159. Examples. Eccentric Cylinders. Let us transform 
by means of the function w= log z giving (§ 45), 


(1) u=logr = log Va? + y?, v=p=tan 4, 


A pair of parallel planes u= V,, w= V2, transforms into a pair 
of concentric circular cylinders r=7,,r=7,. To the potential 
function V=w we have the conjugate function VY=v so that 
for the charge of the cylinders we have between ¢=0 and 27, 


i 1 1 
(2) e= 7 (Van — Vo} = 7. 25, 


and the capacity is 


é 
mee 2 (7,-7,) 


= + 1/2log =, as in § 144. 
delCe ; 
1 


The use of the fractional linear function w=(z+a)/(z—a), 
- gives us an important new result. Replacing 7 in 
ey tO 
(4) una 
by —1, as a reference to the theory of the complex variable shows 
is always possible, gives 
Ly +a 
L—wy-a’ 


(5) wiv = 


312 ELECTROSTATICS, [PT. IL. CH. VIL. 


and multiplying together, 
(e+ayr+y¥? 


ape Jos 
(6) w+ty Gara 


We will now make use of the results of the preceding example, 
denoting, however, by our present w and v what were there denoted 
by wand y. The cylinders 

Weare, W+EV=re 
transform into 


OF wee a a 
which on clearing of fractions, 
(8) (a? + y?) (1 — 17?) + 2ax (1 +12) + a? (1 —7,)= 0, 
(a? + y”)(1 — 72) + 2ae (1 +72) + a? (1 — 72) = 0, 
are seen to be eccentric circular cylinders. Their trace on the new 
X Y-plane is shown in Fig. 65, which represents the transformation 
of the right-hand part of Fig. 24 by means of the function 


ilon 
Z2—-a 


29 


(7) CRM aap RRO PUN 


If we denote for either cylinder the radius by & and the distance 
of the center from the origin by d, since we may write (8) 


Y 


Fic. 65. 


158] CONFORMAL REPRESENTATION. 315 


i a2 1 +7 2 
(9) e+ y+ 2a0 +a (tT 


we have 
— tl r+d1/r _t2ar +20 
(10) a1 r—1/r? at r—lo r=) 
from which 
(11) pat NG— BP 
= oar 


Since & and r must be positive, we take the upper signs in 
(10) and (11) for r>1, which makes d > 0, and gives the circles on 
the right, the lower for r< 1, which makes d <0, and gives the 
circles on the left. 

Now making use of the results of the last example, we have 
for the functions V and V 

V=logr =log V(u? + &), 


(12) WV =tan—-, 
u 


so that in the transformation, for r=7,, T=12, 


Reni aie ales > 


(13) d,+Vdg— Bp 
V,=iog r, =log nh , 


2 


and the capacity of the pair of eccentric cylinders is 
cura! 

I K SS ee 

(4) 2 log ata Re) By 
” (dy + Vd? — R2) R, 

In case 7,=1, d, and R, become infinite, and we have for the 
capacity of a single cylinder in presence of the infinite conducting 
plane x= 0, 


tS a 
(15) K vg (CEPA) 


The formula given above for the capacity of a pair of cylinders 
of which one is internal to the other is not convenient in practice, 
since we are given not the distances d,, d,, but only their difference 
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d=d,—d,, the distance apart of the lines of centers, together 
with the radu R,, R,. We must therefore solve the equations 

Pe =f il Te x 1 

RE =| ? re a5] ? 


(16) Gs 17) d= 


(18) R=2a=75 (19) Ry = 2a, 


2 1 
(20) dy ar d, => d, 
so as to obtain 7,, 7, a, d,, d., in terms of R,, R,, d. We need for 


use only the ratio 7,/r,. Eliminating d,, d, from (20) by (16) and 
(18), (17) and (19), 


re tl ee 
(21) is Sr, —R, oan d, 
and a by (18), (19), 

Toe cast il r? er il 
(22) tte Pa —Rk, on ==\)), 
Taking the sum and difference of these two equations we obtain 
(23) Bars — Ry =a, 
(24) Er) 

ry Ty 


Multiplying these equations together 


(25) pe RR ee 


a quadratic for 7,/r, or 7,/7,. Solving we obtain 
(26) —= -__ {(Rh? + R2-d? 
2 
+ J + Ry — a] (A, meee d? J}. 


It is easily seen that taking the square root with one sign makes 
the whole expression the reciprocal of its value with the other 
sign. Consequently we use the upper or lower sign according as 
r, is greater or less than r,. The capacity is accordingly 


By yak 
blog (EAR = @ aN Car Ra Ce 
et DF dee 


which for d= 0 becomes + 1/2 log (R,/R,) as in § 144, 
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If the two cylinders are external to each other, we must insert 
the minus sign on the right of (18), so that the equations are the 
same as before, with A, replaced by its negative. Accordingly 
we obtain 


(8) Paap t-Rr+ RD 
ale Jk + B,)— d?] (2, — RP — dj}, 
1 
ee ————————————————————————E 
2lo GEae *) £ /[d? (Ri + Re) = (Ra By) 
°8 Ry 


The formulae (15), (27) and (29) are important in calculating the 
capacities of telegraph wires. 


160. Elliptic and Hyperbolic Cylinders. In the pre- 
ceding examples we were given a function of a complex variable, 
and from that obtained a conformal representation. We will now 
consider a case in which we are given a set of orthogonal curves, 
and we shall seek a function of a complex variable which will 
make them the ‘conformal representation of orthogonal straight 
lines. The functions \ and pw defined by the equations 


a? y? 
=| 
BGS Le : 
I 
2 et ee 
Oty B+p 


are a pair of orthogonal coordinates, Solving for « and y we obtain 


boyy GnaelG +) ie Hw) 


ee +2) (D+ w) 


b=Gn 


(2) 


and differentiating logarithmically 
da _ 5 ( dx dp 
"3 ) 


ae G+nN a+yp/’ 
(3) q 

oF ( dn * du ) 

yo 2\R7 +A B84 p/’ 
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eed ae a/ aa EY TCen iu Gem eoe Cee cee 
ys arna/ ox ames pre ere ees a 


(5) . d8=de'+dy= 


so that 


(4) 


z0- #) i 


és CECE 
Caner) 
For a conformal relation we must have 
| ds = (du? + de®)/h. 
Consequently if we put 
m dn 
2 /(a? +2) (O? +2)’ 

ip oe ee 

‘oV@tw Gta) 
the functions wv, v will give us a conformal relation in which the 
straight lines w= const., v=const. in the UV-plane correspond to 
the ellipses and hyperbolas X, w, in the X Y-plane. 


(6) 


Integrating the differential equations (6) 


w=log {Va?+r+4+ V0? +A}, 
(7) y= 5 cos eaee ae | 


a? — 6? 


Taking the antilogarithm and its reciprocal, of the first equation, 


e=VePt+r+Vb94+A, 
(8) fearie aya 
ée = 
az — 6? 
Solving these for Va?-+ 2 and Vl? +X, 
Ve+r= 4 fev + (a? — 0) 4, 
VO+2 =4 fe" — (a? — b) e™. 


From the integral for v we get 


(9) 


1 + cos 2v s O+ pe 
—_—— = cos? v= 
2 
1 — cos 2v 5; P+ yu 
2 ~ B= a?’ 


(10) 
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which give 


Va? + w=cosy.Va?—b, Vb?+y=sinv. Vb — a 


Inserting the values of the four square roots in the values of « 
and y in (2) 


(11) 
(12) 


b?) e} cos », 


ze + (a — 
$ b*) e~“} sin », 


i 
Gage (er 


“+ ty =4[e”(cosv +7 sin v) + (a? — b?) e-“ (cos v — 7 Sin v) | 
= 4 ee ae (a? a b?) Cea a dp 


which gives the form of the function sought, 


(13) z=t fe? + (a®—b°) eI, 
or 
(14) =log {2+ V2— a (a? — °)}: 


We may now conveniently change our unit so that the focal 
distance Va?— 6? shall equal unity. Then the function z becomes 
the hyperbolic cosine of w. A table of comparison of the principal 
properties of the hyperbolic and circular functions is appended*. 


* 160A. Hyperbolic and Circular Functions. 
sinh ¢=4 (e*—e-*) 


sinh «=log (a + ,/a?+1) 


cosh «=4 (e*+ e~*) 
eosh—! a =log (z+ ,/x?- 1) 


tanh w=sinh 2/cosh « 


sech «=1/cosh a, 


(1) sinh(-2)=-—sinhz. (1’) sin(-a#)=-—sing, 
(2) cosh(—x)= cosh. (2’) cos(—z)= cosa. 
(3) cosh? « — sinh? «=1. (3') cos?#-+sin? c=1, 
(4) 1-tanh? e=sech? x. (4’) 1+tan?z=sec? x. 
(5) sinh (w7+y)=sinh x coshy (5’) sin (v+y)=sin wcosy 
+cosh # sinh y. +£cos# sin y. 
(6) cosh (x+y)=cosh xcoshy (6’) cos (x+y)=cos x cos y 
+ sinh 2 sinh y. + sin @ sin y. 
tanh x-+ tanh y ; tan «+tan y 
a , £9) —————— 
Cpeesie=y)= 1+tanh « tanh y (7) eae Daa tony 
(8) sinh? 2= posh at (8’) sin? ees a 5 Bee 
5 ,,__ cosh 2a+1 2 » 1 +c08 2x 
(9) cosh? a nor eae (9) cos? ¢= 5 ; 
(10) © sink 2=cosh @. (10’) - sin £=cos x. 
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By means of it we may show that the four functions 


cosh z, sinh z, cosz, sinz 


give conformal representations which are identical except for inter- 
changes of the axes. By means of the equations § 1604, (15), (16), 
(15’), (16') we obtain the pairs of functions wu, v for the four cases, 
and by the use of equations (3’), (3) after division by one of the 
factors on the right in the values of u, v we get 


i 


w=cosh z, 


w= cosh # cos y, 
wi 


Poca 
sinh?a — 


uw? 
cosh? x 


(a) 


II. w=sinh 2, 


w=sinh # cosy, 
y? 
cosh? a 


Tha 


(a) 


sinh?a St 


Ti} “w= cos 2; 


u=cos « cosh y, 
u? vw 
9 oF 2 D} = 
cosh?y sinh? y 


(a) 


LV, 2 = 'sin.2, 


(17) 


u = sin w cosh y, 
y? 


sinh? y 


Oke 


cosh? y a 


(a) 


ew cosh x=sinh x. 
dz 


Me tanh «=sech? x. 
dx 


sinh (ix) =7 sin a. 
cosh (ix) =cos x, 
sinh («+iy)=sinh x cos y 
+icosh # siny. 
cosh («+iy)=cosh x cos y 
+7 sinh # sin y. 
tank (sy) irik uae 
_ sinha cosh «+i sin y cos y 


> 


2) 


a 


~ cos? y cosh? z-+ sin? y sinh? a * 


v=sinh # sin y; 


(0) 


Uv v 


coe y sin? y 


v=coshwsin y; 


u? vy 
Q) 4 =- 
cos? y sin? y 
v=—sin «sinh ¥; 
we vw 


(0) 


coe a sinks | 


v= cos # sinh y; 


(0) 


(11’) 


(12’) 


(13’) 
(14’) 
(15’) 


(16’) 


(17’) 


ha y? 
sin?a@ costa 
d 
— cos 7= — s1IN Z. 
dx 


d 
— tan «=sec? a. 
dx 


sin (iz) =¢sinh a, 
cos (tz) =cosh x. 
sin (x +iy)=sin x cosh y 
+7 cos x sinh y. 

cos (v +iy)=cos x coshy 

—isin 2 sinh y. 
tan «+7 tanh y 
1—tan ‘@ tanh y 
_ sin # cosa@+7sinh y cosh y 
~ cos? « cosh? y + sin? x sinh? y” 


tan (7@-+iy)= 


as 
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We see that the straight lines «=const. correspond to con- 
focal ellipses, in (I) and (II), while the lines y = const. correspond 
to confocal hyperbolas, while in (LII) and (IV), the lines 
y = const. correspond to ellipses and w= const. to hyperbolas. 
The geometrical character of all four transformations being 
therefore the same, we shall consider only case I, Fig. 66. 
(It is to be noticed that we have interchanged z and w in (13).) 
To any line #=const. corresponds the ellipse whose semi-axes 
are cosha and sinha. When «=0 the ellipse reduces to the 


straight line between the focal points w=1, v=0 and w=—1, 
v=0. As @ increases the ellipses become continually larger, until 
for # infinite they become infinite circles. For any negative « we 
get the same ellipse as for the corresponding positive. The lines 


y = const, correspond to the hyperbolas whose semi-axes are cos y 


and siny. When y=0 the hyperbola reduces to those portions of 
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the U-axis outside the focal points and as y increases the hyper- 
bolas become continually less sharp, until when y = 7/2 the hyper- 
bola reduces to the V-axis. As y goes on increasing we obtain the 
same hyperbolas in inverse order. Accordingly the whole of the 
UV-plane is represented by the portion of the X Y-plane lying to 
the right of the Y-axis and between the lines y=0 and y= 2m. 
Other regions of the X Y-plane of similar dimensions correspond 
repeatedly to the UV-plane. The point «=0, y= 0 corresponds 
to the two focal points. We may get a good idea of the corre- 
spondence of the two planes by describing any path composed of 
portions of horizontal and vertical lines in the X Y-plane, and 
noticing that when we turn to the right or left through a right 
angle in the X Y-plane we turn in the same direction in the UV- 
plane. Such a path is represented in Figs. 66a and b, where 
the correspondence of the various regions is indicated by the 
shading. 
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Fie. 66a. XY-plane. 
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The whole of the space between two ellipses corresponds to a : 
rectangle of altitude 27 in the right-hand upper quadrant of the 
X Y-plane. 


~~ se 


~—e 
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As we have interchanged z and w since equation (13) we must 
interchange x, y with wu, v throughout, so that instead of (7) we 
use, putting a? — b?=1, 


& =log {fa®+rx+/a?+r— 1}. 


Fie. 666. UV-plane. 


Now choosing for the functions V and V, V=2, V=y, we 
obtain on the cylinders whose semi-axes are a= Ja?+r, and 
a,= Ja? +, the whole charge e = }, with the potentials 

V, = log (a, + Ja2—1), V.=log (a, + J ae? —1). 

The capacity of the pair of cylinders is accordingly 


2 log @t nidestiee 
a, + Ja?—1 


4 By interchanging the functions V and VY we may find the dis- 
tribution on the hyperbolic cylinders, and in particular by putting 
y=0, y=7/2 we may find the distribution on the edge of an in- 
finite plate in presence of a second infinite plate at right angles 
vith it beyond the edge. 


ne 21 
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161. Logarithmic Transformation of last case. If we 
transform the last figure by means of the function w'= log w, we 
obtain the whole of the UV-plane represented on a strip of the 
U'V'-plane of width 27, so that the transformation 


(1) w' = log cosh z 
transforms the right-hand half of a horizontal strip of width 2a in 


the X Y-plane into the whole of the same strip in the U’V’-plane. 
Taking the antilogarithms we have 


(2) e” = cosh z = cosh x cos y +7 sinh @ sin y, 
that 1s, 

(3) e (cos v' +7 sin v’)= cosh # cos y+7sinh w sin y, 
so that 

(4) e“cos v =cosh acosy, e“ sin’ =sinh # sin y, 


from which, in the same manner as above, 


cos’ y. | -sin?’a LS cos? a asi oe 
(5) cosh? « a sinh?a ¢™’ cosy ~ gin? y = pau! ? 
and taking logarithms, 
pee 1 & ‘ca vy | sin?y’ 
(6) ~~ 9 °°8 | cosh? a * sinh? a)? 
yates 1 le (cos*v' sin? 0’ 
~~ 9 °°8 eos? y simy 


From these equations the curves corresponding to # = const. 
and y= const. may be immediately plotted by the aid of tables of 
logarithms and hyperbolic functions. They are shown in Fig. 67. 
It is at once seen that w’ isa periodic function of v’, the period being 
mw. The figureis the same for negative # and y as for positive. In 
order to represent the whole of the UV-plane corresponding to the 
half strip in the X Y-plane, we must however let v’ vary from 0 to 
27. The curves w = const. are sinuous curves, w’ having maxima for 
v =0, 7, 27,... and minima for v= 7/2, 37/2,.... The maxima 
w = log cosh a and minima w’= log sinh # differ but little for large 
values of x, since then approximately cosh #=sinh x= e*/2 so that 
we may then take out this factor from w’, obtaining w’=w — log 2 
for all values of v, so that the curves w= const. are nearly straight _ 
lines. 


As « diminishes the maxima and minima both diminish, but | 
get farther apart, the maxima being always positive, while the 
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minima eventually become negative. The curves all cut the axis 
of w’ to the right of the origin, but stretch out farther and farther 
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Fic. 67. U’V’-plane. 


toward the left, so that for z=0 the curve reaches from 0 to 
- minus infinity, coinciding with the left-hand half of the w’ axis. 
"4 : 21—2 


= 
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In fact we see from the equation that for any finite uw’, v’ must be 
zero when « is zero. 


The curves y= const. are different in appearance, on account of 
the minus sign. wu’ has minima for v'=0, 7, 27... having the 
values wu’ = log cos y which are all negative, and decrease more and 
more rapidly as y increases to 7/2. The maxima of w’ are how- 
ever infinite. In fact while w’ increases continuously as v’ varies 
from 0 to 7/2, as soon as v' > y the parenthesis becomes negative 
and wu’ is imaginary. The curves y= const. accordingly approach 
horizontal asymptotes v'=y. These curves correspond to the 
hyperbolas of the last figure, the sinuous curves corresponding to 
the ellipses. Corresponding regions in the three figures are simi- 
larly shaded. The circle in Fig. 66 corresponds to the vertical V’- 
axis in Fig. 67. 


If we choose for the functions V and WV the values V=y, 
WV =a, and consider the strip between v’= 7/2 and v =— 7/2, we 
have the case of the electrification of an infinite plane with a free 
edge, lying between two infinite planes parallel with it at distances 
m/2 from it, and extending to infinity on all sides. Since at a 
distance from the edge w is equal to w’ + log 2, the field is straight, 
but the charge from the edge to the point w’ is greater by 
(log 2)/4cr than if the plate extended to infinity instead of stop- 
ping at the edge. Thus the edge increases the capacity of the 
upper or lower side of a portion of the plate of any width by the 
amount K = (log 2)/4a (V2. — Vi) = (log 2)/27. This result may 
be used to find the capacity of a circular plate between two infinite 
parallel plates at a distance from it d so small that the edge of the 
circular disc may be considered straight*. The effect of the edge 
is the same as that of increasing the radius by (log 2) d/(m/2), so 
that the capacity would be, counting both sides, 


_S+2rR. 2d (log 2)/m _ i 2R log 2 


K 2Qard 2d T 


* Maxwell, Treatise, Vol. 1. Art. 196. 


CHAPTER VIII. 
ELECTROKINETICS. STEADY FLOW IN CONDUCTORS. 


162. Ohm’s Law. The condition of equilibrium of electri- 
city in homogeneous conductors has been found to be that in each 
conductor the potential has a constant value. If this condition is 
not fulfilled in any conductor, the electrification changes with the 
time, if the conductor be left to itself, or in ordinary terms elec- 
tricity moves from one place to another in the conductor. The 
laws of this flow of electricity were enunciated in 1827 by Georg 
Simon Ohm, although the notion of the potential was unknown 
to him, If at any point in the conductor we construct an element 
of surface dS, the quantity of electricity q crossing the surface in 
the unit of time per unit of area will vary according to the direc- 
tion of the normal to dS at the point. That direction of normal 
for which the quantity per unit of time is greatest is called the 
direction of the current at the point, and the quantity q is called 
the current density. The current density is a vector quantity, 
and its components according to the axes will be denoted by 
u,v, w. If the quantities u, v, w are independent of the time, we 
call the state of the conductor a state of steady flow. We shall 
now consider the properties of the steady state. If we consider 
any portion of a conductor in which there is no electricity created 

nor destroyed, as much electricity must enter the space during any 
interval as leaves it, or the whole flow resolved along the inward 
normal must be zero. Accordingly 


ye 0 =f cos (qn) dS = [[ cos(nx) + v cos(ny) + w cos(nz)} dS 


aera 


* G. 8. Ohm, Die galvanische Kette mathematisch bearbeitet. Berlin, 1827. 
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and as this must be true for any portion of space fulfilling the 
above conditions, we must have everywhere in such regions 


ou ov. ow 
2 ed A (0) 
(2) ae Oye 
This is called the equation of continuity, and shows that the 
current density is a solenoidal vector. Current lines and tubes 
accordingly possess properties similar to those of tubes of force in 


the case of equilibrium. 


The law of Ohm is identical with that stated by Fourier* for 
the conduction of heat, and connects the current density with the 
potential, the corresponding quantity for heat being the tempera- 
ture. If the conductor be isotropic, that is if its properties are at 
each point the same for all directions, the direction of the current 
is the same as that of the electrostatic field, and their magnitudes 
are proportional, the factor of proportionality depending on the 
physical properties of the conductor at each point. If nm is the 
normal to an equipotential surface at the point in question drawn 
in the direction of the current, we have 


" OV 
(3) G =A Shae 
as the mathematical statement of Ohm’s Law. The factor of pro- 
portionality > is called the conductwity, and its reciprocal the 
specific resistance, or resistivity of the conductor. If is the same 
at all points of the conductor, the conductor is said to be homo- 
geneous, if X is variable, the conductor is heterogeneous. 


The above equation is equivalent to the three 


OV OV OV. 
(4) DN 5 aoe age: 
Inserting these in the equation of continuity, 
COONAN AN PORN aon OME 
(5) wg | ag) tag age) tae ae) 


If the conductor is homogeneous, this becomes AV = 0. Hence 
the density p is zero, or there is no free electricity in any portion of 
a homogeneous conductor in the state of steady flowf., 

* Fourier, Théorie analytique de la chaleur, 1822. 


+ Kirchhoff. ‘Ueber eine Ableitung der Ohm’schen Gesetze, welche sich an die 
Theorie der Elektrostatik anschliesst.” Pogg. Ann., Bd. 78, 1849. Ges. Abh., p. 49. 
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163. Boundary Condition. Refraction of Lines of 
Flow. In passing from one homogeneous conductor to another, 
dX may be discontinuous, and since the current must be continuous, 
we must have at the surface 


qh COS (Gm) + Js COS (Goo) = 0, 


(6) MF, cos (Fm) + AF, cos (Fn.) = 0, 
OV oV 
or Na oh +r, aie ==(); 


The boundary condition (6) has a simple geometrical meaning. 
Since the derivatives of V are discontinuous only on crossing the 
surface, we have the derivatives in any direction ¢ tangent to the 
surface, 0V /ot the same on both sides of the surface. If 0, be the 
acute angle made by the current line with the normal on one side 
of the surface, 0, the acute angle on the other, resolving along the 
normal, 


(7) d, F, cos 6; = AF, cos 83. 
Resolving along the tangent plane, since this component is 
continuous, 
(8) F, sin 6, = F, sin 6,. 
Dividing the second of these equations by the first, we obtain 
tan 6, tan 0, 


(9) 1 — Ag ? 


or the line of flow is refracted on passing the surface, so that the 
tangents of the angles of incidence and refraction are in the ratio 
¥/A. dependent only on the media. The law of refraction is 
different from the optical law, in which we have the sine instead 
of the tangent, and in the case of the 
tangent law we do not have the phe- 
nomenon of total reflection, since the 
tangent takes all values from zero to 
infinity. 

164. Systems of Conductors. 
All the statements heretofore made 
are true for the flow of heat, if V 
represent the temperature, but whereas 
in the case of heat in passing from one Fia. 67a. 
conductor to another the temperature 
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is continuous, in the case of electricity, in passing from the con- 
ductor 1 to the conductor 2, we have at the surface of separation 
(10) V,—Vi=£z, 
where H,, is a quantity depending on the nature of the two 
conducting substances. 


e 


In the theory of heat, if we have a chain of conductors in 
contact with each other, surrounded by a non-conductor, we may 
have equilibrium, but in the case of electricity this is the case 
only if the sum of the discontinuities of potential is zero, 


(11) ee ee 


Conductors may be divided into two classes. Those of such 
a nature that for any number of them an equation of this sort 
holds constitute the first class. To it belong all metals (their 
temperatures being the same). To the second class, for which 
in general such equations do not hold, belong solutions of salts 
and dilute acids. 


If we have a set of conductors of either class, the constants 
E,, yx, being given, and also the conductivity % as a point- 
function, we shall show that the problem of flow is determined 
as soon as we are given any two equipotential surfaces, 

Let V4 be the potential at one of the surfaces A, Vz that 
at the other B. 


Let ® be a function holomorphic in the whole space occupied 
by the conductors, satisfying the differential equation 


O fa CDV Ol OD ron ao 
and the boundary condition 
a® o® 
(13) eine thos harem! 


at surfaces of separation of two conductors, taking the value 
unity for all points of the surface A, and the value zero for all 
points of the surface B, while d@/dn =0 for all points of surfaces 
separating the conductors from the surrounding insulators, or at 
infinity, if the conductors reach so far. Then if v, be the potential 
function in the conductor 1 (in which lies the surface A), % 
that in the conductor 2, ... v, that in the conductor n (in which 
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lies the surface B), we may show that in the different conductors 
the potential is given by the functions 


ON =(#H+V4—Vz) 04+ V3-#, 
U2 =(H+V4—Vz)04+V3-HL+ Ep, 
v% =(H+V4—V3)P+Vg-H+ hy, + Ls, 
(14) staseeceevaceseseeseessersnesesseeseeecesensesestentes 
a=(L+V4,—Ve)P+V——H+ byt Ley... Ena, n> 
=(H+V4—Vz) 04+ Vz. 

For since the function ® satisfies the differential equation 
that is satisfied by the potential, any v,, which is a linear function 
of ®, must also satisfy the same equation. Also at any surface 
separating the conductors r and r +1, 

OF) E,, rls 


and 
Ov, ov ee 
peut EN: r 
se On, cerita: ee Ce 
from the definition of the function ®. At the insulating boun- 


dary of any conductor 


ov od 
a Aol eas = 


that is, there is no flow across the boundary. The function v, takes at 
the surface A the value Vy, and the function v, at the surface B 
the value Vz. But these are all the conditions satisfied by the 
potential function. It remains to show that the function ©® is 
uniquely determined by the conditions that have been imposed 
uponit. The problem of finding the function ® is of the same 
nature as Dirichlet’s problem, differing from it in that while 
the values of ® are given over part of the bounding surface, 
_ over the remainder instead of ® the values of d@/dn are given. 


Suppose that there are two functions ® both satisfying the 
conditions of definition. Let them be denoted by ®, and ®,,. 
Then let us form the integral taken throughout the conductors 
considered 


pas, ro fffp(C SS) + CY CEN 
a 
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By Green’s theorem this is equal to 


(6) J=-|\@,- ON 


- [ff ere") +0 Oe) 


+3 OS) 


The surface integral is taken over the surfaces A and B, and 
the surfaces bounding the composite conductor, the integrals over 
the surfaces separating two conductors vanishing in virtue of (13). 

But at the surface A, ®, and ®, are both equal to 1, hence 

®, — ©, =0, 

and at the surface B, ®, and ®, are equal to 0, while on the remaining 
surfaces 0®,/dn =0®,/on=0. Consequently the surface integrals 
vanish. But the integrand in the volume integral vanishes in 
virtue of the differential equation satisfied by both functions. 
Consequently the integral J vanishes, but as in Dirichlet’s demon- 
stration this can only be if ®,—®, is constant. But since ®, 
and ®, are equal on the surfaces A and B, they must be every- 
where equal. Consequently the solution is unique. 


165. Properties of Vectors obeying Fourier-Ohm Law. 
The vectors F’, the electrostatic force, and q the electric current- 
density are typical of a class of pairs of vector-functions of frequent 
occurrence in all parts of mathematical physics, distinguished by 
the following properties. The first vector is lamellar, the second 
is solenoidal. In isotropic bodies the vectors have the same 
direction, and their ratio depends only on the physical nature 
of the body at each point. When two vector-functions have these 
properties we shall say that they satisfy the law of Fourier-Ohm. 
The study of the properties of such vectors is of great importance. 
We shall in general call the solenoidal vector the flw«-density, - 
and the surface integral of its normal component over any surface 
the flux through that surface. 


It is remarkable that the characteristic properties of such | 
vector-functions are embodied in the single statement that if V, 
the potential function of the lamellar vector, is uniform, finite, and 
continuous, in a certain region 7, its first derivatives possessing 
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the same properties with the possible exception of certain sur- 
faces & at which they may be discontinuous, then if the values 
of V are given on parts of the surface S bounding the region 7, 
and the value of 0V/dn is zero on the remainder, the integral J 
throughout the region 7, 


IA AGME OV 
a s0r)={fPi(Z) +5) + Ge) 
is a minimum* for that function V which makes the vector q 
solenoidal, where 
le 
dy ’ 


oV 
w= qcos (qz) =X ar 


OV 
(2) U=qcos(qu)=r~—, v= q cos (gy) = 


For if we change the form of the function V by the arbitrary 
amount 6V, 


fees — J (V+ 8V) 


= [lp (ey Poy +? 7 


OE eee OV 0oV 
(3) =1(V)+2 {fa ee vay y oy | 02 nz ot 


06 V 0OV\?  (0dV 
+{[p Ce )+ + (Gr) +(e) } 
The integral with the coefficient 2 is equal, by Green’s theorem, 
= [[,37.»5-48-[f 3v. fuse + aot as 
8 ON 
OV ec (x OL, 
-|j a {e (a5 ite + By 0» ane (> =: har 


where n, and n, are the normals on opposite sides of a surface = 
of discontinuity of the derivatives. On those portions of the 
bounding surfaces for which V is given 8V =O, and for the re- 


* Kirchhoff, Ges. Abh. p. 44. 
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maining parts A0V/oén=0. Consequently the integrals over the 
bounding surfaces disappear, and we have 


(4) ar=—2 ff BV Ia sth a dy 


- []]°7 ae 0 ae) + Oe) + Be) 
+ [Gey + Gr) + Gelb 


In order for J(V) to be a minimum, this must be positive 


for all possible choices of the arbitrary function 6V. This can 
be true only if we have everywhere in the region tT 


ra) OV 0 oV 0 OV 
so (Ga) tay Gye) tag ag) =O 


and at every surface of discontinuity >, 


VP 
Sih te soe 
Consequently the statement that J is a minimum is equiva- 


lent to stating that q is solenoidal. 


166. Integral form of Ohm’s Law. We have seen in § 35 
that the solenoidal condition signifies that the flux, 


eS [fe cos (qn) dS 


across any surface bounded by the sides of a vector tube is the 
same for all parts of the tube. In the case of electrical flow, 
the flux is called the current (current-strength, or intensity) in 
the tube. Although V has discontinuities, the function @ has 
not. Since we have between any equipotential surfaces A 
and B, 


=— [pp as=-e4+V4- V2){[ras 


the ratio of the flux to #+V,—Vz, the difference of potential © 
plus the sum of the sudden rises of potential as we go in the 
direction of flow, thus depends only on the function ®, which 
depends only on the configuration of the space 7, and the values 
of the function X. That is, the ratio of the flux in any tube of the 


165—167] STEADY FLOW IN CONDUCTORS. 333 


vector q to # plus the difference of potential between two equi- 
potential surfaces depends only on the physical properties of the 
substance in the tube. This is the usual form of the statement of 
Ohm’s Law, and is the integral form, whereas our previous state- 
ment was the differential form. In the case of electrical flow, 
the difference of potential V,— Vz is called the external 
or electrostatic electromotive force from A to B, and it is 
evidently the line integral of electrostatic force along any line 
from A to B. EF is called the impressed, intrinsic, or internal 
electromotive force. The ratio C of current to total electromotive 
force is called the conductance of the tube. Its reciprocal R is 
called the resistance of the tube. 


If we consider a closed tube of flow, the two surfaces A and B 
will coincide, and we shall have the ordinary expression of Ohm’s 
Law, 

E 

R’ 

or:—For any closed tube of flow, the current is equal to the 
impressed electromotive force divided by the resistance of the 
tube. 


L=CEh= 


167. Heat developed in Conductors. We shall now con- 
sider the physical meaning of the integral J in the case of elec- 
trical flow. In passing from a point where the potential is V, to 
one where it is V; a unit of electricity does V, — Vz units of work, 
and that quantity of electrostatic energy thus disappears. Also at 
every surface of discontinuity, Z,,,, units of work must be done 
wpon it. But if we consider heat as a form of energy, if 
mechanical energy disappears, an equivalent amount of heat must 
make its appearance. If accordingly we find energy appearing in 
no other form, the electrostatic energy W that disappears, to- 
gether with the work done by the impressed electromotive forces, 
_ must be converted into heat. In the case of steady flow we find 
this to be the case. 


In unit time the quantity 


r= | Iq cos (qn) dS 


crosses any section of a tube of flow, so that considering that part 
of the conductor between the equipotential surfaces A and B we 
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have J units entering at potential V, and emerging at potential Vz. 
The energy converted into heat in that portion of the conductor 
will accordingly be 

dw 


Q)  -S)+8I=H=(+V,-Vs)I= 


SCAG = 2) [ee 


But transforming the integral, § 165 (1), by Green’s theorem, 
and taking the normal at A, B, and the surfaces of discontinuity 
always in the direction of the current, 


a sani av av 
A on 


(Vid. 5 — 


Von ) ds 


+] Vas 
B () 


=[[}” Ge l*Se) + (May) ae OSE) 


The volume integral vanishes by the equation § 162 (5), and 
in virtue of the surface conditions § 164 (10) and (13), 


av 
(3) J=—(B+V,—- Vz) [fro d8= 


The integral which is a minimum in the actual distribution of 
current accordingly represents the heat generated in the conductor 
in the unit of time. 


The equation (1), written 


(4) era" +H, 

is the equation of activity for steady currents. It may serve for 
a definition of the magnitude of an impressed electromotive force, 
as the rate at which energy is taken into the system per unit of | 
current in its direction. Combining with (1) the equation of 
Ohm’s Law, 


(5) RI=E+V,-—Vsz, 
we have 


(6) H=RP. 


167, 168] STEADY FLOW IN CONDUCTORS. 33D 


This is the equation of Joule’s Law*:— 


The heat developed in any portion of conductor in unit time is 
equal to the resistance of that portion of the conductor multiplied 
by the square of the current traversing it. This law is universally 
true, whether the flow is steady or not. 


168. Sources of Electromotive Force. Suppose we have 
a closed circuit of a number of different conductors. We have 
already seen that if all are of the first class there can be no cur- 
rent. Suppose that one only is of the second class, and let its 
suffix be 1. Then for all the others we have 


Livy a Eis seeeee + Ena, nt Eng = 0, 
so that the total electromotive force around the circuit is 
= Ey =a Le oF Eira = Ey ae En + Hae 


depending only on the conductor of the second class and the two 
of the first class in contact with it. Such an arrangement is called 
a galvanic or voltaic cell. 


In a conductor of the second class traversed by a current, 
chemical actions go on, whose laws were discovered by Faraday 
and Helmholtz. Such actions belong to the subject of electro- 
chemistry, which is a branch of thermodynamics, and will be 
treated by the author elsewhere. For the same reason the theory 
of thermoelectromotive forces will not be treated here. 


We have so far considered impressed electromotive forces to 
exist only at certain surfaces, where the potential is discontinuous. 
If, starting at any equipotential surface in a closed conductor, we 
plot the potential as an ordinate, on a diagram in which the 
abscissa is the resistance from the initial to any other equipotential 
surface, the curve will be composed of portions of parallel straight 
lines, whose slope is proportional to the current. The total 
impressed electromotive force will be equal to the sum of sudden 
rises minus the sum of sudden falls as we pass in the direction of 
the downward slope. It is evident that the discontinuities may 
occur at as many points as we please, and that provided the alge- 
braic sum is the same the current will be unchanged. It is 
evident, comparing the two figures in which this is the case, and 


* Joule. “On the Heat evolved by Metallic Conductors of Electricity, and in 
the Cells of a Battery during Electrolysis.” Phil. Mag. 19, p. 260, 1841, 
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the slope of the broken lines is the same, that the more evenly the 
discontinuities are distributed the less is the maximum difference 
of potential between various parts of the circuit. By making 
the discontinuities small enough, we may therefore, without chang- 
ing the current, make the differences of potential in the circuit as 
small as we please. In the limit the electromotive forces would 
be continuously distributed, and there would be no difference of 
potential. In that case there would be no electrostatical electro- 
motive force. Such a continuous distribution of electromotive 
force may be produced by electromagnetic induction, the theory of 
which will be given at length in Chapter XII. The existence of 
a current does not, therefore, imply differences of potential. 


169. Conductors in Parallel and Series. By the defini- 
tion of conductivity of a current tube, it is evident that the 
conductivity of any number of current tubes between the same 
two equipotential surfaces is the sum of their individual conduc- 
tivities. Now those portions of the surface of any conductor 
which are in contact with an insulator are portions of the sides of 
a current tube, for there is no flux across them. If then two equi- 
potential surfaces are given in such a conductor so that the 
current flows in at one and out at the other, these surfaces are 
known as electrodes for the conductor, and if the electrode sur- 
faces of several conductors are brought into contact and kept 
equipotential, the conductivity of the system is the sum of the 
individual conductivities. The essential in this proposition is that 
the contact of the several conductors shall not change the form of 
the equipotential surfaces that have been called electrodes. This 
condition is sure to be fulfilled if the conductors are linear, that 
is if each conductor forms a tube of flow whose cross-section is 
small enough to be neglected in comparison with its length. The 
electrodes in this case reduce to surfaces of infinitesimal area, and 
may be regarded as points. Conductors having two common 
electrodes are said to be connected in parallel, or in multiple are, 
and for such the resistance R of the system is given by the 
equation, 


(1) Pieaeen eeccee 


The resistance of the system is evidently less than any of the 
separate resistances. If several conductors be placed in order so 
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that each is in contact only with the preceding and succeeding, 
the system forms a single current tube, and the current is the 
same through any cross-section. The conductors are then said to 
be connected in series. If the surfaces of contact are equipoten- 
tial we may apply Ohm’s Law to each conductor. The potential 
at the entering electrode of the rth conductor being V,, and at the 
issuing electrode V,’, we have 


V,— Vi = BI, 
(2) Ve tltels 
Vaz aa Vow 74 Ril 


Adding these equations we have 
(3) Vit Ly + Hoy .....- + Bnain— Vn = E+ Vi— Vi! 
aT GR, +g 4 onan. + R,), 


so that if R be the resistance of the system, 
(4) Risa Rit okt es: Fat hey 


or the resistance of conductors in series is the sum of their 
individual resistances. If the conductors are linear the conditions 
at the ends are sure to be fulfilled. 


170. Networks of Conductors. Kirchhoff’s Laws. 
We have so far considered conductors filling a singly-connected 
space. In order to treat a conductor filling a multiply-connected 
space we have only to reduce it to a singly-connected region by 
the insertion of cross-sections, and it is easily seen that if the 
difference of potential on the two sides of a cross-section is given 
the potential is determined. These cross-sections are most 
naturally taken as the surfaces of impressed electromotive force. 


Fie. 68. 


‘Suppose now that a conductor has in a certain region a forked or 
embranched form, as in Fig. 68, Then a portion of the tubes of 
W.E. 22 


| 
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flow which fill the portion A of the conductor continue in the 
portion B, while the remainder leave them to traverse the portion 
C. Then if we consider successive equipotential cross-sections 
beginning in the portion A we shall finally reach an equipotential 
which is divided into two parts, one lying in B and the other in C. 
The last equipotential which does not break up into two consists 
of two parts touching each other and touching the surface of the 
fork of the conductor in a common point. This point, and this 
equipotential surface may be taken to define the branching of the 
conductors, and the surface will be taken for the common electrode 
for the three portions A, B, and C. In a similar manner we may 
have a conductor branching into any number of portions at a 
common equipotential surface. Consider now any network of con- 
ductors forming a figure of any degree of connectivity. The 
distribution of current and potential is determined when the im- 
pressed electromotive forces are given. If the equipotentials of 
embranchment are given, we may consider each conductor r between 
two successive surfaces of embranchment as a separate conductor, 
to which we may apply Ohm’s Law, 


(1) Ey+ V,—V,=f&,1,, 
for I,, the total current in the branch, is perfectly defined. 


At every surface of embranchment p the equation of continuity 
holds, so that if we call the currents in the s different branches 
positive if they all flow away from the embranchment, 


(2) Tig tbaliys leeks Th) 


For every conductor there is an equation of the form (1), and 
for every embranchment one of the form (2). The equations are 
all linear in the currents in the different branches and the poten- 
tials of the embranchments. They therefore suffice to determine 
all the currents and potentials, in terms of the resistances and 
impressed electromotive forces, except that the potentials may 
contain an arbitrary constant. This is determined if the potential 
at any one equipotential surface is given. 


In the above we have assumed the equipotentials of embranch- 
ment given. It is easily seen however that these surfaces will 
vary in form as the impressed electromotive forces vary. Suppose 
for instance that an electromotive force be impressed in the branch — 
C of Fig. 68 so as to make the total current in that branch 
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zero. Then all the tubes of flow in A pass into Band the equi- 
potential surface of embranchment is as it were sucked up as 


Fic. 68a. 


shown in Fig. 68a. The conductor B is now longer than before, 
and we accordingly see that the resistance of a branch is not 
constant, but depends upon the electromotive forces. This diffi- 
culty immediately disappears if the conductors are linear, when 
the surfaces of embranchment reduce to points, where the several 
conductors join. The resistance is then between definite points, 
and the above linear equations determine the distribution of 
currents. 


Kirchhoff, who fizst treated the general problem of a network of 
lmear conductors*, eliminates the potentials by adding the equa- 
tions of the first kind above for any group of conductors of the 
series forming a closed circuit. The potentials thus disappear, 
and for the circuit we have the equation 


(3) Fi, + Bg wesee. Se Eis =P ly gd gee sae Ee leal as 


This and the equations (2) for the junctions are generally 
referred to as the equations of Kirchhoff’s two Laws. Maxwell} 
treats the problem in the following more symmetrical form. 


171. Maxwell’s treatment of Networks. Consider 
points of junction, each of which, in the most general case, is 
connected with each of the others by a conductor. The number of 
conductors in this case is n(n—1)/2. If some of the conductors 


‘are lacking this will be expressed by putting the conductivities 


* Kirchhoff, ‘‘Ueber die Auflésung der Gleichungen, auf welche man bei 
der Untersuchung der linearen Vertheilung galvanischer Stréme gefiihrt wird.” 
Pogg. Ann., Bd. 72, 1847. Ges. Abh., p. 22. 

+ Maxwell, Treatise, § 280. 


22—2 
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between the corresponding points equal to zero, Let the current 
from the point p to the point ¢g be Z,,, and let the conductivity of 
the conductor pq be Cpa, the impressed electromotive force Hyg. 
Then evidently 


Lyq oy Lop; Eng ied Eqn, Cg a Cop, Lp = Eyp =0. 
The equation (1) may be written 
(4) Linq = Coq (Epg t+ Vn — Vo). 


Substituting the values of the currents in the equation of 
continuity (2) for the point p, 
(5) Cp (Bn + Vo — Vi) + Cos (En + Vn — V2)...--- 
+ Con (Hon + Vo = Vand = Or 


Let us introduce a symbol C,,, defined by the equation 
s=n 
Cop = — (Cor -F Ona vasees +: Con) or 2 Cp, =0: 
s=1 


The equations (5) may then be written in the symmetrical 
form 


(0) 0) Corie Co Van teat Chg Vartiestens 
+ Con Vin = Cp + Cooling + +» + Conon: 


If we add these equations for all the points of junction, the 
result will be an identity, so that the equations are not all 
independent. The equations therefore suffice to determine the 
differences of potential between the junctions, but not the 
potentials themselves. 


Since in the equations (4) only the differences of the potentials 
appear, it is evident that we may choose one of the potentials 
arbitrarily. Let us therefore put V, equal to zero, and use the 
first n—1 of the equations (6), which are independent, to deter- 
mine the potentials V,, V,...... Vir Calling A the determinant 
of the coefficients of conductivity, 


Cu, Oe scart C;, N—1 


CoP e ere eee eerereeeeueeeieeseee 


Soe m emus eee ee eeeeteseseseseeesees 
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and A,, the minor of C;,, we have A a symmetrical determinant, 
and A,;=As,, since Cyg=Cyp. The solutions of the equations (6) 
are of the form 


(7) ae Vi = Ay (CyEy Te C,H, TF oveeeee of CinE im) 
+ Ao (CyB + Coby +o... “ Omllen) <ee ns 


+ Cn, n Es, n): 

Inserting these values of the potentials in the equations (4), 

we obtain the currents in all the branches as linear functions of 

the impressed electromotive forces in the branches. Picking out 

the terms containing /,; or its negative #,, in the current I, we 
obtain 

(8) OL pq = Coq Arp Crs a Den Csr an Ure te AeoCor) 

OL ys A 


= CraCre (aes Se Ae iz. [a i Aga) 
iN . 


In like manner the coefficient of Hy, in L,, is 


6) Bry Crapo (Age — Ag — Ape + Aca) 
OE nq A 


OL ng 


But since A,, = A,,, etc., this is equal to : 
OL 


Consequently the current produced in a branch pq as a result 
of introducing an electromotive force # in a branch rs is the 
same as the current produced in the branch rs on introducing an 
equal electromotive force into the branch pg. This theorem is 
analogous to the reciprocal property of electrified conductors given 
in § 136. If 
(10) Aor + Ags = Agr + Ars; 
an electromotive force applied in one branch produces no current 
in the other, and the conductors are said to be conjugate. 


172. Heat developed in the System. If we denote the 
coefficient 
CpqCrs (Apr + Ags — Agr— Ags) by Chere, 


we have 
T=NT=Nn 


(11) Di ees er dpore lors: 
' r=1 s=1 


bi 
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Now the activity of the electromotive force Hyg 18 Hyg pg. 
Forming the products for all the branches and summing, bearing 
in mind that each branch appears twice, we obtain for the total 
activity 


nN 


Mi 


p=nq=n 
2  Englng = 42222 ChorsHpgHrs- 


p=1q=1 PQ?rs 


But since there is supposed to be no electrostatic energy, this 
must be the heat developed in the system in unit time. The heat 
is accordingly a homogeneous quadratic function of the impressed 
electromotive forces. If we should solve the equations (11) we 
should obtain the electromotive forces as linear functions of the 
currents. Then forming the expression for the activity we should 
obtain a homogeneous quadratic function of the currents, and by 
our general theorem for the heating this must be equal to 


SEE Ryle 
pq : 


This might be obtained from the equations above by the aid of 
certain properties of determinants. 


173. Wheatstone’s Bridge. As an example of the above 
principles let us consider the case of 
Wheatstone’s Parallelogram or Bridge. 
It consists of four points connected by 
six conductors, which may be represented 
by the sides and diagonals of a parallel- 
ogram, or more symmetrically as in 


Fig. 69. 


4 


; . Suppose that the only impressed 
Fie. 69. electromotive force is in the branch 12, 
and that we require the current in the 

branch 34. The equations (6) are 


CaVi t+ Og Va+ Cig V—a+ CuVi= Cr Ly; 
On Vi + Cy Vo + Cr3V34+ CyVi= Crk, 
C3, Vi + Ox. V2+ Co V3 + Cy4V,= 0, 
Cg Vi + CeV2+ Cis V3 + CuVi = 0, 
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from which, putting V,=0, and using the last three equations, 


V; = Fin Ca Crp Cx | ee Ein Cn (Cx Cx ma Cx Cry) 


Cx Cx 0 A 
Cg Cn 0 
A 


From this we obtain the current in 34, 


Ly, = Ey 


CG. (Cn Ce as Ci Ca) 
A b 


The current vanishes and the conductors 12, 34 are conjugate, 


if 


des 
CnC = CnC x, that is Be Re 
This arrangement is used for measuring the resistance of a 
conductor in terms of three known resistances. A battery is 
inserted in one of the conductors 12, 34, and a galvanometer in the 
other, which is called the bridge wire. The resistances in the 
other branches being varied until the galvanometer shows no 
current, the condition of conjugacy is attained. In practice we 
wish to know how much current will pass when the condition of 
conjugacy is deviated from by a certain amount, in order to 
determine the accuracy with which a resistance can be measured. 
We therefore have to calculate the determinant A. 


174. Resistance of Linear Conductor of Variable 
Section. If the cross-section of a conductor is infinitesimal, and 
equal to », we may write for the total current 

r=-| ome. 
on ds 


-s being the length of the conductor measured from a certain point. 
Integrating with respect to s from s, to s,, 


ds 
Ao’ 


V,-Vi=[ S=7 
1 A@ 


and the resistance is given by 


Vi Via 2 ds 
7 ie Later® ee Neos 
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This formula is important in the case of standards of resistance 
formed of tubes filled with mercury, the varying diameter of the 
tube being determined by a calibration. If the conductor is 
homogeneous, A is constant, and if the cross-section is constant, 

aa So i Sy 

ah Aco 
or the resistance of a uniform wire is proportional to its length 
and inversely to its cross-section. 


175. Non-linear Homogeneous Conductors. In the case 
of homogeneous conductors, \ being constant, the equation of flow, 
§ 162 (5), becomes 

Cee 

ie Moe ae 
or the potential is harmonic. Consequently every theorem on 
harmonic functions applies to the potential in this case, and 
every method of solving problems of electrostatic distribution may 
be applied to the solution of problems of steady flow. We must 
have the electrodes of the conductor given. Now by the equation 
of Ohm’s Law it is evident that the effect of increasing the 
conductivity of any portion of a conductor is to make the potential 
vary less rapidly there, the current being given. If then a portion 
of the conductor be made infinitely conducting its potential will 
become constant throughout. Accordingly if we introduce a thin 
plate of infinitely conducting material, this will form an equipo- 
tential surface and may be taken as an electrode for the conductor. 
This supposition will be made in the following examples. Since in 
the electrostatic problem the eet is given by 


mole a 


and in the problem of flow the eae by 


olin 8 [ras ot 

AV 5 “T. mglee 

we find that the conductance of a portion of a homogeneous con- » 
ductor between two electrodes is equal to 47 times the capacity 


of a condenser whose plates have the geometrical form of the . 
electrodes of the conductor, and whose dielectric occupies the 


= ((). 


a ana ae 
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space corresponding to that occupied by the conductor. The case 
of a straight field, § 145, gives 


S rS d 
Bardeen eT NS 


as in the case of the uniform wire. The case of flow radially 
between concentric cylindrical electrodes gives, § 144, 


fee ga PAT ples Gs) 
log (BR,  log(BfR,)’. 2awk 


K 


This formula might be used for calculating the resistance of 
the liquid in galvanic cells where the plates are concentric 
cylinders. The case of radial flow in a sphere from a spherical 
electrode of radius R, (§ 142) gives, if the outer electrode is at an 
infinite distance, 

K=R, C=40\R, R=z o>. 

This formula may be used to find the resistance of the earth 
between two telegraphic earth-plates. If both earth-plates are 
equal spheres buried deeply in the earth at a distance apart so 
great that it may be considered infinite in comparison with their 
diameters, we may consider the resistance from one to the other as 
that of two conductors of the last case in series, so that 


1 
a, 2rrR,° 

If, as would more nearly represent the practical case, the con- 
ductors are hemispheres, with diametral planes in the surface of 
the earth, we may consider the space in the preceding problem 
split along the surface of flow formed by the plane through the 
centers of the spheres, and take the lower half, whose conductivity 
will be half of that just found, or 


Lg! 
TR, 

In like manner the problem of the ellipsoid and the circular 
disk will give us the resistance between earth-plates in the form of 
circular disks laid on the surface of the earth as 7/2 times that for 
a hemisphere of the same radius. It is important to notice that 
in any case of geometrically similar electrodes, the resistance is 
inversely proportional to the linear dimensions of the earth-plate, 
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and not to its surface. This of course comes from the fact that 
the lines of flow diverge in all directions from the electrode 
instead of remaining parallel. It explains the necessity for large- 
sized plates for telegraphy or for the earth connection of a light- 
ning rod. In practice, the conductivity of the earth varying from 
point to point, the conductivity of the portions near the electrode 
plays the most important part, so that it is important that the 
earth-plate be buried in good-conducting material. The problem 
of the spherical bowl shows that if such a bowl should be made an 
electrode immersed in an infinite conductor, the other electrode 
being at a great distance, nearly all the current would flow from 
the outside of the bowl, the current density beg greatest at the 
lip. 

The method of the conformal representation furnishes a means 
of solution for the case of two-dimensional problems, in particular 
for the flow of current in a thin plane sheet. Fig. 67 for instance 
shows the lines of flow in the case of a long ribbon of conductor 
slit along the axis of U’. 


176. Correction for End of Wire. We shall conclude 
this subject with the consideration of the practical problem of 
finding the correction that must be made in the value of the 
resistance of a uniform wire when it ends in a conductor so 
large as to be capable of being considered infinite. This is of 
importance in the case of mercurial standards of resistance, for 
the tubes end in large cups of mercury. We shall consider a 
right circular cylindrical conductor ending in a conductor of in- 


Fie. 70. 


175, 176] STEADY FLOW IN CONDUCTORS. 347 


finite extent and bounded on one side by a plane perpendicular to 
the cylinder, Fig. 70. We may obtain an upper and lower limit for 
the desired correction by an artifice due to Lord Rayleigh*. It is 
evident that if we introduce anywhere a portion of conductor of 
greater conductivity we increase the conductance of the whole. Let 
us accordingly introduce in the mouth of the cylinder a plane sheet 
of infinite conductivity, thus rendering that circular section equi- 
potential. The flow in this case will resemble the actual flow in 
that V will be continuous in crossing the plane, while it will differ 
from the actual case in that 0V/dn will be discontinuous, its 
integral over the section, or the total current being continuous. 
We may then use for the portion below the mouth the solution for 
a straight field, so that the resistance of a length / of radius a is 


l l 
Ns = vere 
Above the mouth of the cylinder we may use the formula for the 
flow from a circular disk of radius a to infinity, so that the resist- 
ance on the upper side is 
i 
R, a Aan . 
Consequently the lower limit of the resistance is 
1 Ta 
fh, +R, = Nera \ ats 7 - 

Inasimilar manner the resistance of the system will be increased 
if we introduce non-conducting surfaces not coincident with the 
walls of current tubes. Let us below the mouth of the cylinder 
suppose the cylinder split up into an infinite number of cylinders 
of infinitesimal cross-section, by means of cylindrical non-conducting 
surfaces introduced, and let the current density in these filaments 
be maintained constant, in the whole of the cylinder. Then 
below the mouth the equipotential surfaces will be planes, but on 
the upper side of the plane of the mouth the potential will not be 
constant, as we shall show. Consequently at the mouth of the 
cylinder V is discontinuous, while 0V/0z is in this case continuous. 
Since below the mouth 


* Rayleigh, Theory of Sound, Vol. 1. § 305. 
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is constant by hypothesis, we have 
0V/dz = const., 


and if 0V/dz is to have the same value on the upper side, V must 
there be the same as the potential due to a fictitious (non-equi- 
potential) distribution on a disk of radius a of constant density 

LHC Vara wile 

Qn Oz = Ar NV 


oc=— 


The mass of such a distribution would be 


arg 
DDN, 


mM = 10 = — 


The resistance of the upper side may be calculated by Joule’s Law, 


A= hI? 


a [fo ¢ Ce 


The integral in the numerator ee through one-half of infinite 
space is 87d times one-half the energy of the distribution on the 
disk. The integral in the denominator is 47rA times one-half the 
mass of the disk. Consequently 


4a W W 
ov Qaxm)y Am?’ 


where W is the whole energy of the distribution of the disk. This 
energy is very easily calculated. The potential at the edge of a 
disk of radius p with constant surface density o is 


V,=0[[%. 


If we introduce polar coordinates, the origin being the attracted 
point on the edge, and @ being the angle included between 7, the 
radius to the point of integration and the diameter through the 
origin, this becomes 


r=2pcosé 
hael pos? dnd ie 
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The work done in increasing the radius of the disk by dp is, since 
the mass is increased by 27apdp, 
dW =V,.2mroepdp, 


so that the whole energy of the distribution is 


e @ 8 8 mM 
a as 2 2 a 217i 
W = 2mo | V,pdp = 810 | dp = 3 Tora Sie ta 


Inserting this in the value of R, 
W 8 


Am? 37P a’ 
we get 
Pare ee {t+ st 
ATO 


Consequently the infinite conducting mass necessitates a cor- 
rection equivalent in value to an increase in the length of the 
wire of between 7/4 and 8/37, that is ‘785 and ‘849, times the 
radius of the wire. Lord Rayleigh has succeeded in bringing the 
limits still nearer together, and the results have been confirmed by 
experiment, 


177. Current Sheets. The current-density being a solenoidal 
vector, all that has been said about lines and tubes of such vectors 
may be applied to current lines and tubes. The current tubes 
may be defined by the intersection of two families of surfaces. A_ 
current sheet will be defined as a portion of space bounded by two. 
infinitely near parallel surfaces, in which currents flow, converg- 
ing to or diverging from certain points called electrodes. If the 
equation of the surface is g;= const. and q, and q, are two coordi- 
nates forming an orthogonal system, the flow may be defined by 
either the potential V or the current-function VY, which both 
satisfy the equation, § 104 (7), 


om Aa () Veneto 
Og: he On 0qs h, 0g. 2 


Problems of plane current sheets may be at once solved by the 
method of functions of a complex variable, and from them any 
number of problems for other surfaces may be solved by finding 
conformal transformations. Such transformations may be found 
practically for a surface by constructing it of thin metal, intro- 
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ducing current from a battery to it by various electrodes, and 
finding by touching the surface with two sharp conducting points 
connected with a galvanometer, the locus of points of equal 
Doing the same for any other surface with the same 
number of electrodes of the same sign will give a conformal trans- 
the whole of one surface is 
transformed upon only a part of the other, it is necessary to cut 
out corresponding parts of the two surfaces, making the whole of 
each equipotential edge an electrode. This can be done in practice 
by soldering the edge of the sheet to a massive three-dimensional 
conductor of great conductivity. Fig. 71 represents the flow in a 
spherical sheet corresponding by Mercator’s projection to the flow 
in a plane sheet given in Fig. 22, and Fig. 47 represents Fig. 23 


potential. 


formation of 
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the two surfaces*. 


transformed to the sphere by stereographic projection. 


* Kirchhoff. 


kriimmten leitenden Fliche.” Monatsber. der Berl. Akad. 1875. Ges. Abh. p. 56. 
“Generalisation of Mercator’s Projection performed by aid of Electrical 


Kelvin. 
Instruments.”’ 
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CHAPTER IX. 


PROPERTIES OF DIELECTRICS AND MAGNETIZABLE BODIES. 


178. Magnetic Phenomena. In the previous treatment 
of electrostatics we have supposed all of space not occupied by 
conductors to be filled with a single uniform dielectric. In this 
chapter we shall remove this restriction and consider the distribu- 
tion of the forces when any number of varying media are present 
besides the conductors. Inasmuch as all the phenomena here 
treated have exact analogues in the phenomena of magnetism, we 
shall first briefly describe magnetic phenomena. A magnet is 
a piece of loadstone, or of metal, generally iron or steel, possessing 
the property of attracting iron, and of attracting or repelling 
other magnets. The forces thus developed are called magnetic 
forces. A small magnet in the form of a filament or needle, under 
the action of any other magnet, tends to set itself in a certain 
direction at every point in space, and this direction is said to be 
the direction of the magnetic force at the point. A portion of 
space in which such forces are exerted on the magnetic needle 
is called a field of magnetic force, and may be represented by 
drawing lines of force in every portion of it. If the lines of force 
are straight and parallel, the field is said to be straight or uniform. 
_ Different parts of a magnet possess opposite properties with 
regard to attraction or repulsion, we may therefore consider them 
charged with matter of different signs. We.make use of the term 
matter here precisely as in connection with electricity, not to 
denote something which has inertia, but simply something which 
attracts, and which is measured by its power of attraction. Experi- 
ment shows that any magnet placed in a uniform field experiences 
no resultant force, but only a couple. We therefore conclude 
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that a magnet is polarized (§120). The intensity of the polariza- 
tion is called the intensity of magnetization. A magnet may be 
magnetized solenoidally, and will then appear to be charged only 
superficially. A long thin magnetic solenoid may be assimilated 
to two equal and opposite magnetic points. These are called the 
poles of the solenoid. It is a matter of indifference which one is 
taken as positive—in practice, as the earth is surrounded by a 
magnetic field whose lines run roughly north and south, the end 
of any magnetic solenoid which tends to move toward the north is 
called positive. 


It is to be noticed that a magnetic point never exists alone, 
but is always accompanied by an equal and opposite point, just as 
when electricity is generated, equal and opposite amounts always 
appear simultaneously. In the case of electricity we often lose 
sight of one of the charges produced, but in magnetism we cannot 
do so, though we may remove one of the charges as far as we 
please by making the magnet long enough. It was in this manner 
that Coulomb, by experiments with a torsion-balance, was able to 
investigate the forces between magnetic poles, finding that they 
acted upon each other according to the Newtonian Law of the 
inverse square. The unit magnetic pole is then defined as the 
pole which will repel with unit force a similar pole placed at unit 
distance from it. his definition is the basis of the magnetic 
system of measurements, which stands in the same relation to 
magnetic quantities that the electrostatic system does to electric 
quantities. All the mathematical work that has been done for 
electricity (with one exception) is then directly applicable to 
magnetism. Magnetic potential, density, energy, and so on, are 
defined in a similar way to the corresponding electrical quantities, 
and their dimensions in the magnetic system are the same as those 
of the electrical quantities in the electric system. The exception 
noted is that phenomena of magnetic flow do not exist—there are 
no magnetic conductors, and no dissipation of magnetic energy 
into heat by flow. It may accordingly seem that the principal 
part of electrical phenomena, namely the distribution of charges 
on conductors, forming the subject of electrostatics, has no place in 
magnetism. While this is true, we shall find that a very important 
part of electrostatics, namely the consideration of the field in 
dielectrics, has exact analogues in magnetism, and these are yet to 
be treated. 
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If we perform an experiment analogous to Experiment VIII 
of Chapter I, namely, suspend two magnets so that two of their 
poles may repel each other in the air, and then surround them 
by another medium, for instance by a solution of a salt of iron, 
we shall find that the magnets fall together, or the system seems 
to lose energy. The experiment in this form would be difficult, 
but if we introduce into only a portion of the space a different 
medium, for instance by introducing a piece of iron between the 
magnets, the effect is unmistakeable. We are thus led to con- 
clude that the energy of a magnetic or electric distribution depends 
not only on the distributions themselves but on the media which 
surround them. Many of the mathematical developments of the 
preceding chapters must therefore be abandoned, and all must be 
examined in the light of this conclusion. 


179. Parallel treatment of Electrostatics and Magneto- 
statics. Inasmuch as all the phenomena to be considered in this 
chapter are exactly parallel, for electricity and for magnetism, 
we shall in general not distinguish which they may be, but shall 
consider in all cases the words magnetic or electric to be used 
interchangeably. We shall accordingly in this chapter not in- 
troduce different symbols for the two sorts of quantities, the 
necessity for so doing occurring only when both sorts of pheno- 
mena exist simultaneously. 

Experiment shows that in the general case here considered the 
forces experienced by a point-charge are conservative, conse- 
quently a potential exists. The law of the inverse square how- 
ever ceases to hold in general, and the potential is not harmonic 
in free space outside the acting distributions. 

When the charges are given, since the forces are different from 
those previously calculated, the relation between the density and 
the potential must be different from that given by Poisson’s equa- 
tion. Since however we suppose the force due to any element 
to be proportional to the charge of the element, the differential 
equation must be linear. Let us examine what conclusions are 
true irrespective of the law of force. By the definition of potential 
as a quantity of work necessary to bring unit charge from infinity 
to any point, it follows, as was found in § 117, that the energy of 
any distribution is 


(1) Wa=5 [veas+s [[] Vode. 
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The theorem on mutual potential energy of two distributions, 


§ 117 (5), also holds, 


@) [[veas + [|[V'eae = [[veas’+ | i [Vorar" 


By making use of these theorems, we find by the process of 
§ 131, that the potential in conductors is constant. All the 
theorems on systems of conductors, §§ 136—140, also remain un- 
changed, except that the coefficients of capacity and potential 
receive different values from those there given. 


180. New Law of Force. Action of Medium. We 
have found in §118 that the energy of any distribution acting 
according to the Newtonian Law was exactly accounted for by 
supposing each element of volume in all space to contain a 
quantity of energy equal, per unit volume, to 1/87 times the 
square of the total force of the field. Since the phenomena now 
to be considered resemble the phenomena of Newtonian distri- 
bution to such an extent that it was long before any difference 
was discovered, this proposition must be nearly true. We have 
found however that the energy depends on the medium as well 
as on the distribution. We shall therefore, in order to explain 
the phenomena, make an assumption deviating as little as possible 
from the above proposition in regard to the energy, and con- 
taining it as a particular case, but allowing us to take account of 
the medium. 


The assumption will be justified if its consequences accord 
with experiment. We shall assume merely that each element 
of volume contributes to the energy an amount per unit volume 
proportional to the square of the force of the field, the factor of 
proportionality being a property of the medium, which may vary 
from point to point. The whole energy is accordingly 


3) Wenge II #{e) + (Gp) * Ge) fe 


where # is a positive point-function, which is given as soon as 
the substances occupying each region of space are-known. For 
a homogeneous medium yw is constant. We shall now insert this 
form of the energy in the expression W=2W — Wy;, and apply 
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the maximum theorem of § 119, which we shall also assume to 
hold.* We have now 


(4) w=|fovas+ [ff nae 
gall tae) Cae) + Ge) 


Letting V vary without changing the charges a, p, 


(65) W+8,W= Jew +ev)as+ f/f p(v+avyar 


au i SO Oe EN OU aan 


from which 


(6) 3,W= [osvas+ [][_ paver 


- [ff OV 06V acre 08 q 
Ox Oa * By dy | dz Oz | 


gall (Ge) + Ge) * Ge} 


and by Green’s theorem applied to the third integral 


it OV ih 
(7) SyW= [flo+ ae (vs an, + fhe am) 6VdS 
Cla emaO nan ey. V0) (OV: 
+ If e+ i {Go (+ Se) tay (Sp) +a Se) OM 
eal 0oV. 06V\*) 
al “\(Ge) eee eget on 
If now the energy of the actual distribution of potential is 


to be a maximum for all possible values of SV, the first two in- 
tegrals must vanish, which can be the case only if throughout 


- space we have 


Laci ror Onfare Vv 0 / OV 
te p= eeu) +a (He ta (HS 


* See Helmholtz, Wiss, Abh. Bd. 1., p. 805. 
23—2 
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and at every surface of discontinuity, 
1 oV OV 
(9) een de | A ee ant 
These equations will henceforth be known as the generalized 
Poisson’s equations. They give us the law of distribution of force 
in the differential form, and contain the forms heretofore used as a 
special case, obtained by putting w=1. 


The form of the integral expressing the energy is the same 
as that of the integral J of § 165 (1). All the properties of 
the integral J are accordingly possessed by the integral Wy. In 
particular it follows that if the potential is given at certain 
surfaces the condition that the energy shall be a minimum re- 
quires that in the space between 

OF 0V 5am ae CVA 0 OV 
eo) al ae cae mone ag = 0 
and on surfaces of discontinuity 


OV OV 
(11) Hie Tha Pa ee 


We may call the problem of finding a function that shall 
satisfy these differential equations, and take the required surface- 
values, the generalized Dirichlet’s Problem. The function V may 
be called quasi-harmonic. 

It is evident, as in § 86, that the solution of the problem, 
if there be any, is unique. 

We have heretofore said nothing regarding the localization of 
the energy of a distribution, which we have represented either by 
an integral W, throughout the acting distribution, or by an integral 
W;, which is expressed in terms of the field at all points of space. 
Whereas both representations are equivalent mathematically, it is” 
a fundamental point in Maxwell’s theory to regard the energy as 
localized in the medium wherever a field exists. 


181. Induction. If we define a vector § by the equations 


¥= Fos (Ge) =— wo", 
(12) )=B 00s (By) =— 4, 


3 = Boos (B)=— pw, 
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the vector has, by (8), the property of being solenoidal in all parts 
of space where there are no charges. That is 


(13) divG= FO Bo, 


The force, or field-strength F, no longer enjoys this property in 
general, but does so in a homogeneous medium, for which ~ comes 
out as a constant factor. The vector § is called the induction, and 
is connected with the force by the equations 


(14) F=pX, Y=uy, 3=44. 


The induction accordingly satisfies everywhere the law of 
Fourter-Ohm. 


The surface integral over any surface of the induction resolved 
normally to the surface is called the total induction, or induction- 
flux, through the surface. The quantity pw is called the inductinty 
of the medium. A more usual name for it is the specific inductive 
capacity or dielectric constant, in the electric case, magnetic per- 
meability in the magnetic case. The latter name is due to Lord 
Kelvin, to whom the recognition of the analogy to the case of 
flow in electricity and heat is due.* The name permeability comes 
from the hydrokinetical analogy of water flowing through a porous 
medium. | 


The lines of induction suffer refraction in the manner described 
in § 163 when passing from one medium to another. In the 


Fig. 71a. 


* Magnetic Permeability, and Analogues in Electro-static Induction, Conduction 
of Heat, and Fluid Motion. Papers on Hlectrostatics and Magnetism, p. 487. 
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electric case, ~ does not differ widely for different media, seldom 
reaching ten times the value for air or empty space, and never 
being less than for empty space, while in the magnetic case, p 
may be, for iron, several thousand times as great as for air, and in 
some cases is slightly less than for air. Consequently lines of 
force emerging from iron into air are generally nearly normal to 
the surface in the air unless very nearly tangential in the iron. 
This is exemplified in Fig. 71a, showing the distribution of lines 
of force between the pole-pieces of the field magnet of a dynamo 
with the armature removed. In virtue of the analogy to electric 
conductivity, it is evident that the lines of force exhibit a tendency 
to crowd together into parts of the field where yw is large. 


182. Relation of Charge to Induction. Since the force 
no longer possesses the solenoidal property, except in homogeneous 
media, while the induction does, it is more logical to speak of 
tubes of induction than of tubes of force, although geometrically 
the two coincide. The flux of force through various cross-sections 
of a tube, however, varies, while the flux of induction is constant 
for the tube. 


The volume density is no longer determined by the divergence 
of the force, but of the induction, being equal to 1/47 times the 
divergence of the induction, § 180 (8), 


ax 3% 03 
(15) Ca lie tap tact: 


while the surface density is 1/47 times the discontinuity of its 
normal component, § 180 (9), 


1 
(16) Co = Ane (Sim, ap Sen,}- 
Accordingly the charge of any portion of space 7, 


one [fee— HBB 


ar ~ {f {X cos (nx) + Y cos (ny) + 3 cos (nz)} dS 


is equal to 1/49 times the excess of the number of unit tubes © 
issuing from the space over the number entering. We shall call 
the densities thus defined, for a reason to be presently explained, 
the densities of true electricity or magnetism. 
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183. Apparent Charge. Since on passing from one medium 
to another where the inductivity is different the force is dis- 
continuous, the surface acts as a charged surface has previously 
been found to act, § 82. Also since the force is not solenoidal 
in a heterogeneous medium, there appear to be bodily charges. 
The magnitude of these apparent charges, whose densities are p’, 0’, 
are given by the usual equations 


if 1 
(18) p Sarees 
eee 1 joV lo 
(19) aA (an, a ON») ets + Hom) 


and comparing these with the equations for the true densities 


we find 


dL of OVow OVoOu. OV Om 


. a i Ae LS: 
Bao) ty = le erelles aa * oy ager 0z ah 


or in a homogeneous medium 


(20') p= 
For the surface density 


1 


a) neh OSA Rake k(OSh) nn 
1 2 


The potential is then determined by § 85 (18), as 


iL ov aV 
v2 ect alll lat a) as 


= [Pee fea a 


A distribution of charges acting according to the Newtoman Law, 
of densities p’ and o', would produce everywhere exactly the same 
field as that actually produced by the true charges p and o. The 
Newtonian Law thus reappears, and may be used to calculate the 
forces, only the true charges do not follow the law, but the apparent 
charges, which are known as soon as the true charges and the 
properties of the media are given. 


that is: 
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184, Capacity. Reluctance. In the electric case we have 
for the capacity of a condenser whose dielectric is homogeneous, so 


that AV = 0; 
oV OV 
[lie [eee 


By in T= Vy be TT) 

that is, the capacity equal to that found in Chapter VI multiplied 
by the inductivity of the medium. This is Faraday’s capital dis- 
covery,* leading to the development of the theory according to 
which the energy resides in the medium, so that electrical actions 
are transmitted by means of the medium, and not by action at a 
distance. Faraday experimented with condensers in the form of 
concentric spheres, the intervening space being filled by the 
dielectric in question. The material of the dielectric outside the 
larger sphere was accordingly immaterial. Instead of capacity the 
term permittance has been proposed by Heaviside. 


In the magnetic case, the value of the quantity analogous to 
the capacity has been called the permeance or inductance, while its 
reciprocal, corresponding to the resistance in the case of electric 
flow, was called magnetic resistance by Bosanquet, a name which 
has given way to that of reluctance. 


185. Induced Charge. The apparent charges defined above 
minus the true charges are called the induced charges due to the 
action of the forces of the field. If we examine the amount of the 
induced charge in a body 7 surrounded by a homogeneous medium, 
we shall obtain an important result. Let the constant inductivity 
of the external medium be w,, and let us denote the normal 
toward the interior of the body 7 by n; and the normal toward the 
outside by n,. Then if we use the formula (21) for the apparent 
charge on the surface we find 


(24) [Jeas=<- |[oas— ¢-[[(H=") = as, 


and transforming the second integral on the right by Green’s — 
theorem this becomes 


* Hap. Res. § 1252 seq. 
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(25) |[ods=*[Joas— 7 [JF ass 0 [fac 
ae 


el ROR) +Hlo8E) +2 ON) 


But by the definitions of true and apparent volume density this is 


(26) [[oras=< |[oas - [lear +— -|[feae. 


so that, transposing, 


an [fear [fea fo. 


or the total apparent charge of a body surrounded by a homo- 
geneous medium is equal to the true charge of the body divided 
by the inductivity of the surrounding medium. In particular a 
body which has no true charge has a total apparent charge equal 
to zero, and since this remains true however the body may be 
subdivided, the body is polarized. In the magnetic case, the body 
is always found to be polarized, consequently we must conclude 
that the true magnetic charge of all bodies is zero, or in other 
words, true magnetism exists only as polarization. This is a second 
apparent difference between electricity and magnetism, but if we 
remember that whenever electrification is produced equal quan- 
tities of both signs appear, the difference disappears. 


186. Polarizations. Since experiments on electrification 
and magnetization are almost always made on bodies surrounded by 
a homogeneous medium, namely air, it has become customary to 
regard their apparent charges as due to the polarizations of the 
bodies themselves, although it is evident by § 120 that the surface 
charges are due only to differences of polarization on the two sides 
of the surface. The surrounding medium might be uniformly 
polarized to any degree without producing any effect, consequently 
its absolute polarization cannot be determined, and is of no import- 
ance whatever. The apparent polarization of the body must 
produce the surface density, by § 120 (2), 


(28) o =—TI cos (In). 
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But using the equation for the apparent surface density (21) when 
‘the true surface density is zero, 


(29) a= = an Hl cos (Fn), 
so that if we put 

ak we ee es 
oe roe ra oF 


giving J in the direction of F’ and §, we obtain the proper surface 
density. From the components of J, 


el 
(31) B= x (2 = ) 
ele 
we obtain for the volume density due to the polarization, § 120 (6) 


Diexeoy) oS) 
( i T ae * By Oe)’ 


» 1 (= OY a 
Amp, \0n Oy 02 


and since by (18) we have 


x ie, GE GVA to 
(33) are (= < oy “a a) ao f, 


we must have 


ox sedi 03 
ox Oy Oz 


or the induction is solenoidal. The induction accordingly possesses 
the property of the vector called the induction in § 121, and by the 
equations (31) is equal to it if 4, is equal to unity. 


(34) = 0, 


187. Examples. Point-charge in Medium bounded by 
Plane Face. Suppose we have a point-charge e placed at P at 
a distance a from a plane face separating two media of inductivities' 
/y, fy, their extent being infinite. We may solve the problem of 
induction by the method of images as in § 152. Suppose that e- 
lies on the left of the dividing plane, and that at its geometrical 
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image P’ we place a charge e’. Then we may determine the 
charge e’ so that on the left the potential will be the same as 
that due to charges e and ¢ placed at P and P’ in a uniform 
medium, while on the right we shall have V the same as would be 


produced by a charge e+e’ placed at P. For if we put 
on the left eee ane ; 
Pet: 


Veme Cory Ae Ori t= 6 


On T2 0m, 1? Oy Sean ; 
on the right pase - ee 
oV e+e’ or e+e 
=— =— cos 0. 


On, 7 ON, ye 
- But at the surface these must satisfy the equation 


OV OV ; nr, cos O 
Pig, + apy, ee) pale + e)}— a. 


7? 


Consequently if we put 
py (@ — e') — py (€ +e’) =0, 
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the condition will be satisfied. The surface density induced on 
the surface of separation is 


cosO  @ fa — fla @ 
2 Dar ee 


o'=— 7 (e-¢-(e +e} 
so that the distribution is proportional to the distribution on a 
conducting plane, as in § 152. The lines of force in the medium 2 
are straight, and the refraction on crossing the plane is shown in 
the diagram, Fig. 72, in which p./u,=4. The greater pw, the less 
is the force in the medium 2, and if we make ,p, infinite, the force 
in the medium 2 vanishes, and the surface density becomes 


; ea 
c= —— — 
Megs We? 


as in the case of a conductor. 


188. Slab in Uniform Field. Suppose a slab of induc- 
tivity yw. with parallel faces of infinite extent is placed in a uniform 
field parallel to the equipotential surfaces, and let the inductivity 
of the surrounding homogeneous medium be p,. Then the potential 
satisfies Laplace’s equation in the slab as well as outside it. Ac- 
cordingly the solution for either of the three parts of the field, in, 
above or below the slab, is a linear function of the single co- 
ordinate perpendicular to the equipotential planes, and the force 
has values which are constant, but different, in the three regions. 


aes 


qd, My | F, , 
3 
d Ly \ 
—V, 
a, By lr 
Vo 
Fie. 73. 


If V, and V, are any two equipotential planes outside the slab at 
distances d, and d, from its faces, V; and V, the potentials of the 
faces of the slab respectively facing them, and d the thickness of 
the slab, we have the conditions at the surfaces V;, V, 

(1) MP, = Ph, py = Py, 

that is 


(2) ear eer 
My 
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Now by § 145 we have 


V,— J: V,— V, 
G) Rat, F--54, f= =F, 
1 


so that we have the equations 
(4) d.(V,— V;)=d,(Vi— V2), 
pnd (V,— V3) = pod, (V3— Vi). 
Solving these for V, and V, 
Vi (dp + dots) + Vidipe 
pis (dy + ds) + pd 
V dopa + Vo (dle + dp) 
fs (ay + dy) + pd 
from which we get for the force outside the slab 
V,-V,___Vi-V, 
dd, +. d,+dy/py" 
In the electrical case if V,, V,, are the surfaces of conductors, 
the density on the upper plate V, is 


bw, 
(7) ; 2 dn we Ane 


V.= 


(5) 
Vi= 


(6) ire 


and the capacity of the condenser of area S 


oS ws 
8) | Soy aa Vi 4ar(d, sf + dpty/ p12)” 

By measuring the capacity with the slab and with it removed 
we may determine the dielectric constant of the slab in terms of 
that of the surrounding medium. If d, and d, are zero, the 
capacity is 


afeet 
which is, as was stated in § 184, proportional to the dielectric 
constant. The apparent surface density on the upper face of the 
slab is 
pee —F, pela Halon 5, ea (Ha — He) (Va — Vo) 
4Aar Amp,  * — 4ar [po (dy + dy) + wd]”’ 

so that the intensity of polarization is 

‘(=e (Hs — Hi) (Vi — Vo) 

Avr [Me (d, Gt dz) ce fd ; 

which is in the direction of the force if py > py. 
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189. Point-Charge in Sphere. Suppose we have a point- 
charge e at the center of a sphere of radius R of homogeneous 
substance of inductivity u,, surrounded by an infinite homogeneous 
medium of inductivity w.. Then Laplace’s equation being satisfied 
in either medium, we may use the solution of § 142, and put V in 
either medium equal to a linear function of 1/r 

Vea ee 
v r 
The condition at the surface r= R gives, since 
OV, A OV eae as 
On, RP? ony = RR’ 


Vi, OV, jy A— pA’ _ 


Po on, 7 is ON, R? e 
so that 
oie ¢, V, Sree 
1 Pe 
: ? oV. : ; 
since the integral of §, =—m = over any surface inclosing e 


or 
must be 47re. 


The apparent surface density and charge of the sphere are 


Mies ee i 
a 4or | Oi, Ong) err BR Pees 


é = 47 R?o’ = € (fy — fe)/ papa. 

The real charge e at the center acts, by § 183 (20’), like an 
apparent charge e/y,,and the apparent charge of the sphere ¢é’ acts 
at outside points as if concentrated at the center. Accordingly 
the whole force in the medium 2 is 


elin +e e 
2 a8 [gr ? 


which is the same as found from —0V,/or. 


190. Unit of Electricity or Magnetism.. If the charge 
be situated in a medium of inductivity « extending to infinity, the 
force of the field is, by the above, equal to e/ur? and the action of 
e on a charge of e, units is e, times as large, or e¢,/yr?. Now the | 
unit charge has been defined as the charge which repels an equal 
charge placed at the unit of distance from itself with a unit of » 
force. We accordingly see that the magnitude of the unit will 


189—191] DIELECTRICS AND MAGNETIZABLE BODIES. 367 


depend on the medium, and if the experiment be made in a 
medium of inductivity » the unit thus obtained will be larger in 
the ratio Vu than if it had been determined in a medium of unit 
inductivity. We also see that the dimensions of the unit involve 
2, for we must have the dimensional equation 

[e] ML 

[w 1?) | 7 | 


[e]= [4 MALT}, 


It is customary to choose the unit of inductivity so that the 
inductivity of empty space is unity, or as it is sometimes stated, 
the inductivity of the ether is unity. This is, as we have seen, 
purely arbitrary, as experiments enable us to determine only ratios 
of inductivities. The inductivity of air, both electric and mag- 
netic, differs very little from that of a vacuum, so that for practical 
purposes we may consider the size of the units determined by 
experiments in air. We must notice that even if w is put equal 
to unity its dimensions remain in the equation and the dimensions 
of « we have no means of knowing. As the matter of dimensions 
is always more or less arbitrary, we may make any supposition 
that we please, until we are led to contradictory results. Two 
different suppositions are convenient. We may, when dealing 
with electrical quantities, assume that the dimensions of the 
electrical inductivity are zero. This gives the electrostatic 
system of units. We may on the other hand, when dealing with 
magnetic quantities, assume that the dimensions of the magnetic 
inductivity are zero. This gives the magnetic system. Both 
these systems are due to Gauss, and when we use both systems for 
their respective kinds of quantities, we shall say that the quantities 
are measured in Gaussian units. This has been the case in the 
preceding chapters. When we come to deal with both electrical 
and magnetic quantities at the same time, we must choose one or 
the other of these assumptions, as we shall find in the next chapter 
that both together are incompatible. 


so that 


191. Susceptibility. The equation giving the apparent 
polarization of a medium of inductivity «4, surrounded by a medium 
of inductivity p, is, (§ 186 (30)) 


ae (mah) P 
Aor py . 
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so that the polarization is proportional to the total force of the 
field, that is the sum of the external field and the field of force due 
to the polarization. The coefficient 

L py = fy 


Ky =7 


Aap jf, 


is called the magnetic susceptibility, in the magnetic case. In the 
electric case the quantity « has never come into practical use. 
The equation 

ag. 


was the basis of Poisson’s theory of magnetic induction, « being 
supposed a quantity inherent in the body, and equal to zero for 
air. We see however that « depends on the medium by which the 
body is surrounded, as well as on the body itself: «., may therefore 
be called the relative susceptibility of the body of inductivity p, 
in a medium of susceptibility w,. If «x is positive, the polariza- 
tion is in the direction of the polarizing force, and the body is said 
to be paramagnetic, or simply magnetic. If «, is negative, the 
polarization is in the opposite direction to the force, and the body 
is said to be diamagnetic. Accordingly any body immersed in a 
medium of greater inductivity than its own will appear diamag- 
netic. If we consider always the polarization of a body with 
respect to a vacuum, so that ~,=1, we may put 


1 
= (u— 1), 
pes l + 4ork. 


Bodies are accordingly magnetic or diamagnetic as w is greater 
or less than unity. It is evident that the assumption that « is 
zero for a vacuum is arbitrary, in the same degree as, but inde- 
pendently of the assumption that the inductivity of vacuum is 
unity, for we might assume all apparent polarizations to be the 
differences of the polarizations of bodies from the polarizations of 
vacuum. 


192. Uniform Polarization by Induction. When a body 
of different inductivity from the rest of the medium is inserted 
into a field of force, the configuration of the field is disturbed 
owing to induction, the polarization due to which produces new 
forces F'; which must be added to the forces of the undisturbed 
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field F,. We shall now examine in what cases the introduction 
of a polarizable body into a uneform field will produce such a 
resultant field that the polarization of the body will be uniform. 
Let the potential of the undisturbed field be V, and the potential 
of the forces due to the induced polarization be V;, so that the 
total potential of the field is 

(1) V=V,+ Vi. 


If X,, Y,, Z denote the constant components of the force of 
the undisturbed field, we have 
(2) Vi.=C-—X,e— Yy —Zyz. 

Let a, 8, y, be the constant direction cosines of the uniform 
polarization, so that 
(3) A=Ia, B=IB, C=Iy. 


Then since J = «F we must have for the total potential 
(4) Va0 —Xe-Vy—Ze=0 —* (an + By + 92). 


But we have seen in § 123 (6), that if © be the potential of a 
single distribution of density unity occupying the space filled by 
the polarized body we have for the potential due to the polariza- 
tion 


5) Vino Tae BS ty Get. 
Consequently if we put for 0 

(6) QO = C0" —$ {Le + My + Ne}, 

so that 

(7) V,=1 (Lax + MBy + Nyz)= LAv+ MBy + NCz, 


(8) V=V,4+ V;=C+ (LA — X,)x+(MB— Y,)y+(NC- Z,)z, 
all our conditions will be fulfilled by taking 


A B 6) 
(:) LA-X,=-~, LB-Y,=-=, 10-Z,=—<. 


Now the only body for which © has the form of a quadratic 
function of the sort given is an ellipsoid. The values of the 
constants LZ, M, N in terms of the axes are given in §113. We 
have accordingly found that an ellipsoid introduced into a uniform 


W.E. 24 


f 
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field is uniformly polarized, and the field inside the ellipsoid is 
uniform. The field outside will not be uniform. 

We obtain from equations (9) for the components of the polari- 
zation 
KA, (aes : KL 


das om ae = ————_ 
Tiley ~ 1+«M’ c Ll+nN’ 
and for the field in terms of the undisturbed field 


ye ae sy: wees 
“TTL? 2 7 Ee ee 


(10) A 


(11) x 


The field in the polarized body is not in the direction of the 
undisturbed field, unless either 1 =M=N (sphere), or the un- 
disturbed field has the direction of one of the axes of the ellipsoid, 
when two of the components X,, Y,, Z, vanish. The force due to 
the polarization, F;, has the components 


A;=X A eh 0> 
ome cM 
(12) ¥e= PO Y= - 7 Yo 
kN , 
Fi Ey 


If « is positive, this force is in the opposite direction to the 
undisturbed force. If the body be magnetic, and hard, so that 
when the field / is removed, the polarization is retained, the 
force F; alone acts, and tends to produce a magnetization in the 
reverse direction, or to demagnetize the body. The force F; is 
accordingly called the self-demagnetizing force, and since we may 
write 


(13) X;,=— LA, Y;=— MB, Z,=— NC, 


IL, M, N are called the self-demagnetizing factors for the three 
axes. 


193. Couple experienced by Ellipsoid. The couple ex- 
perienced per unit of volume has, by § 120 (5), the components 


BZ,—CY,, CXo— AZ, AY ke 


Suppose that the force of the undisturbed field is in one of the’ 
principal diametral planes of the ellipsoid, then the couple tends 


192—194] DIELECTRICS AND MAGNETIZABLE BODIES. 371 


to turn it about the axis perpendicular to this plane. Suppose 
the force is in the X Y-plane, and makes an angle @ with the X-axis. 
Then 

ine i coso, Y,=/,sin 0, 2, = 0, 
and the couple about the Z-axis acting on the whole ellipsoid of 
volume 47rabe/3, 


4rabe K 
3 


‘a | ay 4craben? (M — L) 
T+eb [aif 80 +eL)\ A+ eM)" 
The values of Z, M, N are by § 113, 
du 

0 (tu) V(e+u)(+u)(e+u)’ 
where L, M, N are obtained by putting a, b, c respectively for g. 
Accordingly LZ, M, N are in the reverse order of magnitude from 
a,b,c. Consequently if a>b and 0< 7/2 the couple is positive, 
or from X to Y, that is, the ellipsoid tends to turn its longer axis 
parallel to the field, whether « is positive or negative. This is in 
contradiction to a statement frequently made, that diamagnetic 
bodies tend to set their longest dimension across the field. They 
do not do so if the field is uniform. If an ellipsoid be suspended 
by a torsion fibre in a magnetic field, the field will cause it to 
vibrate more rapidly when its long axis is parallel to the field, and 
more slowly when it is across the field, than it would do in the 
absence of the field. It is however extremely difficult, if not 
impossible, to obtain a magnetic field nearly enough uniform to 
show these phenomena in diamagnetic bodies, on account of the 
extreme smallness of «’. 


2 sin 6 cos 0. 


2Q7rabe 


194, Polarization of Sphere. In the case of a sphere for 
inside points we have by § 80, 


(1) Q = 20 (Re = a) Qo? — aT apy + 2), 
so that 
2) L=M=N=*, 


which is the self-demagnetizing factor. 
Accordingly the force is in the direction of the original field, 


F, = Fi, a By 


(3) = ag mee 
ee ear re 
3 BIT 


0» 


24—2, 


372 ELECTROSTATICS AND MAGNETISM.  [PT. II. CH. IX. 


and the polarization is 
Fy ran F, ae 3 (u — fa) 

Ll 4a 4oru, 4a or (WW + Qu) 
a en Pome EE. eee 

K 3 Bh By 3 


(4) I=«F= 


The self-demagnetizing force is 
pm py foo incl ef, See 
(5) F=f F, Poe 3 t. 
If yw be infinite this becomes equal to —F,, so that the total 
force inside the sphere is zero. This is the case for a conducting 


sphere in an electric field, and is nearly the case for soft iron in 
a magnetic field. 


Outside the sphere we have a different form for QO, 
(6) Oia =, 
so that 

_ _ 70Q,__ 4ar-RST cos (hr) 

(7) ie eae 3 rp 

The field due to the polarization is accordingly, by § 123 (7), 
the same as the field of a doublet of moment 47 #°J/3 =— R?F;, and 
the total field outside the sphere is obtained by superposing this 
upon the uniform field fF. If ~=oo the moment of the sphere is 
eRe | 

The lines of force due to a uniform field disturbed by a doublet 


Fie. 74. 
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pointing in its own direction or the opposite are shown in Figs. 74 
and 75 respectively. 
a eee eee SS eee 


eT SS 
SSS eee 


Fie. 75. 


The field of the sphere in a uniform field is shown for u/u,=3 
and p/u,= 0 respectively in Figs. 76 and 77. These figures were 
originally given in Lord Kelvin’s Reprint of Papers on Electro- 
statics and Magnetism, (p. 492), where the equations of the curves 
are discussed. The figures have been re-drawn for this book, the 
lines being drawn for equal increments of the flux-function WV, 
or #, §103 (10). 


———— 


Sa 
iS 


Fia. 76. 


195. Infinite Elliptic Cylinder. If one of the axes of the 
ellipsoid is infinite, we have the case of an infinite elliptic cylinder. 
Ifc=a, WN is zero, and L, M, reduce to trigonometric forms. The 
force parallel to the Z-axis is the same as that of the undisturbed 
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field. This is a consequence of the distributions on the ends 
being infinitely distant. We may then measure « as the ratio of 


aan 


eS eee 
Se eee 


eC re 


Fie. 77. 


the longitudinal magnetization to force, a method often used in 
practice, and accurate only when the cylinder is extremely long. 


196. Ellipsoid of Revolution. In the case of an ellipsoid 
of revolution the form of the integrals simplifies, and inserting in 
the formule of § 116 the eccentricity e= a? — b?/a we obtain for a 
prolate ellipsoid 


(1) Bm tn S915 log get, 
(2) M=N=20 \a- ae log yt 
and for an oblate ellipsoid 

(3) ee eee ar 
(4) M=N =2r {rt # sinte— 1281 


For e=0 all these expressions become indeterminate, but on 
evaluating the indeterminate form they take the common value 


already found for the sphere. For e=1 the expressions for the 
prolate ellipsoid become indeterminate, and on evaluation we find _ 


L=0, M=N=2r. 


.—— 
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This gives the case of the infinitely long circular cylinder, for 
which, as we have previously found, the longitudinal demagnetiz- 
ing factor vanishes, while for transverse magnetization it is equal 
to 2rr. 


When e=1 the expressions for the oblate ellipsoid give L = 47, 
M=N=0. This gives us the case of a disk magnetized normally, 
for which the demagnetizing factor is the largest possible, namely 
47r, or parallel to the faces, when the demagnetizing factor is zero, 


For a long prolate ellipsoid, for which e is nearly unity, we 
may conveniently use an approximate formula. Putting m=a/b 
for the ratio of the length to the diameter, since 


1- e= os = a 5) 
eum 
we have approximately 
4ar m — 
(5) b= St | hog (mt Vn =1)— 1}, 
(6) i= NV == < (log 2m — 1). 


A table of values of the demagnetizing factor is given by 
Ewing™, and a larger one by du Bois. 


197. Magnetization of Hollow Cylinder. We shall now 
consider a few cases of induction in which the induced magnetiza- 
tion is not uniform. In the first case let us consider the uniplanar 
problem of the transverse magnetization of an infinite homo- 
geneous circular cylinder, placed in a field such that the lines of 
force are the intersections of cylindrical surfaces with planes 
perpendicular to the generators of the cylinder. If the cylinder is 
circular the method of development in series of circular harmonics, 
§ 94, gives the general solution of the problem. 


Let the cylinder be hollow, the inner radius being } and the 
outer a, the inductivity of the cylinder being p., and of the space 
within and without u,. Let the undisturbed-field, as before, be 
represented by F, with potential V,, while the field due to the 
induced polarization is F; with the potential V;. We shall 
suppose that the bodies producing the field lie outside the 


* Ewing, ‘‘Magnetic Induction in Iron and other Metals,” p. 32. 
+ du Bois, ‘‘ Magnetische Kreise, deren Theorie und Anwendung,” p, 45. 
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cylinder, so that the potential V, and its derivatives are finite 
and continuous at the surfaces of the cylinder. 


Let it be developed at the outer surface in the infinite series 
of harmonics 


(1) Vi =2.() + 7, ($) + Ta(h) +. 
Then at points for which p< a it is given by the series, 


2 
(2) Vo=T +27, +8 7,4 Sooont! 


The potential V; is represented by three different develop- 
ments in the three different regions, (1) p>a, (2) a>p>6, and 
(3) p<b. We will distinguish these by an affix. Since JV; 
vanishes at infinity, we have outside the cylinder 


(3) Vi = 3 Ano *T, 

In éhre substance of the cylinder we must take 
(4) Vi? =¥(Byp" + Cop) Lo, 
while in the cavity, since V; is finite at the center, 
(5) V,0= 5 Dnp™L. 


Since V; is continuous, at the surface p=a we have V;X=V;,), 
and as this must be identically true for all values of ¢ we must 
have for every term the coefficients of 7’, equal. 


(6) A,a” = Ba” + C,a™. 
In like manner, at the surface p =), we have for every term, 
(7) D,b” = Byb” + O,b™. 


Beside the conditions of continuity, we have at each surface of 
the cylinder 


V 
(8) faa an, + fe 


for the whole potential V=V,+V;. The potential of the ex-: 
ternal field being continuous, with its derivatives as well, we have 


(9) a +; 
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which being multiplied by yu, and subtracted from (8) gives 


OV OV av, 
(10) ia Oi tt?) on 


At the surface p=a this gives, differentiating (2), (3), (4), by p, 
(II) fa S (—A,na-™*» T,) 
0 


— py > (Bana — Cyna~") Ty = (ug — par) & naTy, 
0 0 


and consequently for every n 
(12) — Ana — fy (Ba — Cpa) = (fs = fr), 
and at p=, 
(1 3) ae bi bs D,nb™ fe 
0 


+ fe S (Bynb" — Cynb-") = — (i, — in) = aE n> 
0 0 


and consequently 
b\” 
(14) = py Db” + pa (Bnb™ — Cyd) = — (fe — bn) G : 


The four linear equations (6), (7), (12), and (14) determine the 
four constants A,, Bn, Cn, Dn. 


Solving, we obtain for their values, putting 


Hat Ma yp ie 
Be — Py ue—(2) 
a 


tnx oar {(°) aly, 


B,=a-" \(q)" = | Mn, 


(15) 
C, = ba-" (M —1) Nn, 


bya o{(?)* 11, 
a 


Since the absolute value of M is greater than 1, and since 
b/a<1, N, is always positive, and accordingly D, is always 
negative. Accordingly the effect of the induced polarization 
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within the hollow is to oppose the external field. We have for 
the whole potential in the cavity, by (2), (5), and (15) 


Een. 


ey 


a 


(16) VO=VM 4 T= 3 (2) | d 
0 


The absolute value of the coefficient of any 7’, is less, the 
smaller the ratio b/a, that is, the thicker the walls of the cylinder. 
By making the walls thick enough, we can make the coefficient 
approach as nearly as we please the value 1—1/M?. Now this 
is smaller, the greater, the ratio p./y,. For p/m, infinite the 
internal field would be reduced to zero, as in the case of the 
sphere. 


This principle was used by Lord Kelvin in his marine galvano- 
meter, in which a thick cylinder of iron shields the galvanometer 
from the influence of external magnetic fields. Such an arrange- 
ment is now nearly always necessary to protect magnetic instru- 
ments from the field of electric railroads (Gn America). 


In case the external field is uniform, the internal field is also. 
We then have, if F, is the strength of the external field, 


Vo=Fop cos p=" 7, 
b\2 

=| ne 

w—() oP COS @. 


a 


(17) Va ale 


In this case if ./u, = 1000, and if the thickness of the cylinder _ 
is only one-tenth of its outer diameter, the field within is reduced 
to two per cent, of the value outside. The effectiveness of the 
shielding is thus plainly shown. 


The total field is shown for this case in Fig. 78, for which 
b/a = 2/3, pale, = 10. 
This represents approximately the distribution of the lines of 


force in a ring-armature of a dynamo. 


198. Magnetization of Hollow Sphere. The case of the 
sphere may be treated in precisely the same manner as the case of 
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the cylinder, substituting spherical for circular harmonics. Let us 


Fic. 78. 


again suppose that the bodies producing the undisturbed field are 
outside, so that at the outer surface of the sphere 


(1) Vi =Y,(6, ) +¥; (8, 6) +¥, (0, 6) +... 


Accordingly for r<a, 
(2) Vee vet Voctun. 
a a 


The potential of the induced polarization is given by 


(3) Vit= SA, Y,, roa, 
0 

(4) V;° = $ (Bar® dle C,r- (n+3)) Ve a>r> b, 
0 

(5) [ois > D,r Yn, r<b. 
0 


The conditions of continuity of V; give as before 
(6) Anat (n+1) — Ba” a Cae (n-+1). 
(7 ) Deb = Bb" + 0,b-@, 
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The condition (10) of the preceding section gives the corre- 
sponding equations, 


ao 


(Qt) mw d{—-An(n+1)a-™™)} Y, 
0 


—_ Hs 2 {B,na™ — C,,(n +1) a~@*)} Vi, = (by — pr) 2 a 


(12) —pAn(n+1) 0-9 
— Ha (Bana® — Cnn 1) a = (ge 
C23) ays > D,nb"Y,, 
0 


io 2) 


c) n—1 
ar Be 2 ean Oea = Ch, (n at 1) bana} Ve. = (pe om fa) D2 i) -_ Yu 
; 0 
(14) = by Dy nb” + [ly {By nb” = Or (n A 1) pelt 
b\” 
= — (My — fy) 0 (=) ; 


Solving the equations (6), (7), (12), (14), we get, putting 


_ M+) bet mm Mate tet) 
"(2 +1) (a= fo)’ i (M2 — fa)” 


= Wag a (yr 
on+ 
A,= aM, 1(2) mi i} Nn; 
Q! 


B, =a-" (2) -I,| Na, 


I 
(15) as 2n-1 fi Loe 
n n+1 [a — by n> 


Dates {1 - Gy Np. 


The results are similar to those in the last section. Since 
M,, and M,; have the same sign, and are greater in absolute value 
than unity, V, is positive, and D, is negative. The field in the 


cavity is given by 
b 2n+1 
Oe aN os (5) 
(16) ye) os Ve ar ¥# aha () 1 a MM Mu ; b 2n+1 
nian — () 


Ve 
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For a uniform external field 


V.= fir cos 0 == Ye 
the internal field is uniform, and given by 
tele 
= er Fyr cos @. 
MM; — (=) 


If b/a = 9/10, o/4, = 1000, the internal field is 1/67 of the ex- 
ternal. 


Peli 


The sphere thus shields more effectively than the cylinder, 
as might be expected. A table of the relative strengths of the 
internal field for various ratios of b/a and for p,/u,=100 and 
=1000, is given by J. J. Thomson, Elements of the Mathematical 
Theory of Electricity and Magnetism, p. 264. 


If b=0 the results of this section agree with those of § 194. 
For instance in the sphere 


M,, on 3 hy 
V= (2 — i. 7) Fur cos 8 = Rea Fir cos 6, 


agreeing with § 194 (3). 


199. Forces acting on the Polarized Body. In virtue 
of the polarization of a body whose inductivity differs from that 
of the surrounding medium the body experiences certain forces. 
These forces may be calculated by considering the work done 
when the induced body is moved from one part of the field to 
another, during which motion its polarization will in general 
change. 


- Before considering the general problem, let us, to fix the ideas, 
examine the case of an electrical condenser. We have seen that 
the capacity is proportional to the inductivity of the dielectric. 
Accordingly for a given charge, the difference of potential of the 
plates is inversely as the inductivity, consequently the force of 
the field varies in the same ratio. The energy being proportional 
to the product of the charge by the difference of potential is 
accordingly inversely proportional to the inductivity. Now since, 
the charge being given, the energy tends to decrease, if the di- 
electric is movable, and its imductivity variable, it will tend to 
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move so-that portions of greater inductivity shall be drawn into 
the field. If on the other hand the potential of the condenser 
plates is maintained constant, the charge is directly proportional 
to the imductivity, so that the energy is also directly pro- 
portional. 


We have seen in § 140 that in this case the energy tends to 
increase, so that again the forces tend to bring substance of greater 
inductivity into the field. These properties of the energy should 
not be confused with the maximum property mentioned in § 119, 
180, for there the variation was in V, tending to make it differ 
from the values necessitated by the differential equation 
Oa(noV\. Or OV iano raaor, 
hy \ aa) * ay @ om + 8g C = ica 
# being unvaried, Here the variation is in w, and may be made 
to depend on geometrical parameters fixing the position of the 
polarizable bodies, precisely as in § 140 we had changes in 
geometrical parameters, and in this case the variations of V must 
be such as are consistent with the above differential equation. 


We may look at the matter from a slightly different point ° 
of view. Since we found in § 140 that the capacity tends to 
increase when the forces of the system produce motion, the system 
will move so as to increase yw. The capacity will be increased 
when a body of greater inductivity moves into stronger parts of the 
field, consequently magnetic bodies are drawn into the strong parts 
of the field, while diamagnetic bodies are repelled from the stronger 
portions to the weaker portions. This property was correctly 
stated by Faraday, and was demonstrated by Lord Kelvin. It 
is this tendency of diamagnetic bodies to move to the weaker 
parts of the field that often makes them set themselves across 
the field, instead of along it as they should do in a wniform field. 


We may calculate the mechanical forces experienced by unit 
of volume of a substance by the proposition that the work done 
by the forces in a displacement is equal to the loss of energy 
of the system. Let us call the force per unit volume &, H, Z. 
Then if a body is displaced so that a point a, y, z comes into 
the position «+ 6x, y+ dy, +z, and the COReaP OR InE change 
in W be 6W, we have 


(1) SW =— || [Bde + Hby + 282) dr. 
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During the displacement the distribution of the field varies, 
but if we use the form of W given in § 119, namely, 


W — 2 Wa = W;, 
we have the important simplification that 6;W =0*, for after the 
motion as well as before the potential] satisfies the conditions 
§ 180 (8) and (9). Accordingly in considering the variation 6W 
we have to consider only the variation of p and yu produced by 
the motion, the change of W in other ways being taken account of 
in the condition 6;,W=0, The change in p at any point is caused 
by matter differently charged coming to the point, and we find as 
in § 88, putting dm = pdr, 
O(pdx) d(pdy)  0(pdz) 
@) ee 


In like manner uw has changed to the value it formerly had at the 


point #— dz, y— dy, z — dz, which has moved to a, y, z, so that 


__ {ou Op Ope 
(3) Sum — |e b+ by 4 act. 


Accordingly (considering surface distributions as a limiting case of 
volume distributions) since we have 


0=8/W= fav. pat 


-;-|/ OV 0eV | or ae ta 
n Jf ie 0a oy dz OZ 


we obtain the change in W as 


(4) 8W= “eee 7 120089) a 


te IN Be + 30+ G3 (Ge) + Gy) + Ga) 


and integrating the first integral by parts, the surface integral 
vanishing at ee 


a= = [flo lee 7° by + Beh dr 
oo ov he: Bo + 2H voy + E82 es +(F) +) oie 


* (To the first order.) 
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Since this is to be equal to 


-|[ (Eéa + Hoy + Zéz) dr 


for arbitrary values of dz, dy, 5z we must have everywhere 


OVe el Ou OVE eo Ue ame. ' 
Fe Ste py = eae — 
=. Poa 8a ae Hes +(e, : 


6 werk ARON s Ye} 
ee cay} 


The first term is the force exerted by the field on the real charge 
at each point. It is of course in the direction of the field. The 
second term is due to the polarization, and is proportional to the 
square of the field strength, and in the direction of fastest decrease 
of w. That is, any point of a polarized body tends to move toward 
the side on which the inductivity is less, or to bring more inductive 
matter into the field, as stated above. The form of deduction 
here given is due to Helmholtz*, 


200. Stresses in the Medium. The modern theory of 
electricity and magnetism, due to Faraday and Maxwell, assumes 
that bodies do not act directly on other bodies at a distance, but 
by means of actions transmitted through the intervening medium 
from particle to particle. The influence of the medium has been 
made apparent in this chapter, as we in fact started from the 
expression of the energy as being distributed in all space. It 
remains to find a system of stresses that shall account for the 
electrical or magnetic forces which have been here investigated. 


If forces 2, H, Z per unit volume act on all portions of a body, 
for example gravity, these forces will throw the body into a state 
of strain, and in order to produce equilibrium the applied forces 
&, H, Z must be balanced by a set of elastic stresses developed in 
the body. These are forces acting from point to point in the body, 
and may be specified as follows. Suppose at any point P the 
body divided into two portions, 1 and 2, by a plane whose normal 
isn. If we consider a small area dS of this plane containing the 
point P the portions of the body on the two sides of the plane 


* Wiss. Abh. Bd.1., p. 811. See note in Appendix, 
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exert forces on each other, whose combined action may for either 
part be represented by a single resultant force applied to dS. Let 
the force acting through the area dS on the portion of the body 1 
be denoted by /’,dS, F’, is not in general normal 
to dS, but has a tangential component. This 
tends to cause the two portions 1 and 2 to slide 
over each other, or to be sheared. The normal 
component of F,,, if directed toward the body 
2, tends to make the two portions of the body Fre. 79. 
approach each other, and is called a traction or tension, as in 
the case of a stretched rope. If the force #, on 1 is directed 
toward 1, the force is called a presswre, as in the case of 
liquid pressure. A traction will be considered positive, that is 
the force acting on a portion of the body has a positive com- 
ponent along the normal drawn outward from that portion. We 
shall denote the components of Ff, by X,, Y,, Z,, the suffix n 
denoting the direction of the normal to the element of surface to 
which they are applied. If we consider three sides of an infinite- 
simal cube at any point, we may specify the stress at that point by 
giving the components of the stresses on each side, those on the 
side perpendicular to ,the X-axis being X,, Yz, Z, those on the 
side perpendicular to the Y-axis being X,, Y,, Z,, 
and those on the face perpendicular to the Z-axis 
being X,, Y,, Z,. If we consider the equili- 
brium of an infinitesimal tetrahedron formed by 
cutting off one corner of this cube by a plane 
whose normal is n (Fig. 80), the areas of its 
four faces being dS,, dS,, dS,, dS, (the suffixes 
denoting their normals) and its volume being 
dr, we have for the equations of equilibrium, resolving along the 
three axes, 


Edr+ X,dS, + X,d8, + X,dS,— X,dS, = 0, 
(1) Hdr+ Y,dS8, + Y,dS,+ Y,dS,— Y,d8S, = 0, 
Zdr+ Z,d8,+ Z,dS, + Z,dS,— Z,dS, = 0. 
Now the faces dS,, dS,,, dS, are the projections of the face dS, on 
the coordinate planes, and accordingly 
dS = dS, cos (nx), 
dS, = dS, cos (ny), 
AS, = dS, cos (nz). 


Fie. 80. 
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If we now let the dimensions of the tetrahedron diminish in- 
definitely, the volume dr is of a higher order than the surface of 
any face and can accordingly be neglected, accordingly the equa- 
tions of equilibrium become, dS, dividing out, 


Xn = Xz cos (nx) + X,cos (ny) + X, cos (nz), 
(2) Y,= Y, cos (na) + Y, cos (ny) + Y, cos (nz), 
Zn = Zz 00s (nz) + Z, cos (ny) + Z, cos (nz), 


which proves the statement that the stress at any point, involving 
the action on a plane element in any direction at the point, may 
be expressed in terms of the nine components at the point, 


De gs. Ze. Age Nosy Ze Uke ve, Zi. 


Let us now consider the condition of any finite portion of 
matter 7. Let the body-forces &, H, Z, per unit of volume be 
applied to each element. If now the forces Y,, Y,, Z, applied to 
each unit of surface are to produce the same effect as the given 
system of body forces, then the system of body forces with their 
signs reversed, together with the surface forces, would produce 
equilibrium. For equilibrium we must have, resolving in the 
X -direction, 


(3) [[2nas-|[fEar=o. 


Let us now express X, in terms of the nine components by the 
equations (2), 


(4) [[% cos (nev) + Xy cos (ney) + Xz cos (n,z)} aS 


- |[]Bar=o. 


Transforming the surface integral into a volume integral we obtain 


Cee ieee ale: 


and if every portion of the a is to remain in equilibrium under 
the stresses, in order that the integral shall vanish for every field 
of integration we must have everywhere 

Opn Oy ous 
(6) OX y - 0 


——— 
oO aie Cuan oas 
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In like manner we find 


y ave, OFy ae 
@ y Zz 
Ae ve oy dz’ 


as the equations of equilibrium. 


In order to explain electrical and magnetic forces by means of 
stresses we must therefore be able to transform the expressions 
already found for &, H, Z, into forms involving partial derivatives 
as above. 


Introducing into the expression for & the value of p from 


_ a ae 6) lie ~) 
eae aa! aa + 5g a Bore , 


and transforming the derivatives we obtain 


Mey (oe / OV) 8 / OV) ay av 
Be 4; a0 ra AAC aaa ot 


- fm te (ae) * (Gp) +(e) 


(7) 4 2 (-Cy-& 1] 
~ Sar da | so! al | 

Houta VeaVhed lee as 
dn dy |" dw dy} 4ardz | Oa dz 


The expression now has the required form of a sum of three deri- 
vatives. If we perform similar transformations on H and Z we 
shall find that the equations of equilibrium are satisfied by putting 


a= (as) ~ (Gp) ~ Ge) jb BEX ~ BF 


reel (Ge) * (Gy) — Ge) } ex BY -8F. 

t= €\-() - (5) + (5) b= ge 082-871; 
“4 Ven lym fe gg = 8! 
eat aoe aX = 7-82, 
Dakss ee ag 80-7, 9%. 
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Since Y,=Z,, etc., it is easy to see that the couple tending to 
turn any element of volume about either of the axes vanishes, as 
is the case with ordinary elastic stresses. If the body is not 
isotropic this condition does not hold. 


We shall now apply the expressions found to determine the 
nature of the stress in two particular cases. First, let the element 
dS be perpendicular to a line of force. Then we have 


oa 


cos (nx) = = , cos (ny) = a cos (nz) = = 


and using these values in the equation (2) 


xX ve Z 
ik A LO YA er 7 eee 
Xn= By eX — OF} Bt an F eee FF = 30 
ele Xe au 1927? 1 
(9) Yn, << Mes yer g, 2aY—- SF) *, Fae Aer UF = 37 OY 
eee we 1 


aes F pe eT gq 23 - BF) = 5-82. 
These components of F, are equal to §F/87 multiplied by the 
direction cosines of F’, which is in the direction of the normal n. 
That is the force F, is perpendicular to its plane. A plane 
possessing this property is called a principal plane of the stress. 
The stress being positive represents a tension. Accordingly the 
medium is in a state of tension along the lines of force, of an 
amount per unit of surface equal to §F/87, which, it may be 
noticed, is the amount of energy of the medium per unit volume. 


Consider secondly an element tangent to a line of force. Then 
we have 


xX ¥ Z 
FF 08 (nx) + Fo (ny) + pos (nz) = 0. 


Multiplying this equation by FX/4a and subtracting it from 
the expression for X,, gives 


il Tes iL 
Xn= oe {2¥X — ¥F} cos (nw) + rs XY cos (ny) + de 82 008 (nz) | 


(10) 
- a {XX cos (nv) + XY cos (ny) + ¥Z cos (nz)} = — ae cos (ne). 
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In like manner 


= — ae cos(ny), Zr=— a cos (NZ). 

Here again the components of F,, are equal to —§F/87 
multiplied by the direction cosines of n, or the force is normal to 
its plane. Consequently any plane tangent to a line of force isa 
principal plane of the stress, and the stress is symmetrical about 
the line of force. The negative sign shows that the stress is a 
pressure. The state of stress consisting of tension along the lines 
of force combined with an equal pressure at right angles to them 
was described by Faraday*, who expressed the matter in words that 
state in effect that the lines of force tend to contract and to repel 
each other. 


This may be illustrated by supposing the medium to be divided 
into filaments along the lines of force, and 


these again to be subdivided into short SSS 
filaments. Then each short filament is a EF J Jf Je 4 
polarized body which acts like a doublet, and = SS 
since unlike poles of successive elements are ear 

IG. ° 


in juxtaposition, the filaments all attract each 
other endwise. For filaments lying side by side, however, since 
like poles are together, there is a sidewise repulsion. 


201. Permanent Magnets and Electrets. Intrinsic 
Polarization. The fundamental laws of magnetic and electric 
induction may be summed up in the statement that in soft iron 
and in similarly acting bodies the force is lamellar, and w times 
the force is solenoidal. Or in brief 


(1) curlef-—= 0; 
(1’) div (uF) = 0 

Tron for which this statement is true is said to be perfectly 
soft. When the external field affecting such iron is removed, the 
polarization disappears. As a matter of fact, this is an ideal 
condition not exactly realized by any sort of real iron, for when 
the external field is removed, a part of the polarization persists. 


This is called residual magnetization. The harder the iron or | 
steel, the greater is the fraction of the induced polarization which 


* Faraday, Exp. Res. (1297). 
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persists. A substance in which, when the external field is removed, 
the whole induced polarization remains, is called perfectly hard, 
and a body consisting of such substance is called a permanent 
magnet. The inductivity of such a body is to be considered the 
same as of air. Such bodies do not exist any more than perfectly 
soft ones. We may however treat actual bodies as if they were 
formed by the superposition of perfectly hard and perfectly soft 
matter. The portion of the polarization which permanently 
remains is called the intrinsic polarization*. In order to carry out 
the analogy, Heaviside has proposed to call a dielectric per- 
manently polarized body an electret, and its polarization electriza- 
tion. Certain natural crystals when heated assume this condition. 

The permanent or intrinsic polarization now forms a real 
magnetic or electric charge, and if the intrinsic polarization be 
denoted by J, with components A,, B,, C,, we have for the real 


density 
_ fA, 0B, aC, 
(2) Oe ea ay uaaeae 


with a similar expression for a. 


Comparing this with the expression for p in § 182 (15), we find 


Dex wees) 05 0A, 0B, 0G, 
(3) ia Wis + Got et ~ pet Set ek 

or the divergence of the induction is equal to 4m times the 
convergence of the intrinsic polarization. Comparing the expressions 
for the apparent density, that is the sum of the real and induced, 
in terms of the force F, § 186 (33), and in terms of the total 


polarization J, § 120 (6), we find 


E. ,_ 1 (eX ,a¥ 2%) __ (0A , OB, 00 
4 Pdr lau | dy 02) \dw oy dzs° 


Accordingly 


(5) gp(X st dnd) 45 (F+ 4B) +2 (Z + 40) =0, 
or more briefly, 
(5) div (F + 4a) = 0. 
The solenoidal vector-sum, F’+ 4aJ, has been called in § 121, 


the induction. We shall call it the Maxwellian induction, and 
denote it by §y, since it corresponds to the definition of the — 


* Thomson. Reprint of Papers on Electrostatics and Magnetism, p. 578. 
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induction given by Maxwell. It is solenoidal in intrinsically 
magnetized bodies as well as elsewhere. The induction, §, which 
is divergent in intrinsically magnetized bodies, and which is 
defined as wf’, we shall call the Hertzian induction, and denote by 
dz. In magnetically soft bodies these two inductions are identical, 
but in intrinsically polarized bodies they differ. 


If we write equation (3) as 


(6) div (%_+4al,) = 0, 
and from 1t subtract 
(5) div (F + 471) =0, 
we have 
(7) div (§ ,— F) = 4m div (I — 1,). 
Now if we call 7; the induced polarization, we have as always 
(8) Tank =“—) p, SETS 


Inserting these in (7) 
div ($ z—F') = 4m div I; = div {(u—1) F}, 
and transposing div F, 


(9) div §,= div (uf), 
agreeing with the definition of §,. 


202. Heaviside’s treatment of Intrinsic Polarization. 
The treatment given by Heaviside differs in several respects from 
that just given. According to that author the induction is always 
solenoidal, so that true magnetic charges do not exist. The only 
reason given for this assumption seems to the present writer 
insufficient, being, as stated by Heaviside, “to exclude unipolar 
magnets.” It appears that the exclusion of unipolar magnets 
merely means that for any magnet the integral charge is zero, 


[[eas-+ [|] eax=o. 


which simply means that the distribution is what we have called 
polarization, and lays no restriction on the divergence of the 
polarization or induction. It might be supposed that Heaviside’s 
induction was what is here called the Maxwellian induction, were 
it not for the fact that he says that “we use always” §=pF. In 
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order to make these two statements, which we hold to be mutually 
exclusive where there is intrinsic polarization, appear consistent, 
Heaviside proceeds in the following, as it appears to us, artificial 
manner. In our notation, Heaviside* considers the field / as made 
up of a part h = 47rI,/, defined as the intrinsic force, together with 
a lamellar force which we shall denote by F; (F in Heaviside’s 
notation), 


F=h+/Ff;,, curl F;, = 0. 


In order to make the induction solenoidal, he then puts 


L,= «Fy, 
instead of J;=xF. Then the induction is defined, not as 
Su=F + 4rI, 
but as $=f,4 47. 


Inserting for J the sum of the intrinsic and induced polariza- 
tions, this becomes 


= ph, + ph=pF. 


This gives, in conjunction with the equation supposed to be 
fundamental, namely 
div § =0, 


4 h 4 il be 1 0> 


which we may compare with our equation (6). Accordingly 
Heaviside’s wf, has the property of our Hertzian induction. The 
difference in Heaviside’s treatment may be summed up as: 1. A 
different definition of the total field. 2. Induced polarization 
produced by only a part of the field. 3. The Hertzian induction 
considered solenoidal, even in case there is intrinsic polarization. 


We have stated the difficulties of Heaviside’s treatment as they 
appear to us, without wishing to dispute the dicta of so weighty 
an authority. The theory as we have given it seems to be that of 
Helmholtz and Hertz, both of whom explicitly state that real , 
magnetism exists in permanent magnets. Neither they, however, 
nor any other author, so far as known to the present writer, have 


* Papers, Vol. 1., pp. 453—4. 
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worked the matter out in detail as has Heaviside, nor have any 
problems been solved in which a difference becomes of importance. 
In either treatment, the flux of induction issuing from a 
magnet is the same, which is the quantity with which we are 
concerned in practice, the ambiguity existing only in the substance 
of the intrinsic magnet. The difference between intrinsic and 
other magnets is that in the former two independent vectors are 
necessary to characterize the state of the body, while in the latter 
one suffices. These may be taken as 


Sa and Sm, as Sa, JpOneas Sm, hs 


203. Variability of 1. Hysteresis. Throughout this chapter 
it has been assumed that the value of ~ at any point was constant 
for that point. This assumption is not borne out by the facts, 
but was necessary in order to make the subject amenable to 
mathematical treatment. It is found that p is a function of the 
strength of the field, and that for magnetic bodies, in which this 
phenomenon has been most carefully investigated, as the force 
increases, « diminishes, finally tending towards the limit unity, so 
that the ratio of the induction to the force approaches unity. At 
the same time the difference between the induction and the force 
tends towards a constant maximum value, which is equal to 4a 
times the greatest intensity of magnetization that the substance 
can assume. This is known as the intensity of saturation. For 
wrought-iron this intensity of saturation has been found to be about 
1700 c.a.s. units. The variability of « does not affect the validity 
of Ohm’s Law, which determines the distribution of the tubes 
of induction, although it seriously complicates the mathematical 
theory. In fact no cases of magnetization have been worked out 
taking account of the dependence of » upon F#. But this is not 
the only defect of our theory. It has been found that for a given 
value of F' there is not a single determinate value of yu, but that 
the value depends not only on the actual value of F, but upon the 
values which have acted at the point in question at previous 
times. If we plot a curve having as abscissas the values of F’ at 
a given point at various times and as ordinates the values of § at 
the corresponding times, we may express this phenomenon by say- 
ing that the value of w at any point of the diagram depends on 
the path by which the substance has been brought to the point, 
that is, on the whole history of the field at the point. This 
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phenomenon, discovered by Warburg*, and thoroughly investigated 
by Ewing?, was named by the latter Hysteresis, to denote the after- 
effects of the fields to which the substance has been submitted. 
Warburg and Ewing found that if the field was increased to a 
certain value, then decreased, and then varied successively between 
the same limiting values, the path of the representative point on 
the F-§ diagram was a closed curve, which was re-traversed after 
the first periodic cycle. This is called the hysteresis-loop, and its 
area has an important physical significance. Such a loop is shown 
in Fig. 82. If instead of continuing to repeat the same cycle 
we vary F between different limits the poit may take any 
position between the two limiting curves of the loop, as 
shown in Fig. 83, both these figures being copied from Ewing. 


Fia. 82. Fig. 83. 


If the cycle be so chosen that at some point, F', while decreasing, 
passes through the value zero, the value of J calculated as 
the corresponding value of %/47 is the residual magnetization. 
If the force Fis still further decreased, its value when J=0, § =F, 
is called, after Hopkinson, the coercive force, since it measures the 
negative force necessary to destroy the residual magnetization. 


Besides these phenomena of hysteresis, there is another more 
complicated effect, which causes the magnetization to arrive at 
its final value only gradually, taking a certain time to reach 
its permanent value. This is denoted by the name of viscous 
hysteresis, magnetic lag, or after-effect (Nachwirkung), to dis- 
tinguish it from the proper or static hysteresis just deseribed. 


* Warburg, Wied. Ann, 13, p. 141, 1881. 
+ Hwing, Phil. Trans. cuxxvi., p. 523, 1885, 
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204. Dissipation of energy in Static Hysteresis. Since 
we have seen that w is not uniquely determined by the value of F, 
so it must be for the energy of the field. Accordingly the forces 
acting on polarized bodies cannot be derived from a single-valued 
potential, but must be non-conservative. In taking a body through 
a cycle of magnetization, accordingly, a certain portion of the work 
done upon it fails to be stored up as energy, and is therefore 
dissipated into heat. We may easily find an expression for the 
value of this dissipated energy. The potential energy of a 
polarized body in a field whose potential is V is, by § 126 (2), 


equal to 
w= [fae +ee +02) ar, 
0a oy 


0z 


or in terms of the field 


Wie -|[ (AX + BY +02) dr. 


If we consider an element of volume dz, and suppose it moved to 
a point where the field is 


X+dX, Y+dY, Z7+dZ, 


the work dW done upon the particle during the motion is accord- 
ingly equal to the increase in the value of the energy, 


(1)  dW=-dr(AdX + BdY + CdZ). 


In the second position the values of A, B, C have changed to the 
values 


A+dA, B+dB, C+dd, 


but the change made by using these values in the expression for the 
work would be of the second order and may be neglected. If instead 
of moving the particle we change the strength of the field the work 
done will be the same. Inserting the values of A, B, C in terms 
of the induction and force we obtain 


(2) aw=- (¥- xX) dX +(9- Y)dY+(3 —Z)dZ}. 


If now we vary X, Y, Z through a cycle of values, coming back to 
the value from which we started, the integral 


(3) [xax, 
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vanishes, since the value of X? at both limits is the same. The 
integral 


- [eax 
may be integrated by parts, giving 
— 2X) + [Xd¥. 


Of this the integrated part vanishes, since, as found by Warburg 
and Ewing, after the cycle has been once traversed ¥ returns to 
the same value on traversing the complete cycle. We thus find 
that in taking the particle through the whole cycle of magnetic 
operations, and leaving it in its original state, we have done a 
quantity of work, which is equal, not to zero, but to 


a [xax + Vd) 4703, 
Aar 


the integral being taken around. a closed loop. Each term of the 
integral must of course be obtained from a separate loop. The 
whole energy dissipated in the body is 


ie ||f{ [rae vay + 2a3} ar, 


Of course the general theory is so complicated that it is not even to 
be assumed that when we have carried the magnetization through 
a closed cycle in one point of the body we have done so at all 
points. In practice we can calculate the dissipation only in the 
case of a uniformly polarized body, where A, B, C are the same at 
all points of the body and in the direction of the force. The cycle 
is then the same for all points, and the energy dissipated is 
equal to 


il 
vol. of body x a [Fas 
The integral 
| Fa 


is evidently the area of the hysteresis-loop. This area is inde- | 
pendent of the time of description of the cycle. In the case of 
viscous hysteresis there is an additional dissipation which depends ~ 
in a complicated manner on the rate of description of the cycle. 


ee" 


204, 205] DIELECTRICS AND MAGNETIZABLE BODIES. 397 


205. Hysteresis couple. In the examples of § 192—198, 
it is evident that a sphere or cylinder turned about an axis of 
symmetry in the field would experience no resisting couple, for no 
work would be done against the forces of the field. In like manner 
an ellipsoid would require on the whole no work to rotate it about 
an axis, for the forces hindering the motion in one part of the 
revolution would have corresponding forces helping the motion in 
another part of the revolution. If hysteresis exists, however, the 
case is quite different. Then the ellipsoid in a position in 
which its long axis makes a diminishing acute angle with the 
direction of the field experiences a mechanical couple tending to 
accelerate its motion. The magnetic force parallel to the long 
axis 1s then increasing, so that when the force has reached the 
same value in the symmetrical position in which the axis 
makes the same angle with the direction of the field, but on 
the other side, # being then on the decreasing branch of the 
hysteresis-loop, the value of the magnetization is greater, so 
that the mechanical force, which now retards the motion, is 
greater. Accordingly the motion is on the whole retarded*, and 
it is easy to see that the mean retarding couple is proportional to 
the mean difference of the ordinates on the upper and lower 
branches of the loop, that is to the area of the loop. Upon this 
principle is based Ewing’s Hysteresis indicator}, in which a long 
sample of iron is rapidly revolved between the poles of a magnet, 
and the mean couple between them measured by the pull on the 
magnet. The couple is, as seen above, independent of the time of 
revolution. 


* An effect of this sort was observed in diamagnetic and very slightly magnetic 
bodies by Mr. A. P. Wills, in the physical laboratory of Clark University, in the fall 
of 1895, and was discovered independently by Mr. Wm. Duane, in the physical 
laboratory of the University of Berlin. Wied. Ann. Bd. 58, p. 517, 1896. 

+ Ewing, Journ. Inst. Elec. Eng. 24, p. 398, 1895. 


CHAPTER X. 
CONDUCTION IN DIELECTRICS. 


206. Variable Flow. Relaxation-Time. We have hitherto 
supposed dielectrics to be perfect insulators. This can hardly be 
said to be the case, even for the best insulators. On the other 
hand, although, as we have seen, the greater the inductivity of a 
dielectric, the more nearly does it act, as far as concerns electro- 
static distributions, like a conductor, it is by no means likely that 
the inductivity of conductors is infinite. Still less is it likely that 
it is zero. We shall now consider the consequences of considering 
a dielectric to possess, in addition to its electrical inductivity pu, an 
electric conductivity ». We shall now deal with currents which 
are not in the steady state, and shall require to assume that at 
any instant Ohm’s Law determines the distribution of the currents, 
namely 

q= AF. 

This assumption is justified by experiment. Instead of the sole- 
noidal condition for the current, however, we must obtain a new 
equation. This is obtained by the consideration that, if we consider 
a portion of substance t bounded by a closed surface S, the total 
charge within that surface increases in any interval of time by the 
amount of total current flowing into + through the surface, that 
1s, if mn is the internal normal 


(1) 5, | [fear =| [tw cos (nw) + v cos (ny) + w cos (nz)} dS 


=~ [ges Oa + oh ar. 


Since this equation must hold ae any portion of space, we must 
have everywhere 


dp ow ov ow 


wees 
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But in a dielectric, 
(3) 1 (ox a 
3 P= Ger \B0 


Cy mnO} 
oy + | ’ 
Differentiating (3) by ¢, and eliminating - from (2), we obtain for 
a conducting dielectric 

0 Teds eo. 1 dX 1 d3 
(4) Blut a atta | og atte | +i Rtn 


If we put w, v, w, X, Y, 3 in terms of the field, assuming that the 
substance is homogeneous as regards both w and X, this becomes 


@ - dX 
0 bee aX.) 10 i GRA, 
ie atts poten Gt= 0, 


or in terms of the density 


+ 


4am dp 
Integrating this differential equation, we have 
mone 
(7) P= poer™ 


Accordingly whatever charge the body has originally decreases in 
geometrical ratio as the time increases in arithmetical progression. 
The constant 7'= «4/47, which is the time it takes for the density 
at any point to fall to 1/e of its original value, has been called by 
Cohn* the relaxation-time, a term used by Maxwell in connection 
with the Kinetic Theory of Gases. For ordinary metallic con- 
ductors this time is so short as to have hitherto defied observation. 
The importance of its discovery was recognized by the committee 
setting subjects for an international prize competition in 1893, who 
proposed this as one of the questions for investigationy. It appeared 
that no experimenter ventured to attack the problem, it being 
evidently considered too difficult. The finite relaxation-time was 
determined for so good a conductor as water in some remarkable 
experiments by Cohn and Aronst{, who are entitled to the credit of 
discovering the finiteness of 7' for conductors, 


* Cohn, Wied. Ann. 40, p. 625, 1890. 

+ Elihu Thomson Prize, Electrician, 1892. 

+ Cohn u. Arons. ‘‘Leitungsvermégen und Dielektricitétsconstante.” Wied. 
Ann. 28, p. 454, 1886. 
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207. Method of Cohn and Arons. Consider a condenser 
A, which may or may not be connected in parallel with the con- 
denser B and the resistance wire Rk. Let the capacity of A be K, 
the inductivity of the dielectric wu. Let the conductivity of the 
dielectric in A be X and in B zero. Then the charge of one of the 
plates 1 of A is in terms of the induction, § 182 (16), 


(8) e = z//e cos (nx) + Y) cos (ny) + 3 cos (nz)) aS. 
S; 


On the other hand the quantity flowing through the dielectric in 
the condenser in unit time is 


(9) . = |[t cos (nav) + v cos (ny) + w cos (nz)} AS, | 
Si 
so that, assuming » and pw constant, 
(10) cy 
Cr] een 


If we assume that an electromotive force is applied to the 
plates in order to establish a steady difference of potential V, 
until a steady state of flow is attained, we have everywhere in 
the dielectric p=0. If the electromotive force is suddenly re- 
moved, we have from that time on 

4arX 
p=0, Q=ee#, 
and accordingly the difference of potential of the condenser plates 


1S 
4arr 


(11) V= Vie * 


If the difference of potential V can be measured by an electro- 
meter at any time t, we have 


phic gt t 
a) aed tao oe Va 
If in the second place the condenser A is connected in parallel | 
with the condenser B and wire of resistance R, we have for the 
charge e,’ of the plate 1 of B, e,’=K’V where K’ is the capacity — 
of B. 
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If after the steady state is established, we remove the electro- 
motive force and leave the system to itself, we have flowing through 
the wire #& per unit of time the quantity 


us 
R: 
Accordingly we have for the decrease of the charges 
meee) ={f, =-| OV ue 
(13) q.00s (qn) dS + > Aa dS +p, 


which when combined with the equation 


(8) a= qo |[Beos Gn) as=—-~ [fue as 


gives the differential equation 


d(q+e), 47’ V 
(14) aac uni wane: Gay 
Substituting for the charges e,, e,, their values in terms of the 
difference of potential V, we have 
d(KV+K'V) | 4arr V 


(15) ee na ho 


which being integrated gives 
Na sh 
(16) | pene sialiee 
Puttng R= a0, kK’=0 we obtain the solution (11) just found. 
Considering the condenser B alone discharging through the wire, 
we obtain, putting K =0, 


t 
(17) V=Voe re. 


A conducting condenser accordingly behaves, when left to itself, 
exactly like a perfectly insulating condenser discharging through a 
wire. The relaxation-time of such a condenser is AR, but for a 
conducting condenser, although we may use the same formula, 
the relaxation time is independent of the form or dimensions of 
the condenser, since, as we have seen in § 184, if K, be the 
capacity of the condenser with air as a dielectric, we have 


ae wire ola) | ep 


4rVK,’ re ae 


The relaxation-time is accordingly a characteristic constant of 
the medium, and may be determined independently of other 


W. E. 26 
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media, whereas we may determine only the ratio of the inductinty 
of a medium to that of a standard medium. 


If we make two experiments with the above combination of 
condensers, one with A alone, which gives 7’, and a second with A 


and B which gives 
el ; 
(7+ p)(K+K). 


if we know K’ and R we may from these two results determine K, 
and if the condenser is made in any shape suitable for calculating 
kK, from geometrical data, we can then determine yp. In this 
manner Cohn found for water «= 73°6, the largest value of the 
electric inductivity yet found for any substance. In the case of 
metals, all that we know is that 7 is extremely small. This is 
of course due to the large value of A, so that whether p is large or 
small we have as yet no means of knowing. 


208. Condenser with two Dielectrics. Absorption. In 
the preceding section we have seen that a charge residing in any 
part of a conducting dielectric will gradually disappear, and that 
no electricity will accumulate at any part of such a dielectric. 
We have considered only the discharge or leakage of a condenser, 
starting from a state of steady flow. We shall now consider the 
state which precedes the attainment of the steady state when 
an electromotive force is suddenly applied to produce a difference 
of potential between the plates of the condenser. We shall also 
suppose that the condenser contains two dielectrics of different 
properties, and for simplicity we shall consider only a plane con- 
denser. Let the potentials of the two plates be V, and V,, and 
let that of the plane separating the two dielectrics be V,. 


Let the thickness, inductivity and conductivity of the upper 
dielectric be dy, #1, 4, and of the lower d,, fu, A». The force in 
the upper dielectric will be the same at all points, F,, which 
however depends on the time. In the lower dielectric let the 
force be F,, also a function of the time. 


' Let the currents in the two dielectrics be q, and q respec- 
tively, and let F,, F,, q,, q2, be considered positive when measured 
from V, to V,. Let the condenser plates, of area S, be connected 
by a wire of no resistance, into which we can suddenly introduce 
an electromotive force #, which can be suddenly removed. The 
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circuit may also be broken. If J is the current in the wire from 
the plate 2 to plate 1, we have, since whatever charge arrives by 
the wire is uniformly distributed over the plates 


i) goa 7 eos 
do, 

(2) pe Et gS =—L4+ MES, 
do; 

(3) Sma, = (1 — 2) 8 = al — Aas. 


The densities are determined by the equations 


(4) ~&- ee 
1 5 
(5) Ae 
1 1 
(6) G3 = 4g (82 — bh) = Ge (Ps — oP). 


Beside these we have always, taking the line integral of the 
force plate to plate, the equation 


(7) af, + d,F, = V,—V>. 
From (1) and (4), (2) and (5) 

if eee dF, 

(8) oo Aa dts: 

I a OF, 

(9) q-uha=e Ries 


and integrating from ¢=0 to t=T, 


aL z _ fa 
an rat— | rFdt= ! 1 (7) — P.O) 


dé T : T a! He 
5 i "Tat — | “nidt= £2 (F,(7) — F(0)} 


If F, be the greatest value of F, in the interval t=0, t=7, we 
have 


iE F dt < Fr, 
0 
26—2 
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and since J, is finite, as we decrease 7 indefinitely, we have in the 
limit, since F,(0), F',(0) are zero, 


ee 4 pM ee't 
(10) os | a=" 7s = ps, 
That is, the forces jump suddenly from zero to F, and F,, while 


the total quantity of electricity e= i Idt passes from one plate to 


the other. This is called the instantaneous charge. 
From the equations (10), (7), we find 
Sy yee ons 
EAU Vs) yy 


(11) + apts 
Sa 7 oh te a oe 
ae (% V:) dy fly ats op, ‘ 
(12) oes Ve =a [yp 


dir dhyptg + dap,’ 


the same as if there were no conductivity, as in §188. The 
ratio 


mek S 2 
(13) Vi— V2. 4ar (dy/ py + dof pte)’ 


or the instantaneous capacity, is the same as the true capacity. | 
If we now keep the electromotive force # in the wire, electricity 
continues to flow into the condenser, its plates always maintaining 
the same difference of potential V; -V,=. The capacity appears 
to increase without limit. In order to examine what goes on, we 
must integrate the differential equations. Eliminating JZ from (8) 
and (9), 

pis ON 


Dias! dF, a (USD 
(14) dae OR UE rat ay +r F,. 


By means of the equation (7) we may introduce F, in terms of 
F, and £, and differentiating the equation (7), 


dF, dF, 


chy ar 25a 


d 0, 


from which we may obtain dF,/dt in terms of d¥,/dt, giving finally 


dF, Am (Aad, + ad) deen . 
: he Fite toa 
(15) dt Myla + plod 3 Pad, + fod,’ b 


as the differential equation for F,. This is to be integrated with 
a 


| 
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the arbitrary constant so determined that for ¢=0, F, has the 
value 


(== Me 
(16) Ks E pra Gia 


The integral is accordingly 


Me re Je _ 4a (A, do-+Agd;) } 
a= =5\ 7 ™ + ed, 1 ee in ae Asda EN, ig aa 


and from this and (7) 


Ny by My _ Ara, y+ od) 
(18) = aE dy mm Aaah ee ce ih ee ae ae My do+fody ne 


From (4), (5), (6), putting for brevity 


Pada + pod _T ne as xs eee 
Ar (Ady + od) ~” Ada +A "Ad, trAd, 
ple Si oe 
fad, + [atl i pads ns fc, 


=U) 


we have for the densities, 


Oj 


= fith {1 + (b, — a) eT}, 


4ar 
E ae 
(19) o2,=— a {dy + (by — de) e TH, 
o,;=—(0,+0,)= Hf atta = Aafts) (_- 


47 Ad, + rAd, 


The plane 3 accordingly acquires a charge, which is not the 
case if the dielectric is homogeneous, or if the relaxation-times of 
the two dielectrics are equal. We shall distinguish the values of 
F, o, etc., attained after the time ¢, by an affix, F,%. Suppose 
that the circuit be now broken. We accordingly have J=0 and 
therefore 
e dF, 

a dt 


ue = 


i + A, = 0, 
(20) 
P+ MP = 0, 
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and the charges of the three planes begin to die away at different 
rates. At any subsequent time later by an interval t,, 


Bee 5 
FO=F%e » °=F Me NT, 
(21) 

4s 5 _t 
FY=F%e & °=F.Me PT, 

a. 

a,” — og, (a T, 

a 

(22) C3" =o, eee 


_4 =e 
a,” =— (o,% é T, + o,") e Ts), 


If the condenser be now left to itself, the charges will finally 
entirely disappear. If however the plates are short circuited, we 
have the same conditions as in the first stage, with H=0. 
Accordingly the forces change suddenly from F,?, F,° to F,®, 
F,®, and there passes through the wire the instantaneous dis- 
ae (fF, — F,%)S F,® —F,) 8 

; wy (F,® — B® py (F,® — F,® 
(23) = [rae — = — 


We now have, by (7) 
dF”) fe dF’, ®) = 0, 
and since 
ME? — pF? = FP, — pF, = — 4aro,”, 
we obtain 


4ard,o3°) es 4ardyo3° 
fd, he fol ‘ 3 fds oF fod, / 


, [doo 3 @) 5) ) 
9 afi feted SEM 8 
or aF fod, : 


Fe= 


(If t,, the time of leakage through the condenser, be zero, and if 
t, the time of charge, be either zero or infinity, we find that con- 
duction is without effect, and the instantaneous discharge, —é’, is 
equal to the instantaneous charge.) 


There now remain the charges 


ot) ee tno 
‘ Aor Eke te freak : 
Paes Hof disor s” 
= aes 


Air Had, + fod, é 


o,° =0,"). 
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If the circuit be again broken, the circumstances are the same 
as in stage 2, so that if the condenser is subsequently again short- 
circuited, we obtain a new instantaneous discharge, called the 
residual discharge, and this may be repeated as often as we please. 
It will be seen that the residual discharge arises from the charge 
a; that has accumulated by conduction on the plane 3, and that 
there will accordingly be no residual discharge in a condenser in 
which the relaxation-time is the same in every part. Thisisa type 
of what would occur in any non-homogeneous dielectric, and it is 
’ in this manner that Maxwell gave a possible explanation of the 
phenomena of electric absorption, and of residual charge (Riick- 
stand). Maxwell’s explanation has found confirmation in experi- 
mental results of Rowland and Nichols, Hertz, Arons, and Muraoka*, 
all of whom found that when the dielectric was perfectly homo- 
geneous there was no residual charge. 


209. Total and Displacement current. In the funda- 
taental equation § 206 (4), we see that the vector 


on, JUG 
q+ Aer at ’ 
whose components are 
1 d¥ 1 dy 1 d3 
"4 de dt? "dee dt?" dew dt? 


is solenoidal. If we consider the condition at the surface of an 
ordinary conductor, in which we consider § = 0, surrounded by an 
insulator (in which g = 0), we have 


- = — {u cos (nw) +0 cos (niy) + w cos (n,z)}, 


wa ms {¥ cos (net) + Y cos (ney) + 3 cos (n2)}; 


so that here also the solenoidal condition is fulfilled. The vector 

1 dg. 
I+ Gr dt 
mental principle of Maxwell’s theory that the magnetic effects of 


is called by Maxwell the total current. It is a funda- 


* Rowland and Nichols, Phil. Mag. (5) 11, p. 414, 1881; Hertz, Wied. Ann. 20, 
p. 279, 1883; Arons, Wied. Ann. 35, p. 291, 1888; Muraoka, Wied. Ann. 40; 
p. 328, 1890. 
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the current are due to the total current, and not to the conduction 
current alone. In insulators the part d§/dt.4a, which alone 
exists in insulators is called the displacement current, since 
Maxwell calls §/47 the electric displacement. The corresponding 
magnetic quantity, which, since there is no magnetic conduction, 
constitutes the magnetic current, has important physical properties, 
which will be considered in Chapter XIII. 


| 
, 
1 


' 


PART IIT. 


THE ELECTROMAGNETIC FIELD. 


CHAPTER XI. 


ELECTROMAGNETISM. 


210. Magnetic Force due to Linear Current. The dis- 
covery was made by Oersted*, in 1820, that if a linear circuit be 
traversed by an electric current, the space in its neighborhood 
constitutes a field of magnetic force. The nature of the forces of 
the field was completely investigated by Ampére+, who found that 
they were of the same nature as if they proceeded from permanent 
magnets. They accordingly have a potential, which, with its first 
derivatives, is continuous and vanishes at infinity, and which 
satisfies Laplace’s equation at all points outside of the conducting 
wire, supposing that a single homogeneous medium is _ present. 
We have however seen that a single-valued, or uniform function 
having all these properties vanishes everywhere. Accordingly the 
magnetic potential due to a current is not uniform. 


* Oersted, Experimenta circa effectum Conflictus Electrict in Acum Magneticam, 
Copenhagen, 1820. 

+ Ampére, “Mémoire sur la théorie mathematique des phénoménes électro- 
dynamiques, uniquement deduite de l’expérience. Gilbert’s Ann. 6%, 1821; Mém. 
de VAcad. t. 6, Ann. 1823. 
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We shall in future denote the magnetic force by H, its com- 
ponents by LZ, M, NV, the magnetic induction by %, its components 
by &, Dt, N, and the magnetic potential by ©, reserving the nota- 
tion F, X, Y, Z §, ¥, 9, 3, V, for the corresponding electric 
quantities. For the electric inductivity we shall use the letter e, 
leaving mw for the magnetic inductivity. These distinctions have 
not before been necessary, since we have not at the same time 
considered both electrical and magnetic quantities, as we must do 
from now on. If we form the line integral of magnetic force from 
a point A to a point B, we have 


B 
(1) | de + Mdy + Nde=0,,—Qp, 
A 


which must be independent of the path AB, for otherwise, by 
changing the path infinitely little, we should, starting with the 
given value 0 ,, cause Og to change by an infinitely small amount, 
and could thus cause 0, to take at the same point a series of con- 
tinuously varying values. The integral is accordingly the same 
for all paths that can be changed into one another by continuous 
deformation. If, however, the current separates two paths AOB, 
ADB, the integral is not the same for both. In other words, while 
the integral around any closed path not linked with the circuit is 
zero, the integral around a path linked with the circuit is not. 
But the integral around any two closed paths each linked once 
with the circuit is the same, for they may be continuously 

deformed into each other. Or in other words, 

we may connect two such paths 1 and 2, Fig. 

84, by a path PQ. The integral around the 


- circuit ABPQDCQPA, which is not linked 
ey with the current, is zero, but this is equal to 

the sum of the integrals PABP around 1 in 

Cs ‘4 the positive direction, together with the in- 

/ tegral QDCQ around 2 in the negative direction, 

1 while the integrals over the coincident paths 

Fie. 84, PQ, QP in opposite directions destroy each 


other. Accordingly 
[rapp= | QCDa. 


We shall say that two geometrical circuits are linked positively, 
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when, given a direction of circulation about each circuit, the 
direction of circulation in one circuit agrees with 
the forward motion of a right-handed screw, 
whose rotation corresponds to the direction of 
circulation in the other circuit. Fig. 85 repre- 


sents two circuits linked positively above and ee 

negatively below. By an extension of the above 

reasoning we see that the integral around any 

circuit linked n times in the positive manner 

with the current is nJ, where J is the integral 

around any circuit linked once. Accordingly te ie 
IG, . 


the potential at any poimt is an infinitely 
valued function, whose values differ from each other by integral 
multiples of J. We may however make the potential a uniform 
function, if we prevent passage from one point to another by 
paths not continuously deformable into each other, 
that is, if we reduce the doubly connected space 
about the current to a singly-connected one by iL 
means of a diaphragm covering the current 
circuit. Then no two paths can be separated 
by the current. If we consider the potential Fira. 86. 
at two points infinitely near each other but lying on opposite 
sides of the diaphragm, Fig. 86, to get from one to the other we 
must perform a closed circuit about the current, so that their 
potential differs by the amount J, accordingly in crossing the 
diaphragm, the potential is discontinuous, the amount of the 
discontinuity being 

O4-Oz,=J, 
where A is on the positive side of the diaphragm. There is, how- 


ever, no discontinuity nor lack of uniformity in the derivatives 
of . 


If we now consider all space, except a small sphere of radius R 
with center at the point P, and apply to it.Green’s theorem 


(2) [[(o=- ve )as=|/ (VAU — UAV) dr, 


where for V we put the magnetic potential ©, and for U the 
function 1/r, where r is the distance from P, the volume integrals 
vanish, and the surface integrals are to be taken over the infinite 
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sphere, where they vanish, over the small sphere about P, where 
we have as in § 83, on making RF decrease indefinitely, 


1] 
reo assay, 


and over the two sides of the diaphragm, where we have 


peo 2)asej(e- 2) a 


Since, however, 00/dn is continuous, the first terms in the two 
integrals cancel each other, the normals n, and n, being in opposite 
directions, and since 


this becomes 


and finally 
| a(;) 
(3) (heal) ite i I (0, — 04) dS =0. 
Since 0, —0,=J we have 
a(7) 
(4) —— a8, 


so that the action of the current is the same as that of a magnetic 
double-layer or shell of strength 

_ JF _4-O, 
This result was given by Ampére, by different reasoning. Experi- 
ment shows that the magnetic forces are proportional to the 


strength of the current, so that if A be a factor of propor- 
tionality, 


a(;) 
(6) = Ar |/ as Wis 
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the surface integral, being by Gauss’s theorem, § 39, equal to w 
the solid angle subtended by the current circuit at the point P. 
The positive side of the shell and the one toward which the normal 
is to be drawn is the side toward which a right-handed screw 
advancing in the direction of the normal to the diaphragm, would 
move when rotating with the current. The line of force is 
positively linked with the current. Since the potential every- 
where, except in the substance of the conductor, satisfies Laplace’s 
equation, the force is everywhere solenoidal, and the tubes of 
force are endless, and are all linked once with the current. 


211. Electromagnetic Units. The determination of the 
factor A, which is a natural constant, is a matter of experiment. 
It is extremely small, that is, an enormous number of electro- 
static units of electricity must pass in unit time in order that the 
current may produce magnetic forces of appreciable amount. If, 
however, we choose a new unit for J, defined by the assumption 
A =1, so that 


Q=To, 


we get a new system of measuring currents known as the electro- 
magnetic system. The unit magnetic potential is defined as the 
potential at unit distance from the unit magnetic pole in vacuo, 
accordingly the electromagnetic unit of current is referred at once 
to a magnetic pole, instead of to an electrified pomt. From this 
definition of the new unit of current we may at once obtain a 
whole system of electrical units. We define the new unit of 
quantity of electricity as the quantity passing in unit of time 
when a steady current of one electromagnetic unit flows. From 
this definition of unit charge we obtain, as before, new units of 
field, of electric potential, of resistance, capacity, and the rest. 
Conversely if, measuring the current in electrostatic measure, we 
put A=1 we shall get a new unit of magnetic potential, from 
which/we may obtain a complete set of units for magnetic quan- 
tities, all referred to the unit of electric charge, instead of to the 
unit magnetic pole. We may thus measure electric quantities in 
the electromagnetic system, or magnetic quantities in the electro- 
static system, or as before, each kind of quantity in its own 
appropriate system, thus obtaining the Gaussian system. 
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212. Dimensions of the Units. If we denote the numeric 
of a quantity when measured in the electrostatic system by the 
suffix e and when measured in the electromagnetic or magnetic 
system by the suffix m, we have for the magnetic potential 


(1) Om = AL, 0 = Imen, 


(2) 0,=10=4 


Consequently the number A denotes the ratio of the numeric of a 
certain current when measured electromagnetically, to the numeric 
of the same quantity measured electrostatically, or 1/A is the 
number of electrostatic units of current in one electromagnetic 
unit. If m denote a magnetic charge, we have the dimensional 
equation, by § 190, 


G3) [o]= Fa | 


the quantities being measured 4n either system. Also since the 
dimensions of solid angle are zero, the dimensions of © are the same 
as of J, and 


(4) [7 =[9)=| 5]. 


Since the unit of electric charge in either system is obtained 
from the unit of current multiplied by the unit of time, 


(s) [e]= U7 ]= =| 


and we accordingly have for the ratio of the two units of electricity 
or of current, inserting the suffix m in (5)* 


1 Ce thy Ce bm L 

Olea laieen| 

Now the fundamental assumption in defining the magnetic system 
was that the dimensions of w were zero, Also the assumption 
defining the electrostatic system was that the dimensions of ¢ 
were zero. Accordingly the dimensions of e, and of m,, both 
belonging to the Gaussian system, and defined by precisely the 
same considerations, namely 


(7) CP eT Ruee 
elAl| pol wla| waa 
* Evidently any dimensional equation holds when either suffix e or m is inserted ~ 
on both sides, 


In®.- 
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are the same. Hence the dimensions of the quantity 1/A are accord- 
ingly the same as those of a velocity. All that has been said of 
course applies to any absolute system of units, and has no re- 
striction to the c.G.s. system. If the units of length, mass, and 
time are given, we can by definition immediately obtain the 
unit of electricity in either the electrostatic or electromagnetic 
system, and by experiment determine the number of electrostatic 
units contained in one electromagnetic. If the unit of mass is 
now changed, and we define our electrical units as before, the size 
of both units of electricity has changed, but in the same ratio, 
so that the number of one kind contained in one of the other 
is the same as before. If, on the other hand, we change the 
unit either of length or time, the two electrical units change, 
but in different ratios, so that the numeric expressing the number 
of one kind in one of the other is changed from its former value. 
It has, however, changed in precisely the same way that the 
numeric expressing any given velocity has changed, so that we 
may say that the number 1/A represents a certain definite velocity, 
which is totally independent of the units chosen. When the units 
of mass, length, and time have been settled upon, the numeric of 
this velocity may be given. This velocity will be denoted by v. 
It is to be noticed that the determination of the quantity v 
depends upon the determination of a certain numeric, the units 
being settled upon, and that there is nothing of the nature of an 
actual velocity involved. We shall, therefore, not as yet be under- 
stood to speak of v as a velocity, but merely as a quantity whose 
numerical expression changes: like that of a velocity, with any 
change of units. The quantity v is the most important electrical 
natural constant. Numerous determinations of its value have 
been made, the first by Wilhelm Weber* and Rudolf Kohlrausch, 
in 1856. The number now generally accepted is 
v=3 x 10" cm. /sec. 


Electrical and magnetic potential are defined in terms of 
work, so that 


(8) [eV ]=[mQ] = [MLT™), 
which agrees with the other possible definition 


(3) wi-|5]. =|]. 


* Weber, Hlektrodynamische Maassbestimmungen tv. 1856; Werke, Bd. ut. p. 609. 
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From (8) and (6) we obtain 
(9) [ec Ve] = [@mVmnl, 
6) [v:]-[2]-e-[5], 


and there are v electromagnetic units of potential in one electro- 
static unit. Capacity is defined as ratio of charge to potential, 
so that 


(10) x1=|+I. 
from which 
. []-[]-0 


or there are v’ electrostatic units of capacity in one electromagnetic 
unit. Resistance is defined as ratio of potential to current, so that 


(11) [Ri=| 7]. 


(ERE L 


or there are v’ electromagnetic units in one electrostatic unit. 


213. Practical System. The absolute system of units 
was due to Gauss, and was introduced to practice by Weber. The 
system was first made practicable for general use by the exertions 
of the British Association, which issued copies of the unit of 
resistance, and decided on various multiples of the ¢.G.s. electro- 
magnetic units for practical units. Its action has been seconded 
by international congresses, at Paris in 1881, 1884 and 1889, and 
at Chicago in 1893, which determined on the following multiples of 
the electromagnetic units : 


1 Volt = 10° c.G.s. electromagnetic units of Potential. 

1 Ohm aL om es , Resistance. 

1 Ampére =10"! ,, ‘ » Current. 

1 Coulomb = 107 ,, : » Electric Charge. 
is Varedege—11 Once . , Capacity. 

1 Joule =) 10) ae , » Work. 

1 Watt 5 Our . » Activity. 


The prefixes mega and micro are used before the preceding names 


of the units to denote respectively multiplication and division by 
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a million. These units form a consistent system, so that electrical 
relations involving quantities measured in these units require no 
numerical factors. For instance, a current of one ampére is 
produced when an electromotive force of one volt is impressed in 
a circuit whose resistance is one ohm, and the activity of one watt 
thereby exerted dissipates energy at the rate of one joule per 
second. 


214. Electrostatic compared with Practical Units. From 


the above definitions with the value of v given and equation (9’) 
we find 


10.4.8. electrostatic unit of Potential = 300 Volts. 
From (10’) 
1 Farad contains 9°10" c.a.s. electrostatic units of Capacity. 
The electrostatic unit of capacity is the unit of length, accordingly 
1 Microfarad = 900,000 cm. of Capacity. 


A sphere of nine kilometers radius in free space would have a 
capacity of one microfarad. From (6) 
1 Coulomb = 310° c.G.s. electrostatic units of Electric Charge. 
From (11’) 
900,000 Megohms = 1 ¢.G.s. electrostatic unit of Resistance. 


From equation (7) we may find the dimensions of e and m, when 
those of e and yw are settled upon. Any convention that may be 
made gives us a possible system of units. It must be noticed, 
however, that there is always a relation between the dimensions of 
eand w. From equations (4) and (5) 


s]--[) 


Squaring this and dividing by 


= (si-[ 


_ we obtain 


; 
4 
b W. E. 27 
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Consequently the dimensions of the product of the electric 
and magnetic inductivities must in any system be those of the 
square of the reciprocal of a velocity. The absolute dimensions 
of either factor are arbitrary. Attempts have been made to settle 
the absolute dimensions of ¢ or w, but they are evidently based 
upon misconceptions of the theory of dimensions. The two 
common assumptions are, that 


1 
C= My" 


This gives the electrostatic system. Secondly we may assume 


1 


p=l, ery?" 


This gives the electromagnetic system: We shall, when 
dealing principally with the magnetic properties of currents, use 
the electromagnetic system, but when dealing equally with elec- 
trical and magnetic phenomena, to avoid ambiguity, we shall, 
followmg Helmholtz and Hertz, use the Gaussian system, 
measuring all electrical quantities in the electrostatic system, 
all magnetic quantities in the magnetic system, and introducing 
the factor A, with the numerical value 1/v. A complete table 
of dimensions of the various units is given at the end of 


Chapter XIII. 


215. Potential due to Circular Current. The potential 
at P due to a current being © =Ja, where o is the solid angle 
subtended at P by the current circuit, if P is situated at a dis- 
tance « from the center of a circular current of radius R, on 
the line through its center O perpendicular to its plane, we 
have for the area of the segment of the sphere of unit radius - 
about P cut off by the right cone whose vertex is P, and base 
the current, 


(yee 2a | sin 040 = In (1 —cona) 


0 


So a ih — 
pane Ny, 1+ 
This may also be obtained, according to § 123, by differen- 
tiating the expression for the potential of a disc at a point on the — 
axis. 
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The force in the direction of the axis is 
COM ariel 
On (a? +R») ; 
At the center of the circle 
_ orl 
RE: 


L= 


From this expression comes the definition often given of the 
unit of current as that current which, flowing in a circle of unit 
radius, produces the field 27 at its center, or less correctly, the 
current, which, flowing in an arc equal to the radius in a unit 
circle, produces unit field at the center. 


The expression for the force is an example of the proposition 
that similar geometrical circuits traversed by equal currents, 
produce at corresponding points forces inversely proportional to 
their linear dimensions. For at corresponding points the solid 
angle, and therefore the potential is the same. In the circuit of 
n times the dimensions, the potential changes by equal amounts 
for displacements of n times the length, hence for equal displace- 
ments the change is 1/n as great, and the force is n times smaller. 


When the point is not on the axis of the circle, the cone, 
having an oblique section circular, is elliptic, and we must cal- 
culate the area of the spherical ellipse cut out by it from the unit 
sphere. This involves an elliptic integral. 


We may however develop the result in an infinite series of 
zonal spherical harmonics, as in the case of the potential of a dise, 
in § 102. Developing the above expression for at points on the 
axis by the binomial theorem, we have 


anon)" 


ec a Ee ae es 
Sate 3(5) eae od. 6 =) it eats 


420 THE ELECTROMAGNETIC FIELD. [PT. IIL. CH. XJ. 


Accordingly for points not on the axis, at a distance r from the 
center of the circle, 


1/R\, 1.8/R\Vy 1.3.5 /B\ 
pest . (=) P-55(7) P+ 5-3 (=) P= ube >R, 


ee 5 (%) -54(4) 
dla Riits R Pe 2.4\R P+... rok. 

In order to find the direction of the force we must differentiate 
this in the directions parallel and perpendicular to the axis, and 
take the resultant. A figure of the lines of force is given by 
Maxwell, Plate 18. 


216. Infinite Straight Current. Law of Biot and 
Savart. If we have a current flowing through a straight linear 
conductor of infinite length, we may consider the circuit com- 
pleted by conductors lying at an infinite distance all in the same 
plane. The solid angle subtended by the circuit at a point P 
will be that sector of the unit sphere with center at P mcluded 
between the plane through the straight conductor and P, and a 
plane through P parallel to a given plane, which is assumed to 
be the plane of the circuit. This angle being ¢, we have the 
ratio of the solid angle to the surface of the unit sphere equal 
to the ratio of the plane angle to the circumference of the unit 
circle, 

os o=2¢, 2=2I¢. 

But ¢ is equal to the angle made by a plane through P and 
the conductor with a fixed plane through the conductor. Conse- 
quently the equipotential surfaces are planes through the con- 
ductor, and the lines of force are circles whose planes are per- 
pendicular to the conductor. 


The line integral of force about a circle of radius r is the value 
of the force H, which is tangential to the circle, times the length 
of the circumference, and this must be equal to 4aJ, 


An = 2arrH, 
Accordingly the value of the force is 
ia. 
r 


This is the law of Biot and Savart*. 
* Biot et Savart, Ann. Chim. Phys, 15, p. 222, 1820. 
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217. Force due to any Linear Current. If the potential 
at a point P is 0 and at a neighboring point Q is 0 + 60, where 
the distance PQ = 6h, and if H is the magnetic force at P, we 
have 


00, 
(1) H cos (Hh) =— =~, 
(2) 60, = — Héh cos (Hh). 


This change in the potential is the same as the change that 
would be made in the potential at P by moving the whole circuit 
parallel to itself the same distance 6h in the opposite direction. 
The change 60 is proportional to the change d@ made in the 
solid angle subtended at P due to the motion of the circuit, which 
is easily seen to be exactly the solid angle subtended at P by 
the narrow ribbon of cylindrical surface whose edges are the 
initial and final positions of the circuit, and whose generating 
lines are equal and parallel to 6h. But any arc ds has described 
in the motion an area dS of a parallelogram equal to 


(3) dS = dséh sin (ds, 6h), 


and if n be the normal to this element of area, we have for the 
element déw of the solid angle subtended by it at P, 


(4) dso = oe = dséh sin (ds, dh) cos (nr), 


where 7 is the distance of the element from P. Consequently 
integrating around the ribbon 


(5) bo = jy [Ne ere) ds, 


(6) $0, = I8w. 


If we consider that each element of the current of length ds 
contributes to the field the potential dQ and the force dH, we 
have, by (2), 

: } é 
Bee 2s, cos (2H, 9h) = don — 72ers (es, OO) 00s for) 
The numerator is the volume of the parallelepiped whose sides 


are 7, ds, 6h. It therefore vanishes if the direction of dh coincides 
with that of r. 


There is accordingly no component of the force in the direction 
_ of r, or the force is perpendicular to r. In like manner if dh has" 
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the direction of ds, the force vanishes, so that the force is per- 
pendicular to ds. If 8h is perpendicular to the plane of r and ds, 
we have 

cos (dH, 6h)=1, sin (ds, 6h) = 1, 


__ rds cos (nr) _ rds sin (7, ds) 
(8) dH = — x 3 


Accordingly if we call do the component of ds perpendicular 
to r, the magnetic force due to the whole conducting circuit will 
be obtained if we suppose each element ds to contribute to the 
field the amount 


do 


which has the direction perpendicular to the element ds and the 
radius 1. 


The total field is the vector sum of all these infinitesimal parts. 
The proper sign to be chosen may be found by considering the 
way in which the lines of force are linked with the current, and 
we find that the direction of the force is given by the rotation 
of a right-handed screw advancing with the current in the 
direction of dc. The complete specification may be most con- 
cisely stated by saying that the force due to the element ds is 
1/r? times the vector product of Jds and r, the vector r being 
drawn from the element ds to the point P, 


(10) Miah & 
fe 


The resolution of the field into elementary fields is artificial, for 
the field is of course due to the whole closed circuit. Moreover 
the resolution may be performed in an infinite number of ways, 
for it is the integral of the above differential taken around the 
whole circuit which gives the field. 


We may consequently add to the differential above the differ- 
ential of any function of the coordinates of the element ds, for in 
integration around the circuit this function returns to its original 
value so that the integral vanishes. 


If the coordinates of a point in the current circuit are a, Ya» A; 
those of P, aw, y, z, since the direction cosines of 7 and ds, are 
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respectively 
L-h YY 2-% 
r b) r ? r ? 
Cie Oy ae, 
TR GRE GRE 


we have for the components of the vector-product representing the 
field due to an element ds,, 


E 
dL = Pp {dy (2 — %) — da, (y — %)}, 
i 
(11) dM =; {dz (x — a) — da, (z—“)}, 
dn=2 
hs {day (y — 91) — dir (@ — a)}. 
We may obtain the same result by the use of Stokes’s Theorem, 


§ 31. Since 
2=Ie=1|/—as, 
on 


the component of the field in the direction h is 


(12) Pee ryt (22) 
Reichs cat chon 


Let the constant direction cosines of h be a, 8, y, and those of 
n be X, p, v, variable over the surface of the diaphragm. Then 


0 0 0 0 
pac ceua oy tae’ 
(13) 
Spee) l ce 
an dm, Oy, Oz, 
Now since 
r=(*#—mP+(y—my+(z—-“a), 
we have 
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@)_ (20), 20,20) 


oh me On, +8 OY, ta 02, 


1 
a (-) 

! ; a0, 0 580 oes 

8) aes 0. VSD otra, 1 i (2 oe ca Yaa) (;) 


(20, 20,2) 


so that 


= ie Tat ag ewrrn ae 
oe (=) 2 (=) 0? (=) 
- 
+ (uy + v8) =——— Oyi0% 02, + (va + dy) 02,02, ONE SBI “ma 


Now since 1/7 satisfies the equation 


we may write 


with similar substitutions for 6° (1/r)/dy2 and 6(1/r)/dz2. Making 
these substitutions, and arranging the terms differently, we obtain 


“)_,[a(20)_.2@))_a (20). 20) 
hon Loy, \” Oy, Ga, J da, \1 Oa, * a, 
i 1 1 i) 


[2 (2 Lon rry &) PS oC) pats Te t)) 


Consequently if we put. 
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nee) 
(16) oa ge “f)) 


we ten 


1 il 
mar(ae) 20) 


making @, the resultant of U;, Vn, W, equal to J times the 
vector product of the unit vector h and the vector parameter of 
1/r, the force in the direction h is 


9) ent ffs (2 on (2 
é4 os a ds 


= — | |(car Q») cos (curl Q;,, 2) dS. 
But by Stokes’s theorem this is equal to the line integral 
(18) — | Grae, + Vidy, + Widz,)= -[Qr cos (Q;.ds) ds,, 


around the current circuit. 


Accordingly attributing to each element ds the amount of field 
dH, : 
(19) dHcos(dH, h)=adL + BdM + ydN 

= (Uda, + Vidy, + Widz), 
and since this must hold for every value of a, 8, y, equating their 
coefficients we obtain 


nen pa 
arom eerne ame 
ee eee 2), 


OY, Ly 


which give the values obtained in (11). 
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218. Forces on Conductor carrying Current. The 
magnetic energy of a pole m at P in the field due to a current is 


1 
(1) bee aif: 


m 
1 ff @lasa1 [2 as, 


where ©, is the potential due to the pole. For any number of 
of poles, in like manner ©, being the potential due to them all, 


(2) Waal | ee HSS | | He, cos (Han) as 


which is the flux of force through the current circuit in the 
negative direction, due to all magnets. The potential energy 
tends to decrease, consequently a current in a magnetic field 
tends to move so as to make the surface integral a maximum, that 
is, to embrace the largest possible number of tubes of force linked 
with it in the positive direction. This statement of the mechanical 
action of magnetic forces on a current is due to Faraday. 


219. Mechanical Force acting on Element of Circuit. 
We may consider the forces acting on the whole circuit as the 
resultant of the forces acting on each element ds,, with the same 
degree of arbitrariness as in the case of the field due to the current. 
By the principle of reaction the force on ds, due to the presence of 
a unit pole P must be equal and opposite to the force dL, dM, dN 
on the unit pole, due to the current element ds,. Consequently if 
dB, dH, dZ, are the components of the mechanical force acting on 


ds, 
sah, al 
dB =— {dy,(4— 2) —da(y%— yy}, 


rs 


(3) dH =A, (dz, (a — a) — da, (2, 2)}, 


vi 
aZ =e (da, (4% — y) — dy (@% — a)}. 
But 


= 4m 
ra 


are the components of the field at ds, due to the unit pole at P. 
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Consequently 
= I(Nindy, — Mndz,), 
(4) dH =I (L,dz, — Nind2,), 
dZ = I (Myda,— Lmdy,), 
and the whole force due to the presence of any number of 
magnetic bodies producing a field LZ, M, N is the resultant of all 
the individual actions 
dE =I (Ndy, — Mda), 
(5) dH = I (Ldz, — Ndz,), 
dZ =I (Mdx, — Ldy,). 
That is: the mechanical force on the element is the vector 


product of the current element Jds, and of the magnetic field 
where it is situated*. 


Suppose that the magnetic field is due to a second element ds, 
of strength J, at a distance r from ds,. Then since by (11) § 217, 
putting ds, for ds,, 2,4, % for a, y, z, 


hae 
dL == (dy, (a — %) — da (yr — ys}, 
* {dz (a, — a.) — da, (2, — 2}, 


7a (aa, (% — Yo) — dys (a, = ®a)}, 

we have for the mechanical force acting on ds,, by (5), 

{das (4. — Y2) — Aya (@, — @2)} 

— dz, {dz (x, — %) — day (2, — 22)}]. 


Adding and subtracting the term dada, (a, — #,)/r? this may be 
written 


oes =! 


qe ae \- (a, = @5) (dx, dx, + dy, dy. + dz,dz.) 


(7) + de, (7 — dan, + DP dy, + \=*da)} 


of Whe a {cos (re) cos (ds,ds,) — cos (ds.x) cos (rds,)}, 


r being drawn ae ds, to ds,. 


* It would be hard to devise a simpler rule for remembering the direction of the 
force than the one given on p. 12. 
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In like manner 


Cie ee {cos (ry) cos (ds, ds,) — cos (ds, ¥) cos (rds;)}, 
PZ = Ne {cos (rz) cos (ds, ds.) — cos (ds,z) cos (rds,)}. 


The resultant d?R has a component 


I, I,ds, ds. cos CxS 


7? 


in the direction of 7, and one of magnitude 


ak I,ds,ds, cos (7, sp) 


7? 


in the direction ds,. This resolution into infinitesimal forces is 
unfortunate on account of the lack of symmetry with regard to 
the two elements. 


220. Mutual Energy of two Currents. The whole force 
acting on the circuit 1 is found by integrating the expressions (7) 
already found for d?, d?H, d?Z, around both circuits 1 and 2, 


] 
a(>) 
(ea if [ at! (de,de, + dy,dy, + dz,dey 


OX, 


UGeuGe. 26 
-[ [des | an da, + ar dy, + aE, dz,\ , 
with similar expressions for H and Z. If we now suppose the 
circuit 1 displaced or deformed in any manner, so that a point 
, 1, %, 18 displaced by the amount 62,, dy,, dz, the circuit 2 


being fixed, the forces 8, H, Z do the work 
(9) Hoa, + Hby, + Z8z, = 


raf [Ce ie). eal: a(;) 


02, 


i {da da, + dy,dy.+ dz,dz,} 


=) ele 
q i be 
-{ I. (dex,30, + dy, Sy, +de32) aCe da, +O dys + an 
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The second factor in the second integral may be written 


and we may then perform the integration around the circuit 1, 
Integrating by parts, obtaining 


a(- 


re 


ik (da,da,+ dy,dy,+ dz, 021) 


rie Gast + dy,dy, + dz,62,)/ 


-{ + (de, 52+ sen dy, P+ de 2) Ay 


The integrated part vanishes, for the factors 6a,, dy,, dz, are the 
same for the beginning and end of the circuit. Accordingly the 
expression for the work becomes 


eae) 800) 
nef [2 & Baas (+ — SES hee dz,dz,} 
(10) Wie  (dandda, + dy,ddy, + dz,8d2,) 

1J2 


=f [ai i | * (dar dln, + dds + dade)| 
Shay 


6, denoting the change made by changing 2, y, z,, keeping 2 Ys 22 
constant. We have accordingly obtained the work as the change 
due to the motion in the value of a line integral around both 
circuits. Consequently the mechanical forces are derivable from a 
force-function, and the integral represents the negative mutual 
potential energy due to the magnetic forces acting between the 
two currents. 


(11) -W=TL | © (dedn,+ dyndy, + dade) 
1/2 


=1,7,{ | RCO) dade, 
Wueg r 


This form of the integral was given by Franz Emil Neumann* in 
1845 and is generally known in Germany by the name of the 
Electrodynamic Potential of the currents 1 and 2. 


* Neumann, ‘Allgemeine Gesetze der inducirten Stréme.” Abh. Berl. Akad. 
1845. 
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221. Various Resolutions into Elementary Forces. The 
value of the integral will not be changed if we add to the integrand 
xpression 
any expre ; we 
08) 08a 
where F is any function of , for it will disappear when integrated 
around either circuit. If we put F’=7, 


Or Or da, a or dy, 4 or dz, 
08, 00, ds; Oy, ds, 02, ds; 


If, Fig. 87, we drop a perpendicular from ds, on 
the tangent at ds,, and call the length of the 


aso 


ay, tangent thus cut off p, we see by infinitesimal 
dsy “ geometry that 
HES Se — ds, cos(r, ds,)=dr, ds, cos (ds,, ds,) = dp. 

Accordingly — cos (1, ds,), 

OS; 

0 
(12) ae = cos (ds, ds,), 

or 

athe cos (7, ds.). 

or 
But p=rcos(r, ds,)=—7? ae 
Consequently 
(Deane -(r or) = On er aoe 

(15) [008 (16 sa) oe rea ce) gee eee 
and 


la) 0s,0s, 1 08; 08, REET as, 


_ cos(r, ds,) cos (7, ds,) — cos (ds, ds.) 
r ’ 


or 1 = or 


and multiplying this by an arbitrary constant (1 — &)/2, and adding 
to the integrand in (11)* 


(15) —- w=n1,| { = oa a!) cos (ds,, ds,) 


ee a cos (1, ds,) cos (7, as} ds,ds,. 


The value & = 1 gives Neumann’s form of the integral, from which 
may be obtained the resolution into elementary forces already 


* Helmholtz, Wiss. Abh. Bd. 1. p. 567. 
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given. For k=—1 we get a resolution into forces proposed by 
Weber and C. Neumann, and for k= 0 one implicitly suggested by 
Maxwell. Let us examine the case k=— 1. 
(16) gate i i cos (7, ue (7, ds2) Hees 
ue 
Der er 
=-Ti| | 5 5 dada, 


From this we obtain 


as or 1 dr ddr __1 Or dor 
Integrating by parts, the second term around the circuit 1, and 
the third around the circuit 2, the integrated parts vanishing in 
both cases, 


(1 or CL 1 Oo @ fl er 
eels I, [ lr Os; aa = (- a) sas OS, (- =) ords,ds, 


(18) 
=h1,f { — ca oe fet | brdsds, 


7 05, Ogu TP 08,08» 


Since the integrand contains the factor dr, work is done only when 
the distances apart of some of the pairs of elements are changed, and 
we may resolve the action into attractions between ds, and ds, of 
the magnitude 


or or er 
Ll, r ae 0S, yee r seact CE? 


(19) 
= ipe a {2 cos (ds,, ds,) — 3 cos (7, ds,) cos (7, ds.)}. 


This form for the elementary forces was given by Ampére*. Accord- 
ing to this form, we see that parallel elements perpendicular to the 
line joining them attract each other with a force 

7a RM Ny fos 
Parallel elements having the direction of the line joining them 
repel each other with a force 

LI,ds, ds, 

ison 

* Ampére. ‘‘Mémoire sur la théorie mathématique des phenoménes électro- 

dynamiques.” Mém del’ Acad. T. vr., 1823. 
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while mutually perpendicular elements exert no action on each 
other if either is perpendicular to the line joining them. 


222. Currents distributed in three Dimensions. We 
have seen in § 210 that a current J is equivalent to a magnetic 
shell of strength 


Ave ? 
where J is the line integral of the magnetic force around a circuit 
positively linked once with the circuit, and in the electromagnetic 
system J=®. Accordingly 

J = 4. 


If now we consider steady currents distributed in any manner in a 
conducting body with current density q, the integral of magnetic 
force around any closed curve depends only on the tubes of flow 
with which it is linked, being equal to 47 times the total current 
through the curve. Consequently 


(1) [fde+ May + Ne 


= 4dr | | {u cos (na) + ¥ cos (ny) + w cos (nz)} dS 


the surface integral being taken over any surface bounded by the 
curve. But by Stokes’s theorem 


[Eee + Mdy + Naz 


= {f(t «(EAD ote 
(57 =) cos (na)h as. 


The surface integrals can be equal for all surfaces bounded by any 
curve whatsoever only if we have everywhere 


sn =O _ OM 

Oy Oz’ 

oL aN 

(2) oT eae 
fe ot 

Horo 
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These are the fundamental equations of electromagnetism. In the 
Gaussian system, we must introduce the factor A on the left. By 
these equations the solenoidal vector g is expressed as the curl of the 
magnetic force H. The magnetic forces cannot be derived from a 
potential except where there is no current, but must be found by 
integration of the partial differential equations (2). In order to 
show how this may always be accomplished, we shall prove a 
general theorem. 


223. Vector Potentials. Helmholtz’s Theorem. Any 
uniform, continuous, vector point-function vanishing at infinity 
may be expresséd as the sum of a lamellar and a solenoidal part, 
and the solenoidal part may be expressed as the curl of a vector 
point-function. A vector point-function is completely determined 
if its divergence and curl are everywhere given. 


Let & be the given vector, with components X, Y, Z Let us 
suppose it possible to express it as the sum of the vector parameter 
of a scalar function ¢ and the curl of a vector-function Q, whose 
components are U, V, W. Then 


x-2+5- 
Finding first the divergence of R, 
div Ra + Gt og a 


for the curl of any vector is solenoidal, § 35. 


But by § 85 (18) we know that if @ and its first derivatives 
are everywhere finite and continuous, we have 


° ==, fe 


Since £ is continuous by hypothesis, div F is finite, so that 


(3) or lhee i tate 
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Consequently the lamellar part of R is determined by its divergence. 
Secondly finding the curl of R, say w, with components &, 7, &, 


0% aY_ 2a itis) @ (oo 20 aa 
Oy oz Oy\dz dx ody] Odz\dy Oz da 
4) 

a (aU _aV aw) 
=- AU Ie Oy Ca 


Since Q is as yet undetermined except by the partial differential 
equations (1) we may impose on it the condition of being sole- 
noidal, 


ou eV aw 


(5) uy De 
Hence 
oa oY * 
Tiere 
and in like manner 
OA OZ a 
et roma pran 
(6 pn 
OW Dosa - 
Se) ee ae 


But since # is continuous, curl & must be finite, and therefore as 


before . 
a E 
oe ill ah 


7) valli 


oe 


weg lffee 


The vector Q, whose components are 1/47 times the potentials of 
the scalar functions & 7, £ the components of o, is derived from 
w/4a by the operation Pot, considering w as a vector, so that we 
may write 


eu 1 b= 
(8) Q =; Pot a, 


and call 47 Q the Vector Potential of . Since the solenoidal part 
of R is the curl of Q, we shall also say that Q is the vector 
potential belonging to R. We accordingly see that the solenoidal 
part of R is determined by curl R, and accordingly the vector 


\ 


7 


| 
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is uniquely determined by its divergence and curl. This theorem 
was given by Helmholtz in his celebrated paper on Vortex 
Motion *. 


224. Symbolic Formulae. These relations may be con- 
cisely expressed by means of Hamilton’s and Gibbs’s symbols V 
and Pot (§ 78). In words we may say that any solenoidal vector 
is the curl of the vector potential belonging to it, which is the 
vector potential of 1/47 times its curl. 


By virtue of the definition of Hamilton’s operator we have the 
vector equation 
(9) R=V+VQ, 


so that we may call the sum of the scalar ¢ and the vector Q 
the quaternion potential belonging to R, from which R is derived 
by the single vector operation V. Inserting the values of ¢ 
and Q, 


(10) R=v} 


1 Depa Pi 
rs (— Pot div R + Pot omy) : 


so that the operator (Pot curl — Pot div)/4 is the inverse of V, 
when applied to a vector-function. 


For a lamellar vector we have 


a 


(11) cul R=0, R=- 
Arr 


V Pot div RB, 


and for a solenoidal vector 


Seo) R= VPotcurl R=— curl Pot curl R, 
4ar Aor 


Taking the curl of w, we find in like manner 
curl o = cur? R= — AR, 
(BR being solenoidal) so that 


(13) R= ie Pot curl? R. 
: 4ar 


In fact since the operations of definite integration and partial 
differentiation are commutative, the operations Pot and curl 
must be. 


_ * Helmholtz. ‘‘Ueber Integrale der hydrodynamischen Gleichungen, welche 
den Wirbelbewegungen entsprechen,” Crelle’s Journal, Bd. 55, 1858, p. 25. Wiss. 
Abh, Bd. 1. p. 101. 
. 28—2 
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225. Magnetic Force from Current. Applying Helm- 
holtz’s theorem to the solenoidal vector H, the magnetic force, 
and calling the components of the vector potential F, G, H,* and 
using the fundamental equations (7), together with § 222 (2), we 
obtain 


oH 0G 

Oy .0z’ 

(14) eee 
F= ‘ aa 


Os o-[i[te 


or the vector potential belonging to the magnetic force is the 
vector potential of the current density. 


226. Energy of Magnetic Field of Currents. The mag- 
netic energy of the field is by § 118 (10), 


0 Wang [ffertarensas 


and introducing the vector potential this becomes 


2) Wa 5 fH LE Gay — aa) *™ (Ge — Ge)? Ge — yh 


Integrating by parts for any volume 7 bounded by a closed 
surface S, 


* It is to be noticed that the letter H is here unfortunately used for both the 
resultant magnetic force and one component of the vector-potential. This is 
because we have followed Maxwell in using the letters F, G, H. The ambiguity — 
need cause no confusion. 
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(3) [fz (Fn 3e) te(S-S) aN (eae 


Oz oY 
2 | | (MH — N@) cos (na) *+ (NF — LH) cos (ny) 
+ (LG — MF) cos (nz)} dS 


UP Ga) +9 Gea) +E -5)h & 


This important theorem in integration may be abbreviated as 


(4) [feu = Gurl H} dr = ||v.x9 cos (n, V. HQ) dS. 


The integral representing the energy is extended over infinite 
space, and the surface integral vanishes at infinity. Inserting 
the value of curl H in terms of the current density, § 222 (2), we 
obtain 


(5) Wn = 5] [Pu Gu + Hw) dr, 


and since no portion of space contributes to the integral unless 
it is traversed by currents, we may take the integral simply 
through conductors carrying currents. The components of the 
vector potential are however themselves triple integrals over the 
same portions of space, so that if we distinguish a second point 
of integration by an accent, we have the double volume integral 


Uff aoe Affe Pace 


(ot yy) ez) 
where each point of integration traverses the whole volume 
occupied by currents. 


This form of the energy corresponds to the form in terms of 
density given in § 117 (5), the integrals being there taken through 


all distributions of matter. 


If we perform the volume integration by dividing the space 
up into current tubes, of infinitesimal cross-section S, ds being 
the length of the generating curve, and J = qS the total current in 
the tube, we have for the element of volume dr = Sds, so that the 
integral becomes 


0) 1 fem ot asap 
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both ds and ds’ traversing all current tubes. The sextuple in- 
tegral is here interpreted as a line integral around every current 
tube and then an integration for the double infinity of tubes for 
each ‘variable s and s’. If the currents consist of two linear 
circuits, or closed tubes of infinitesimal cross-section and strengths 
I, and I,, the sextuple imtegral reduces to a double-line-integral, 
and since both variables s and s' are to traverse both circuits, we 
may divide the integral up into four parts according as s or s’ 
coincide with s, or sy, 


Wink j fase ES) goa aet | | See 


S=S8, Soo) S=spio—se 


rene [ cos (dsds’) dsds' +“ | / cos (ds ds’) deaet 
2 ie 2 r 
S=S S/=3, 8=S. S=S, 
The second and third integrals are equal, for it is evidently 
a matter of indifference which point of integration is associated 
with either circuit, so that we may write for the sum of these two 


terms 
LI, | | 2S) desde, 
tone uP 


where each point of integration goes once around one of the 
circuits. 


This term is equal to the negative of the mutual potential 
energy of the electromagnetic forces acting between the two 
currents, as found in § 220 (11). 


In like manner the first and last terms, where each point of 
integration goes once around the same circuit, are the negatives 
respectively of the potential energy of either current in its own 
field, from which the electromagnetic forces acting between its 
different parts may be calculated. If we call the integrals 


es = | cos (dsds’) ds ds’, L, a | cos (dsds’) dsds’, 
1J4 r 2/2 is 
MM, = / 


i cos (ds,ds.) dada 
yal? r 


we may say then that the magnetic energy of the field due to 
both currents 


(9) Wn= $Lh,I? + M,1I, + $ L,I, 
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is the negative of the total potential energy. But the potential 
energy tends to decrease, and if the current strengths are constant, 
while the circuits are moved or deformed, their position and form 
being specified by a certain number of geometrical parameters q,, 
the forces P,; according to these parameters are given by 

(10) 2 P;6q,=—6W =8W,, = 4/°6L,4 16M, + 4176L, ; 

OL oM,, OL, 


rabies PIE omr eas SF, 


(11) P,=3l? Oqs tse Ode 2 ae 


The magnetic energy of the field then tends to increase, and 
we find the system behaving in the same manner as a cyclic system 
during an isocyclic motion, § 70. The energy which must be 
furnished to the system during a motion caused by thé electro- 
magnetic forces must be double the amount of work done by 
the electromagnetic forces, which is equal to the loss of potential 
energy, and must be furnished by the impressed electromotive 
forces that maintain the currents. We have already seen that 
in the case of concealed motions we cannot always tell whether 
energy is potential or kinetic, and that in cyclic systems the 
kinetic energy has the properties of a force function for either 
isocyclic or adiabatic motions. We are therefore led naturally 
to consider a system of currents as a cyclic system, and, instead 
of considering W as potential energy, to consider W,,=— W as 
kinetic energy. We shall henceforth call it the electrokinetic 
energy, and denote it by 7. 


These considerations, assimilating an electrical system to a 
mechanical system, are due principally to Maxwell, and by means 
of them we shall in the next chapter be able to deduce the laws of 
induction of currents. 


If in the integral (5) we integrate over current-tubes in the 
manner just explained, for udt we must put 


q cos (qa) Sds = Ida ete., 


so that we cbtain for each current . 
(12) P= 5 |( Pde + Gdy + Hae), 


where the integral is around its own circuit, but F, G, H are 
the definite imtegrals over all currents, as previously used. Apply- 
ing Stokes’s theorem to the above line-integral, we obtain 
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ie oH 0G oF of 
(13) aes ~ | cos (nw) + (= AE ) cos (ny) 
0G oF lags 
~ (= — ae cos in7 i 
over any surface bounded by the current. 
But by the equations § 225 (14), 


(14) we =; | {LZ cos (nw) + M cos (ny) + WV cos (nz)} dS 


or the electrokinetic energy of a system of currents is equal to one- 
half the sum of the strengths of each current multiplied by the total 
flux of magnetic force through its own circuit in the positive direc- 
tion. The part of the flux due to the current itself constitutes the 
term 4LJ?, while for any two currents 1 and 2, the portions con- 
sisting of one-half the strength of either times the flux through 
its circuit due to the other current, being equal to the two 
middle terms of (8),are equal. We may consequently express the 
mutual kinetic energy of two currents as the strength of either 
multiplied by the flux through its circuit of the magnetic force due 
to the other. 


227. Mechanical Forces. We may deduce the mechanical 
forces acting on conductors carrying currents from the expressions 
found in § 219 (7). Calling the forces per unit of volume &, H, Z, 
and writing for Jdx the value in terms of the current density udr, 
we have 


0 fe Eco amen 
[ie oD ae 


The first terms in the first and second integrals destroy each 
other. The second terms may be written respectively, since the 
accented quantities are independent of the unaccented, 


[ra fear [Iho 
[I & fee == 


and 
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Consequently we get 


@—ifee[fhe-%) «2a 


= || [ox —wat) ay 


and we obtain for the mechanical forces on the conductor per unit 
volume, 


(3) 


The mechanical force per unit volume is the vector product of the 
current density and the magnetic field. 


228. Effect of Heterogeneous Medium. Let us consider 
what changes are necessitated in our equations by the presence of 
magnetizable bodies, so that the magnetic inductivity uw is not con- 
stant throughout space. In the reasoning of § 210 we supposed 
the magnetic force to be both lamellar and solenoidal in all space 
not traversed by currents. As soon as we have variations in the 
inductivity, the force is in general no longer solenoidal, but the in- 
duction is. We cannot, however, apply the reasoning unchanged to 
the induction, for this, in general, is not lamellar. The reasoning 
connecting the current strength with the work of carrying a pole 
around a closed circuit is however unchanged, and if the circuit lie 
in any other medium than air, the work is the same as if the circuit 
lay in air, namely zero if the circuit is not linked with the current, 
4anJ if linked n times positively. For consider a circuit composed 
of two infinitely near circuits each embracing the current once, 
corresponding points of the two lying infinitely near each other on 
opposite sides of a surface separating air from another medium. 
Then if we carry a pole around the circuit in air in one direction, 
and back around the circuit in the other medium in the opposite 
direction, since the double circuit is not linked with the current no 
work has been done. For otherwise, in going around the double 
circuit in one direction or the other, we might store up energy, as 
much as we pleased, by repeating the operation. But this would 
be in opposition to the principle of conservation of energy, which 
says that the energy is definitely determined when the positions 
and strengths of poles and currents are given. Consequently our 
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electromagnetic equations § 222 (2) remain unaltered. When we 
consider the energy and the mechanical forces, however, we have 
changes. The potential due to a current is no longer proportional 
to the solid angle subtended by it, and accordingly we can no 
longer deduce the forces as simple line-integrals. We must now 
write for the energy of the field, by § 180, 


(1) r= < [|[[Ce+uMm+ War, 

so that if a given current is placed in an infinite homogeneous 
medium, since the distribution of the force is independent of the 
medium, as long as it is homogeneous, the induction, and therefore 
the energy, are directly proportional to the inductivity. Contrast 
this behaviour of a current with that of a permanent magnet, which 
in different homogeneous media always emits the same total flux of 
induction, while the force and therefore the energy are inversely 
proportional to the inductivity. The flux of force emitted by the 
conductor carrying current is constant. 


Since the magnetic force is no longer solenoidal, it can no 
longer be represented as the curl of a vector potential. The in- 
duction, on the contrary, can be so represented, and the vector 
potential belongs to the magnetic induction. 


0H 0G 
Of 0e4 
OF oH 
yy =O 
(2) a C28 ae 
oG =oF 
Qa see. 
mn en Oy. 


On account of this change it is no longer possible to integrate the 
equations § 222 (2) in the same simple manner as in § 225, for 
while the current is the curl of the magnetic force, it is the 
induction that is the curl of the vector potential. Taking the 
curl of the induction, 

om OM ( 


Op Op 


oy a.” 


or using § 222 (2), 


Om Om 
fle Ne ag AR, 
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so that the vector potential is not related simply to the current, 
but the magnetic forces still occur in the differential equation. 
We have the same difficulty as occurs when we undertake to find 
the potential of the field when the inductivity. varies. As we 
there made use of an apparent density, so here we may define an 
apparent current as 


Ce eek, Nee ap Oe 
UW eyes lags! a, if etc., 


so that the vector potentials are 


F=|{[¥ ar G=| far, H=|| W dr 


If each magnetizable body is homogeneous, 
Om Of Op 


penn 

and the apparent currents are the true currents multiplied by the 
inductivity, except at the surface separating two media, where the 
derivatives of m«, and consequently the values of AF’, AG, AH, are 
infinite. We have the above form for F, G, H only when AF, ete. 
are finite, and when they are infinite at a surface we must proceed 
as in the case of a surface distribution of matter, that is we must 
consider an apparent current-sheet between the two media. Con- 
sidering two surfaces infinitely near each other and situated on 
opposite sides of a surface of discontinuity of w at a distance dn 
from each other, and integrating the equation (3) over the volume 
of the thin sheet between them we obtain* 


(if B ae 
= | | | {Fe cos (ny) — aS Cos (nz) dndsS 


= {fl — M) cos (ny) — (Mt — Me) cos (nz)} dS 


=-|[Jarar=—|[(0- +2 an)? 


* The second integrand in (4) is equal to the first since n is the direction of 
most rapid (infinitely rapid) change in the functions M, M, in the infinitely thin 
sheet. 


4 
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v’, M’, NM, beimg the components of the mduction on the side 
toward which n is drawn, %, WM, It, on the side from which it is 
drawn. We must now, as shown in § 85 (18), add to the volume 
integral already found for F the surface integral 


| | e+ On oF \¢ ds 
~ dor J) Yon, | One) 7’ 
which is the effect of an apparent current whose «-component per 
unit of surface is 1/47 times 
(M’ — M) cos (ny) — IM’ — M) cos (nz) 
= B’ {cos (B’z) cos (ny) — cos (B'y) cos (nz)} 
— B {cos (Bz) cos (ny) — cos (By) cos (nz)}. 


Now the normal component of the induction is continuous, its 
tangential component being discontinuous, while the tangential 
component of the force is continuous. The normal plane tangent 
to the line of force is the same in both media, and the amount of 
the discontinuity in the tangential component of the induction is 
B' sin (B'n) — B sin (Bn). 

Referring now to the definition of a vector product, we see that 
the first parenthesis above is the z-component of the vector product 
of the induction and a unit vector in the direction of the normal, 
which vector product has the magnitude ¥ sin (Bn). The apparent 
current is accordingly in the surface, perpendicular to the normal 
plane containing the line of force where it crosses the surface, and 
its magnitude per unit of surface is 1/47 times the discontinuity 
in the tangential induction. If the lines of force are normal to 
the surface, the apparent surface current vanishes*. If, however, 
there is a surface carrying a true current-sheet, by the same 
reasoning, applied to equations § 222 (2), we find a discontinuity 
in the component of the force tangent to the surface and perpen- 
dicular to the current of amount 47 times the current density. 


229. Mutual Energy of Magnets and Gurrents. If we 
have permanent magnets and currents situated in a homogeneous 
medium of unit inductivity, we may represent their mutual energy 
in two ways. We may in the first place consider the magnets to 


* This apparent current-sheet was overlooked by Maxwell, and it was not until 
the appearance of the Third Edition of his Treatise that the correction was made 
by J. J. Thomson. 
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be traversed by apparent currents and current-sheets, as in the 
preceding section in the case of temporary magnets. We there 
introduced the discontinuity in the induction, but we might have 
introduced the intensity of magnetization. In the case of the 
permanent magnet this will be more convenient—in either case 
the form of the vector potential will be the same. 


We have for the potential due to a magnet in a homogeneous 
medium of unit inductivity, § 122 (3), 


(1) na (ff{a es 2), oh dr’, 


aa ob dc 
where A’, B’, C’ are the values at a, b, c, 
dt' = dadbdc, 


r= (a2 —ay+(y—by + (z—c/. 
The field at any point a, y, z has the component 


ee 20 -{fffa Bele er) tle) 


2) Fiaae emaEebe. aneco| 2: 


Now the derivatives of 1/r with respect to a, b, ¢ are the negatives 
of oe derivatives with respect to a, y, z, so that we may write 


AGN Gao 
(3) — (hae on rere noua ae 
But since 1/r is harmonic we may put 
eQ) @Q) #2 
a Dae Rae 
{ oy” 02” } ; 


On? 


and thus the integral becomes 


ile 7 BD) 2-01) 
“illo opie eo 


(4) 
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But since w= 1 we have 


ees 
Oy ize 
and accordingly the components of the vector potential may be 


taken as , 


F= (e> *) ah dr’, 


ob 


é a= fifo) aN ae 
naff fag Do 


Every element of volume produces at a, y, 2 a portion of vector 
potential equal to 1/r? times the vector product of its magnetiza- 
tion by its vector distance from the point a, y, z The mutual 
energy of currents and magnets is then obtained by the equation 
§ 226 (5), omitting the factor 4. This method of treatment is 
that of Maxwell*. 


From the above form for the vector potentials we may easily 
express the solenoidal vector F, G, H as itself the curl of another 
vector potential. For again replacing derivatives of 1/r by a, b, ¢ by 
derivatives by 2, y, 2, 


6 rfl oP ha 
Ail) E00 


so that if we introduce the vector potential of magnetization, with 


components 
pa [fee 
% 
: B. 
(7) Q= [fF ar, 


a fife 


* Treatise, Vol. u., Art. 405. 
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the vector potential belonging to the magnetic force is its curl. 


_0R  0Q 
Oy 02” 
OP OR 
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_0Q_ oP 
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This leads us to a second manner of obtaining the mutual energy, 
due to Helmholtz. The expression for the energy of a permanent 
magnet in a magnetic field Z, M, N is, § 126 (2), 


(9) w=—|f|(az+ BM + ON) dr, 


where the volume of integration is that occupied by magnets, or 
it may be extended to infinity, since elsewhere 


A=B=(C=0. 
We may transform the integral into one taken throughout the 
space occupied by currents. If we introduce the vector potential 


of intensity of magnetization, we have from (7), if the magnetiza- 
tion is everywhere finite, 


ut 
(10) Ee eA) 
Agr ; 

1 
C=— 7 AR. 


Introducing these values of A, B, C into the integral (9), 


(11) W= | [ear+ mag + NAR) dr, 


and transforming each term by Green’s theorem in its second form, 
the surface integrals vanishing at infinity, 


(12) w= _- ||[(pat+ QAM + RAN) dr. 


Let us now substitute for Z, M, N their values in terms of the 
vector potential belonging to them, noticing that, since the differ- 
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ential operator A is commutative with any partial differentiation, 
we may write 


i) acna le) Oa tea 

But if the vector potentials F, G, H are those of the currents w, 2, w, 
AF = — 4rru, 
AG = — 4, 
AH = — 4rw, 


so that finally 


wo w=- [fl] @-2 0-28 


ov ou 
(e-%) a 
which by the theorem of § 226 (3), (4) is equal to 


(is) W—[[fl» Gy-35) +" Ge ae) + Ge ae 


Oz «0a 
=-|| (uF + 0G+wH} dr. 


Comparing with § 226 (5) we find a difference in sign, W being 
mutual potential energy, W,, electrokmetic energy, while the 
factor 4 is omitted in mutual energy. 


The integral may now be restricted to the space occupied by 
currents. The form involving the curl of P, Q, R is that used by 
Helmholtz*, who writes LZ, M, NV instead of P,Q, R. Replacing 
P, Q, & by their values (7) we obtain the double volume-integral 


0 weeflff{or-o-2 


ik 1 
+ (u0' —wA’) ole aaa) ED aan 


which differs from the result of substituting (5) in § 226 (5) in 
the same way as (15), above. 


We have thus seen how we may replace every magnet by an 
apparent current 


* Helmholtz, Ges. Abh. Bd. 1. p. 619. 
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which would produce the same magnetic effect. It was for this 
reason that Ampére was led to the hypothesis that all magnetism 
was due to currents of electricity circulating about the molecules 
of matter. 


The above formule all refer to currents and magnets placed in 
a homogeneous medium, and as has been already seen, lose all 
their simplicity when the inductivity varies. For although we 
may still calculate the vector potentials due to the induced 
magnetization, the process will be complicated, and in general 
impracticable. For this reason, and because both scalar and 
vector potentials are quantities whose physical significance is 
much less apparent than that of the strength of the field, 
Heaviside and Hertz have been led to avoid the employment of 
potentials, and to deal directly with the electrical and magnetic 
fields. We have however introduced the vector-potentials here 
on account of their important mathematical relations, and the 
fact that they have been so much used by the highest authorities. 


230. Magnetic Field due to Current-Sheet. We have 
found that in a current-sheet the amount of electricity that flows 
in unit time across a curve connecting any two points in the sheet 
is equal to the difference of the current-function VY at those two 
points. This quantity is the same whatever the curve connecting 
them, unless there is an electrode lying between. We shall sup- 
pose that a sheet has no electrodes, so that the current flows in 
closed circuits in the sheet. We may find the magnetic field of 
such a sheet, at points not lying in the sheet, by the consideration 
that the strip of the sheet bounded by the curves Y=const. and 
V+dvV =const., dV being a constant difference in the values of 
the current-function for the two curves, is equivalent to a linear 
current of strength dV. Such a current, by § 210, is equivalent 
to a magnetic shell of strength dV. The whole current sheet 
may therefore be replaced by an infinite series of magnetic shells, 
_ whose edges only are given, the form of the shells being in- 
W. E. 29 
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different, so long as the attracted point lies outside them. These 
shells may be considered to form a continuous body, which is, 
being divided into shells, lamellarly magnetized, the potential of 
magnetization being equal to the current-function WV (§ 124). 


The magnetic potential 0 is accordingly at outside points, by 
§ 124 (11), 


ds. 


a(7) 
ae | | ba on 

But since the form of the magnetic shells is indifferent, as long 
as their edges are of the given shape, we may consider them all 
deformed so as to coincide with 
the current-sheet, as is illustrated 
in Fig. 88. The shells overlap 
each other continuously, so that 
there are more shells laid on the 
sheet the greater the values of WV. 
As we cross the sheet, the poten- 
tial © is discontinuous, as in the case of a single magnetic shell. 
As in that case also, the normal component of the magnetic force, 
being continuous for all the shells, is continuous on crossing 
the sheet. The tangential component in the direction of the 
lines of flow is also continuous, but, as we found at the end of § 228, 
the component perpendicular to them experiences a discontinuity 
equal to 47r times the current-density, that is 470V/dny. This may 
also be very simply obtained by taking the line-integral of magnetic 
force around any circuit composed of two infinitely near portions 
lying on opposite sides of the current-sheet and coinciding with 
an electrical equipotential line, the integral being equal to 4r 
times the difference in the values of the current-function at the 
two points where the circuit cuts the sheet. 


Fia. 88. 


231. Examples. Coefficients of Induction. Toroidal 
and straight coils. We shall now calculate the energy due to 
currents in a few simple cases. The coefficients of the half-squares 
and products of the current-strengths in the expression for the 
electrokinetic energy, are called, for reasons to be explained in the 
next chapter, coefficients of induction, or more briefly, inductances, 
distinguishing coefficients of half-squares by the name self-in- | 
ductance, coefficients of products by the name mutual inductance. 


_ revolution, Fig. 89, we may very 
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’ Any self or mutual inductance is the magnetic flux through a 


circuit due to unit current in its own or another circuit respec- 
tively, 

We shall first consider a solid of revolution bounded by a 
surface generated by revolving any closed plane curve about an 
axis in its plane not cutting it. Such a solid may be called a tore. 
If the tore be uniformly wound with wire carrying a current, so that 
every winding lies very nearly ina 
plane passing through the axis of 


approximately consider the layer 
of wire as a current sheet, the 
difference of value of the current 


Fria. 89. 


function between any two points 
being mJ, where J is the current in the wire, and m is the number 


_of turns of wire between the points. By reason of symmetry the 


lines of magnetic force must be circles whose planes are perpen- 
dicular to the axis of revolution, and whose centers lie on the axis. 
Consequently the strength of the field H is a function only of 
the distance p from the axis, and the line integral of the field- 
strength around any line of force is equal to the constant value 
of H on that line times the circumference of the circle. If be 
the total number of turns of wire on the tore, any circle lying in 
the substance of the tore is linked with the current n times in the 
same direction, so that the value of the above line-integral is 


(1) 4nal = 2arpH. 
This gives as the value of the force for internal points 
(2) ne a 


A circle lying outside the tore, however, is not linked at all with 


the current, so that the line integral is zero, and therefore the 


force H must be zero. Such a closed coil or toroidal current-sheet 
accordingly emits no tubes of force, but all its tubes le within 
the doubly-connected space of the tore. The force accordingly 
has a discontinuity at the sheet equal to 47 times dV/on, which 
is the amount of current crossing unit of length of a circle co- 
inciding with a line of force, or n/J/27p. If the tore be filled 
with a homogeneous medium of magnetic inductivity mw the 


_ induction at any point will be wH = 2nul/p. This whole reasoning 


29—2 
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has supposed that the external medium is homogeneous, but since 
there is no field there, the value of the inductivity is immaterial. 
If 'z, p be rectangular coordinates parallel and perpendicular to 
the axis in the plane of any orthogonal cross-section of the tore, 
the whole flux of induction through the section is 


(3) [[etas = ant [PR = any flog (P P*) de, 


p, and p, being the least and greatest values of p on the contour 
of the section for a given value of z, and being given as functions 
of z by the equation of the contour. 


If another circuit be wound in any manner about the tore, 
embracing it »’ times, the flux through it is nm’ times that just 
found, and the mutual electrokinetic energy of a current J, in it 
and a current J, in the former winding is, according to the last 
sentence of § 226, 


(4) T= 2nn' ull, | log i dz. 


The mutual inductance of the circuits is accordingly 
(5) Mj, = 2nn'p | log (2 *) de 
If the second coil coincide with the first the flux through itself is 


2niul* | log (P ‘) dz, 


so that the self-inductance of the toroidal coil is 
(6) L= 2n2p i log ) dz. 
1 
The electrokinetic energy is 
1 - i 4? a 
(7) T= = || wide = —— {Fe a 2 edpde 


= nid? [fPR— gtr 


For a coil of square cross-section whose side is 2a and whose mean 
radius is R, 


(8) L = 4n?ya log 4 5 2 
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For a circular cross-section of radius a 


R+vVe-—2 


(9) L= 2n'n {" log Rove ae = Arp (R- VR? — a). 


If in equation (2) we insert the number of turns of wire per unit 
of length of the line of force, m, since n = 27pm, 


(10) H =4rmil, 


or the force depends only on the amount of current per unit of 
length. In case the radius of the tore is increased indefinitely, 
so that we get an infinitely long straight coil, m is the number of 
turns per unit of length of the coil, and we have within a uniform 
field of the magnitude 4amJ. If any coil of n’ turns be wound 
on outside, the mutual inductance will be 


Acrwmn’. 


It is noticeable in all these cases that it is of no importance whether 
the outer coil is in contact with the inner or not, for in any case 
it is threaded by the whole flux of force. If there were any field 
external to the tore, the case would be different. It is however 
necessary that the tore be entirely filled by the medium of induc- 
tivity w. The formulae of this section are applicable to induction 
coils and transformers, providing the coils are endless. The line- 
integral of magnetic force 4anJ is called the magnetomotive force, 
and the problem of finding the magnetic induction in the tore is 
the same as that of finding the current in a tore of conductivity 
# in which there is an impressed electromotive force of the 
amount 47nJ, the lines of flow being circles. In case the cross 
section of the tore is small compared to its radius, we may neglect 
the curvature of the coil, and find the reluctance (§ 184), by § 174, 
so that we have 
Magnetomotive force — 4anJ 


(11) Induction Flux = ETERS cen ech 


ps 

This formula is used in practice in finding the flux in the field 
magnet of a dynamo-electric machine, although it is accurate only 
in the case that we have treated, where all the tubes of force are 
encircled by all the current turns, so that the numerator is the 
same for every tube. Any tube being partly in iron and partly 
in air, the reluctance of any infinitesimal tube is found by the 
formula for the resistance of conductors in series, as =J/w/8. 
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In order to find the influence of the ends of a uniform straight 
coil of any cross-section, we may consider that each current turn 
is replaced by a plane shell, so that the whole current sheet is 
replaced by a uniformly magnetized cylindrical magnet with 
intensity of magnetization 0¢/0z =m. The free surface charges 
of all the shells accordingly cancel each other except for the two 
plane ends of the magnet. These ends are single distributions 
identical with each other except for the difference of sign. If V, 
is the potential at any point due to a uniform single distribution 
of unit density on the positive end 1, and V, that due to an 
identical distribution on the negative end 2, then at any point 
outside the region bounded by the cylindrical current sheet and 
its plane ends, the potential due to the sheet is 


(12) 0 =m (V,— J,). 


We may find the potential at a point inside the space in question 
by the result that for an infinite cylindrical sheet the force is 
47mI, so that if z is measured parallel to the generators of the. 
cylinder in the direction of the force, 


(13) QO, = — 4armIz (for the infinite cylinder). 


If 0’ is the potential due to all of the infinite coil except the 
portion which we are considering, we have accordingly 


(14) 0 + O' = — 4rmIz. 


But the space in question is outside the two magnets replacing 
the two infinite parts of the sheet, so that for a point between 
the ends, 

YY’ = mI (V,— V3), 
giving 
(15) Q =m (V,— Vz, — 472). 


Now as we pass one of the ends of the coil the potential V is_ 
continuous, being the potential of a single distribution, but its 
derivative has a discontinuity of amount 47 by § 82, accordingly 
the potential © is discontinuous, but the force is continuous, the. 
discontinuity in changing from the formula (12) to (15) just can- 


celling the discontinuity in 0V/dz. In the case of a circular 


cylindrical coil, the potentials V, and V, may be found by the 
development in spherical harmonics given in § 102, and the devia- 


} 
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tion from uniformity of the field at any part of the solenoid 
calculated. In a long solenoid the field is very nearly uniform 
for a considerable distance from the middle of its length. By 
differentiating the expressions for V, and V, with respect to , 
the distance from the center of either, multiplying by the element 
of the area of a sphere of radius r, and integrating, we may find 
the flux due to either end through a circle perpendicular to and 
with center in the axis, and hence the correction due to the end 
to be made in the mutual inductance of the coil with another 
circuit of a single turn, and thence by another integration with 
respect to any concentric coil. 


232. Pair of Rectangular Circuits. In the case of two 
linear circuits, we may use Neumann’s formula for the mutual 
inductance 


Me i / cos (ds, ds.) ds, ds, 


iG 


in those cases which are simple enough for us to effect the 


integration. If the two circuits are D Cc 
equal rectangles ABCD and A’B’O'D’, 

Fig. 90, of length 7, and breadth J, 

with corresponding sides parallel, and A eee? B 


the lines joining corresponding cor- — 
ners perpendicular to their planes and 
of length a, then for pairs of sides 


which are perpendicular the integral 
vanishes, while for pairs of parallel 
sides the cosine is either plus or minus unity, according as we 
consider corresponding or opposite sides in the two rectangles. 
For the sides 4B, A’B’ we have 


Fria. 90. 


h ph dzdz’ h Va? + (1, ak Zz) oP l, ae 
Map AR = I Sage =|" log —————— = dz. 
oVvVae+(7—zP Jo Vat 22—2 


The integration of the logarithms in the second integrand may 
be performed by taking as a new variable the quantity whose 
logarithm is to be integrated, and then integrating by parts, the 
result being 


——-- Papa ia 
Maz, ap = 2 fo VaeFTE+ blog tt 4e +E 


a 
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For the pair of sides AB, C’D’, substituting the square of their 
distance apart, a? + l,?, for a? and changing the sign, we have 
L+Va+ le+ = 
Va? + 1,2 
The portions for the pairs of sides BC, B’C’, and BC, D’A’, are ob- 
tained from these by changing /, into /,. We have then considered 
just half of the two circuits, so that, adding these four parts and 
multiplying by two, we obtain the value of the inductance 
M=8 \a— Var+ l2—Va?+ 12+ Va? + 1,2 + 1,2} 
(,+Ve+l2) vate 
Sdtveri+e) 4 
(ly +Va? +12 a 
l,+Va? +124 le a 3 
The attraction of the two circuits for each other when traversed 
by unit current is obtained by differentiating this expression by a. 


Maz, cp =— 2 Ware —Ve+h +l + I, . log 


+4 4h lo 


+ 1,. log 


233. Pair of Parallel Circles. If the circuits are circles 
of radi &,, &,, their planes being perpendicular to the line 
joining their centers, of length a, we 


may put 
: ‘ COs Dae = Fy Cosa 


/ \ w= f, sin dy, Y= R, sin ds, 
Za) a0, 


Fie. 91. ds= hdd ds, dor 
=a? + (R, cos , — RB, cos ,)? + (A, sin ¢, — R, sin ¢,)? 
=0+R2+R,—28,R, cos (¢;— d.), 
hee iP 2m cos (¢, — f,) h, R,dd.d¢d, 
o Jo V+ R?2+ R2—2R,R, cos (d: — de)" 
The integration with respect to ¢, amounts merely to multipli- 
cation by 27. If we put 


di-b2=2~—7, ad(pi-Gs)=2dyr, cos ($, — $2) =— cos 2p, 
4RR, 


the integral becomes 


if (1—2sin?y) dy 


M= 81K V RR, V1 —« sin? 5) 


~I 
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and writing 


1—2sinry= 2 (1 —e¢siney) 41-3, 


we have finally 


M= 40 VBR, EB) + (« A 2) Fook, 


where # and F are the elliptic integrals 


E(x)= f Vi-@arydy, F(«)= c age: So 
These definite integrals are functions only of the parameter x, 
and their values have been tabulated by Legendre for various 
values of x. If we put 

v+(Rh, — R,) Bes 

e+(h,+h,P 1 


7, and r, are the maximum and minimum distances of points 
on the circumferences of the two circles from each other. The 


=sin'y, Cosy = 


expression M/4a /R,R, being a function only of « and therefore 
of y, has been tabulated by Maxwell as a function of y. (Treatise, 
Vol. 2, Art. 701.) 


We may also find the value of M in a series of zonal spherical 
harmonics by means of the series of § 215 by differentiation with 
respect to r and integration over a spherical segment bounded by 
the second circle. For a full treatment of the properties of 
circular coils the reader is referred to Maxwell’s Treatise, to 
Mascart and Joubert, Lessons on Electricity and Magnetism, and 
to Gray, Absolute Measurements in Electricity and Magnetism, 
where a great variety of formulae will be found. 


234. Non-linear Currents in Parallel Cylinders. If 
the expressions in the two preceding sections be used to find 
the self-inductance of a linear circuit we find a difficulty, for on 
putting a=0 in § 232, the expression becomes logarithmically 
infinite, while on putting a=0, R, = R, in § 233, « becomes unity, 
the elliptic integrals reduce to trigonometric, and F’ («) becomes 
logarithmically infinite (log tan 7/2). This is easily seen to be 
the case for any linear circuit, for if ds, and ds, traverse the 
same circuit there is an infinite element in the integrand, and, 
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considering the element in which it occurs as straight the integral 


ds 

ie 
becomes logarithmically infinite. We may see the reason for the 
self-inductance becoming infinite in another way by considering 
Biot and Savart’s Law, for as we approach a linear conductor 
the force is inversely proportional to the distance from the 
conductor. The flux therefore increases like the logarithm of 
this distance, and is not finite when we approach the linear 
conductor indefinitely. We may avoid this difficulty by con- 
sidering conductors of finite cross-section, for in that case the 
corresponding element of the integral, in which the integrand 


becomes infinite, i 2 is not infinite, as was proved for an ordinary 
potential, § 76. 


We shall now consider currents flowing in three-dimensional 
conductors in the form of cylinders of infinite length whose 
generators are all parallel. We might treat the problem by the 
application of the law of Biot and Savart to each infinitesimal 
tube of flow, but we shall prefer to make use of the general 
equations § 222 (2), and § 228 (2). It is evident that the lines 
of force are in planes perpendicular to the conducting cylinders, 
which we shall take for the X Y-plane, so that 1 =0 and the field 
is independent of the coordinate z. The problem is accordingly 
a two-dimensional problem, and all the quantities concerned are 
independent of z. Since w=v=0 we have F= G=0 so that our 
equations are 


oM oL 
(1) ie ere 
oH 
(2) Me re 
oH 


from which results, if w is constant, 

OH oH 

Oa? ard : 

But this is Poisson’s equation for the logarithmic potential, § 91 (10), 


(4) — 4p = 
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so that its integral is 
(s) AOS [wo log rdadb, 


where r=(#—ay+(y— by, 
and C is a constant, which, though infinite, does not affect the 
value of the force. 


If the conductors are concentric circular cylindrical tubes and 
the current-density is uniform, we may find the magnetic force 
without finding the vector-potential, in the same way as in § 231, 
for it is evident that the lines of force are all circles in planes 
perpendicular to the conductors. At points outside the outer 
tube, at a distance p from the axis, the line integral of magnetic 
force (which we will denote by P instead of H, to prevent con- 
fusion with the vector-potential) around a circle is 


2arpP = 4rTI, 

27 

6 P=—, 
(6) 5 


where 
(7) : Vig | | aed, 


is the total current through all the conductors. Accordingly at 
external points the field is the same as if the current were con- 
centrated in the axis of the conductor. If different tubes are 
made part of the same’ circuit, so that all the current flowing 
in one direction is returned in the other direction by concentric 
conductors, the total current is equal to zero, and the force is zero at 
all external points. Such a double tubular conductor accordingly, 
like a toroidal coil, emits no tubes of magnetic induction. For 
this reason, when it is wished to protect delicate magnetic instru- 
ments from the action of strong currents, the circuit should be 
formed of concentric conductors. The mutual inductance of any 
external circuit with such a concentric conductor is accordingly 
zero, so that, as we shall see in the next chapter, no currents 
would be induced in the concentric conductors by external cur- 
rents. Such a conductor would thus be suitable for telephone 
circuits. 


In the space outside the conductors the magnetic potential is 


(8) 0 = 21 = 2F tan, 
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which we know to be a harmonic function, as ¢ is conjugate to 
the function log p, both being derived from the function log (# + wy). 
In the substance of the conductors, there is no magnetic potential. 
We may find the force by evaluating the expression for the vector- 
potential, or as above, except that now the line of force does not 
surround the whole current, but only a portion of it. If the 
conductor is a solid cylinder of radius R, 


2rpP = 4a. rp'w = 4rL ae : 
27 
(9) P = ps , 


The integral (5) represents H only when wu has the same. constant 
value everywhere, for if it has discontinuities we must add a part 
corresponding to the apparent current as shown in § 228. In the 
case just treated, however, the apparent current vanishes, for 
the induction is tangent to the surfaces of the conductors. 


In the general case, if w is constant in the space outside of 
the conductors there is a magnetic potential, and the equations 


(2) and (3) become 


(uO) oH 
Le a 
to) (uO) oH 
Oy 


showing that the function ©, is conjugate to the vector-potential 
H, which is accordingly the flux-function for the magnetic induc- 
tion. The method of functions of a complex variable is accordingly 
applicable to problems connected with the field of cylindrical 
conductors. For instance, Fig. 65 represents for external points 
the lines of force and equipotential lines of the field due to two 
circular cylinders carrying equal currents in opposite directions. 
No one of the circles in the figure however represents either of 
the conductors, whose centers are at the points t+ a. The surface 
of a cylindrical conductor is tangent to lines of force only when 
it is alone in the field, or accompanied by concentric conductors. 
Within conductors, although there is no magnetic potential, — 
equations (2) and (3) show that H is still the flux-function for 
the induction. 


If S is the area of the cross-section of any conductor, the 
vector-potential at any point, whether external or internal, is by 
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(5) equal to 
C — 2pwS log 7 = C — 2uT log 7, 


where 7 is defined by the equation 
(11) Slog = | [log rdadb, 


But from the interpretation of a definite integral as a mean, § 23, 
we see that log7 is the arithmetical mean of the logarithms of 
the distances of all the points of the cross-section from the fixed 
point z, y. Now defining the geometric mean of n quantities as 
the nth root of their product, we see that 7 is the geometric 
mean of the distances of the points of the area from the point 
2, y, for its logarithm is the arithmetical mean of their logarithms. 
If 7, and 7, be the geometric mean distances of a point from two 
areas S, and S,, 7, the geometric mean distance of the point from 
both areas taken together, we have by the definition, (11), 


(12) (S, + S,) log 7, = S, log 7, + 8, log 7. 


By means of this principle we may find the geometric mean 
distance from a complex figure if we know it for the various 
parts of the figure. This method is due to Maxwell*. We shall 
first find the geometrical mean distance from a circular ring of 
infinitesimal width. Let p be the radius, ¢ the width of the ring, 
and h the distance of the given point from its center. Inserting 
polar coordinates in the equation (11), 


Qar 
(13) 2mpe log F =i 3 log (h? + p? — 2hp cos d) pedd. 
0 


This integral assumes different forms according as h is greater or 
less than p. Taking out from the parenthesis the square of the 
greater of these, and integrating, we get 


Bae ghee \ er 3 
(14) log F=logh+4-J (8), h>p, 
or 
ra if h 
(15) log r= log p + 7 ae p>h, 


where J is the definite integral 
20 
J (a)= | log (1 + a — 2a cos $) d@, 
0 


* Trans. Roy. Soc. Edinburgh, 1871—2. 
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which is a function only of the parameter a, and we are to put 
a=p/h whenh>panda=h/p when h<p. We can easily show 
that J(a)=Oifa<1. For 


J (a) =J,(a)+J,(a), where 


J, (a) = [log (a + a? — 2a cos d) dg, 


J. (a) =| “log (1 + a? — 2a cos ¢) dd. 
Substituting ¢ = 7 + @¢’ gives 
J,(a)= [70g (1+ 4+ 2a cos ¢’) dq’, 
0 


and since the variable of integration is indifferent, we may drop 
the accent. The integral being now between the same limits as 
in J, we may add the integrands, giving 


J (a) = [veg {1 + a! — 2a? (2 cos? d — 1)} dd. 
0 
Now substituting 2¢ = ¢’ we obtain 
I (a) = | "log (1 + at — 2a? cos b').de’ = 4d (al), 
0 


Repeating the process we get 
J (a) =4J (02) = - J (8) ..= al (0°), 


and letting increase indefinitely we obtain, if a<1, J(a)=0 if 
J(0) is finite. But J(0)=0. We accordingly obtain from (14) 
and (15) the result that the geometric mean distance from a 
circular line is, for an outside point, its distance from the center, 
and for an inside point, the radius of the circle. By means of 
this result we may find the mean distance from the area of a 
ring of finite width, of internal radius R, and external R,. For 
a point outside the ring the mean distance is its distance from 
the center. For a point in the space within the ring, by (i1) 
or (12), 


R, 
m (2? — R,*) log 7 = 2 | log p.pdp 
=t7 (R, (log R,—1)— R,? (log R? — 1)}j, 


(16)e log r= {R,? log R, — Rk, log R, —4(R2— R,)}. 


ee: 1 
(R,? as fi’) 
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For a point in the area of the ring itself, we must divide the ring 
into two, one within and one without the given point, so that 


w (R,?— R,”) log 7 = 7 (h? — R,) log h 
+ {RZ log R, —h? logh—4(R2 —h’)}, 
& 1 
oe. log t= Re? {R,2 log R, — RK? logh—4(R2—h’)}. 


The vector-potential is always, for uniform flow, 
H = C—2yT log 7, 


and since this is the flux-function for the induction, by reason of 
the equation 
OH dy ode oH 


wP =— pl cos(py)+ pM Soe aac na” Oh Ge Oe 


we obtain the induction perpendicular to the radius, by differen- 
tiating according to —h, so that 


(18) Ame al (1 - ap 


which agrees with the result (9), in which R, is equal to zero. 


The electrokinetic energy of the system of currents is, by 


§ 226 (5), : 
| T= 5|[| Hwar, 


and inserting the value of H from (5), 


(9) T=5 i i | Owdadbde— i | | | [e’ log rdadbda‘db’dz, 
P=(a—ay+(b—b) 


If we integrate with respect to z from —o to o, we obtain an 
infinite result for the energy, but for a finite length / the energy 
is proportional to /, so that the energy per unit of length of the 
conductors 7'/ is given by the above expressions omitting the 
integration with respect to z Hach point of integration a, b 
and a’, b’ is to traverse the cross-sections of all the conductors. The 
first integral, containing the constant C, disappears, since to every 
current there is a return current, in each of which the same value 
of C appears, while for the two cross-sections the integral 


| [udaae, 
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representing the total current in the positive direction, is zero. 
If the flow is uniform in all the conductors, for any two conductors 


there will be a term 
= pI, log Tio, 
where 


Sele | | i log rdadbda’db’, 


and 7, is the geometric mean distance of all pairs of points in 
the two cross-sections. For instance let us consider a single 
circuit made up of conductors whose cross-section is denoted by 
S, and conductors carrying the return current whose cross-section 
is S,. We then have 


T= : | | a dal dee : | i w'H'da' dv’, 


while if we divide H into two parts, H, due to the conductor 1, 
and H, due to the conductor 2, 


y= Cy 2 | | aw log rdadb, 


Oe 2 | | ww log rdadb, 


T becomes the sum of the integrals 


(20) = coal da’ db’ — [ [|] eom log r dadbda‘db’ 


Si Si 


ie 2] awdy i | i | Ne) once 


Sy Sz 


+ || da! db! -|| hil | poow! log r dadbda'dbs 


S, Si 


+? al] eA i | [[ ue log r dad data. 


S. Se 


The first and third Hee being the constant 0,/2 multiplied by 
the direct and return currents respectively, cancel each other, and 
so do the fifth and seventh. The fourth and sixth are equal to 
each other, and their sum is 


— 2nLI, log ry. = 2? log r.., 
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where 7, is the mean distance between points of the two cross- 
sections. The second integral is 


=f log fu; 

where 7, is the mean distance between pairs of points of the 
section §,, and the eighth integral is the corresponding quantity 
for the area S,. Accordingly the self-inductance of the whole 
circuit per unit of length is 
(21) fe p (4 log 7, — 2 log 7%, — 2 log 7») = 2 eo ss 

Tite 
If the conductors are circular cylinders, we may use the formulae 
already found. If both the direct and return conductors are 
single cylinders external to each other, their axes being a distance 
d apart, 7,=d. For infinitely thin tubes of radii R and BR’, 
Ta = Rh, Ty = FP, so that 


L a? 
(22) u = 2u log RR’ 5 


For tubes of radu A,, A, and R,’, R,’, integrating (17) over the 
area of the ring, 


oe 9 Ry ; 
n(Be-Rilogin= ps pal, (|R.? log R,— Rk? log p—4(h,?— p)} pdp 


2 (R2— R2) a 


R? = R2 {Re eo a2. 


== as {? (log Tag: aug 1) aoe Jase (log RP int 1)} uF s (R,! i Rs) 5 


and making reductions 


ee 3R2— Re Ri 
(23) 0s Tu = 4(R,? — R)* (Ro? — eae 


log a +log R,. 


From this we obtain 7. by replacing R,, R, by R,’, R,’, so that 
we obtain for the self-inductance of the circuit 
L d? Ri ite Ri! Re 
eo 1 2 1 
(24) i 2 {log RR 12 (Re— Rey log R, a (R,? — Ry? 0g R, 
R2—3k? fe Ro? — 3k? 
ue (R2- Re) 4(R,?— R,”)) ° 


For solid wires, since lim (# log R) = 0, this becomes 
R=0 


L Gol 
(25) 7 =e (log RR'* 3 : 


W.E. 30 
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The repulsion between the wires per unit length is 


OT _ 5 79(L/D)_ 2ul? 
Chan od d 


By means of the principles here stated, Maxwell has calculated 
the inductances of coils of wire, by supposing the diameter of the 
coil to be so great in comparison with the distance apart of the 
different turns that the coil may be treated lke a group of 
straight conductors. The treatment of the magnetic field due 
to currents even in straight conductors whose inductivity is 
different from that of the surrounding medium, except in the case 
of concentric cylinders, is a problem of considerable complexity, 
and the results given by Maxwell, for the case of two wires, 
Art. 685, are only approximately correct. 


CHAPTER XII. 
INDUCTION OF CURRENTS. 


235. Systems of Currents as Cyclic Systems. The 
phenomena of the induction of electric currents by changes in 
the magnetic field were discovered by Faraday in 1831*. The 
results obtained experimentally by Faraday were deduced mathe- 
matically from the law of Lenz (see below), and from Ampére’s 
results regarding magnetic shells, together with the principle of 
Conservation of Energy by F. E. Neumannt in 1845. The credit 
is due to Maxwell! of having had the idea of treating a system of 
currents and the magnetic field belonging to them as a mechanical 
system, subject to the ordinary laws of motion, and of thus de- 
ducing the equations of induction from the generalized equations 
of Lagrange and Hamilton. The particular class of systems to 
which currents may be assimilated is that studied by Helmholtz 
under the name of cyclic systems, a detailed treatment of which 
has been given in Chapter III. 


We have seen in the last chapter that if the strengths of a 
system of currents be maintained constant, the currents tend to 
move in such a way that the energy of the field produced by them 
tends toincrease. This energy is a homogeneous quadratic function 
of the strengths of the various currents, the coefficients, which we 
have called inductances, being determined by the form and rela- 
tive position of the circuits, and the nature of the medium in 
- which they are situated. The medium being specified, these 
geometrical specifications of the circuits may be made by giving 


* Faraday, Experimental Researches in Electricity, Vol. 1. p. 1. 

+ F. HE. Neumann, ‘Allgemeine Gesetze der inducirten Stréme,” Abh, Berl. 
Akad., 1845. 

+ Maxwell, ‘‘A Dynamical Theory of the Electromagnetic Field,” Phil. Trans. 
ony. 1864, Sci. Papers, Vol, 1. p. 526. 
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a certain finite or infinite number of geometrical parameters q,. 
The electromagnetic forces due to the action of the currents may 
be equilibrated by the action of certain impressed forces P,, and 
these forces may be determined as partial derivatives with respect 
to the parameters of the potential energy, or of the energy of the 
field. These impressed forces we shall call the positional forces, and 
since they are the negatives of the electromagnetic forces already 
found, we have for any positional force P,, 


ow 

(1) Pina 

In order to specify the action of the system completely, we must 
give, beside the values of the parameters q,, only the values of 
the current-strength in every current-tube. If the currents are 
distributed in three dimensions, this necessitates an infinite 
number, but if there are a finite number of linear conductors, 
only a finite number of electrical parameters J,. The energy of 
the field is expressed as a homogeneous quadratic function of these 
electrical parameters, the coefficients being functions of the posi- 
tional parameters, whose velocities do not occur. If we consider 
the negative energy of the field — W as, instead of the negative 
potential energy, the electrokinetic energy of the field, the current 
strengths being considered as cyclic velocities, the analogy to a 
mechanical cyclic system is complete. The cyclic coordinates q,, 
being the time-integrals of the currents, represent the total 
amounts of electricity that have traversed the respective circuits 
since a fixed epoch. Since neither these coordinates, nor the 
velocities of the positional coordinates occur in the expression for 
the electrokinetic energy, all the conditions for a cyclic system are 
fulfilled. A restriction must, however, be made, which is of no 
importance in practice, namely that the velocities of the positional 
coordinates must be small compared with a certain velocity, which 
in this case is the velocity v, the ratio of the two units of elec- 
tricity. For the case of all ordinary velocities, however, the 
electrokinetic energy is accurately represented in the form already 
found. 


If we have linear currents, the electrokinetic energy is 
T=th J? + MehIh...... + MintIn 
(2) +4L,03+ Malols...... + Mon I2In, 
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where the coefficients L, M have the form obtained in § 220 if a 
single homogeneous medium is present, and in any case may be 
defined as magnetic fluxes as in § 231. The electrokinetic 
momentum of any circuit, 


or 
(3) Ps= ap = Mish + ioe Ae Pelle rr esl beg sp 


may be defined as the total flux of magnetic induction through 
that circuit in the positive direction due to all the currents. We 
have already found for any positional force, equation (1), 


(4) Pa = — (+ ble mM : . 

The force P, belonging to any cyclic coordinate J, consists of the 
impressed electromotive force H,, due to chemical, thermal, or 
other action, and the dissipative term given by Joule’s law, 
—R,I,, where R, is the resistance of the circuit. Accordingly 


we have 


D dp, 
(5) P,=H,— Bel,= ae 
-£ {M,,J, +... +L,1, ... + MyLh}. 
If we write this in the form 
dp, 
E,— 


(6) if Sie ih, 

we see that the current in any circuit may be calculated by 
Ohm’s Law provided that we consider acting beside the electro- 
motive force #, an additional electromotive force —dp,/dt. This 
is called the electromotive force of induction, and from the above 
definition of p, we see that it is equal to the time-rate of diminu- 
tion of the flux of magnetic induction through the circuit in the 
positive direction. The law of induction was announced in virtually 
this form by Faraday*, and was obtained, from theoretical con- 
siderations involving the idea of work by Neumann+, Helmholtzt, 
and Kelvin§. The above equation is the general equation of an 


* Hap. Res. §§ 114, 3082. 

+ Neumann, loc. cit, 

t+ Helmholtz, Ueber die Erhaltung der Kraft. Berlin, 1847. Wiss. Abh., Bd. 1. 
p. 12. 

§ B.A. Report, 1848. Math. and Phys. Papers, Vol. 1. p. 91. 


Bi ja 
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electric current, and includes the steady state as a particular case, 
for if the currents do not vary with the time, and there is no 
motion of any circuit, every p, is constant, and we have for each 
circuit, 2 
s 

Ie R,’ 
the usual form of Ohm’s Law. The statement is frequently made 
that Ohm’s Law does not hold for induced currents—this is a mis- 
conception, for in the statement of Ohm’s Law we should include 
electromotive forces of all kinds, including those due to in- 
duction. 


If permanent magnets are present there will be terms in 7 
where each current is multiplied by the flux through it due to 
magnets. These terms will be of the first order in the currents, 
so that 7’ will not be homogeneous, and we have the case mentioned 
in § 66—each magnet acting like a concealed current. We have 
in the previous chapter considered the possible replacement of a 
magnet by currents, so that we may consider magnets replaced by 
“concealed” or “apparent” currents of unchangeable strength. 


236. Isocyclic and Adiabatic Changes. An adiabatic 
variation, being defined by the constancy of cyclic momenta, will 
take place when in each circuit the electromotive force #, is just 
large enough to maintain the current in the circuit steady, namely 
H,=h,1,. If the current is varying, this necessitates the varia- 
tion of #,. Such changes seldom occur in practice. Isocyclic 
motions are such that all the currents remain unchanged. The 
electrokinetic momenta may be varied by motion or deformation 
of the circuits, involving change of the values of the parameters 
gs, or by motion of permanent magnets. The simplest phenomena 
to observe experimentally, and those first discovered, are of this 
class. 


We may now apply to a system of currents the theorems which 
have been demonstrated in §§ 69, 70. In particular may be 
noticed the two theorems of § 70, which may be thus stated. | 


I. In any motion of currents or magnets during which the ~ 
strengths of all the currents are unchanged, the work done by the im- 
pressed electromotive forces Z, is equal to twice the work done 
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against the positional forces, plus the amount of energy dissipated 


as heat. For by § 70 (5) and (8) 
64 = 287 = — 285A = > P, 89, = SL, I, St — R128, 
and therefore 
LH, 1, ot = 2R,LZd5t — 286A. 
This theorem was stated by Lord Kelvin in 1860*. 


II. Lenz’s Law. In any system of conductors, induced currents 
due to motion of the conductors are so directed as to oppose the 
motion. This law, stated by Lenzt in 1834, was, together with 
Ampere’s results, the basis of Neumann’s deduction of the laws of 
induction, 


PARTICULAR CASES OF INDUCTION IN LINEAR CONDUCTORS. 


237. Effect of sudden change of Electromotive Force 
or Resistance. 

(1) SrneLe Circuit. Let us first consider a single circuit of 
resistance #,, containmg a constant impressed electromotive 
force Hy, and accordingly traversed by the steady current 

TI, = EK, i loos 

Let now the electromotive force or the resistance, or both, be 
suddenly changed to new values #,, R,. The current now varies 
from the initial value J,, in accordance with the differential 
equation (5) § 235, which becomes 
' ' ve 
(1) plain 
If we subtract J,, the steady value of the current under the new 
circumstances, from the total current, the difference 

f-fL=1-#/R, =I 
is called the induced or extra-current. The differential equation 
thus becomes 


77K) 
(2) LS + BI =0, 
whose integral is ‘ 
IM= Ae **, 


* Nichol’s Cyclopedia, Article ‘‘ Magnetism, Dynamical Relations of.” Reprint 
of Papers on Electrostatics and Magnetism, § 571. 
+ Lenz, Pogg. Ann. 31, p. 439, 1834. 
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so that the induced current dies away in geometrical ratio as the 
time increases in arithmetical progression. Since after an infinite 
interval of time the total current has attained the steady value J,, 
the value of the constant A is determined, and we have 


R R 
(3) Takeo cr o IM=(,-L)et . 


The induced current is always in such a direction as to oppose the 
change in the total current. The effect of self-induction is accord- 
ingly to make changes of strength less sudden. It is to be noticed 
that the induced current varies in the same manner as the current 
charging a condenser through a circuit without self-induction, as 
treated in § 207 (17), We shall here, as there, call the time in 
which the current decreases in the ratio 1/e the relaxation-time, 


con OI irs 


Both in the case of the condenser and in the present case in- 
creasing the capacity or the self-induction increases the relaxation- 
time, but whereas in the former case increasing the resistance 
increases the relaxation-time in the latter it produces the opposite 
effect. 


In practical cases the relaxation-time is usually very short, so 
that the induced current disappears almost entirely in a very 
short time. Under these circumstances the total quantity of 
electricity that has passed may be measured by a ballistic galvano- 
meter. For as the force exerted by the current on a magnet is 
proportional to the strength of the current, the total quantity 


t 
passing, or the time integral | Idt, is proportional to the time 
0 


integral of the force on the magnet, or to the momentum imparted 
to the magnet. If this momentum is all imparted before the 
magnet has had time to move, it may be easily shown that it 
may be measured by the first swing of the magnet. The quantity 
passing in a time ¢ is 


t 
0 


[ zat =i Te Nea on Veie Tt. a Te) Ca ee 


This formula was verified by Helmholtz* in 1851. ' The total 


* Helmholtz, ‘‘ Ueber die Dauer und den Verlauf der durch Stromesschwan- 
kungen inducirten elektrischen Stréme,’’ Pogg. Ann. Bd. 83, p. 505. Wiss. Abh. 
Bd. 1, p. 429. 
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quantity due to the induction current is 
| T8idt=>(l,— 1) 
0 


If the current be passed through an electrodynamometer, that is 
an instrument containing a fixed and a movable coil, the mechani- 
cal action between them is proportional to the square of the 
current and the momentum imparted to the movable coil is pro- 
portional to the time integral of the square of the current. The 
effect due to the whole induced current is 


i) Eo Oe 
i Terdt = (1-1, | erdt==(I,—-I,) 
0 0 2 


These two integrals have the same values that would be obtained 
from a steady current of strength (J, — J,)/2 passing for a time 2r. 


(2) Two Circuits. In the case of two circuits which are 
closed at the same instant, or which have their electromotive 
forces or resistances suddenly changed simultaneously, we have 
during the subsequent period the differential equations 


aig dl, 


(a) Ly dt +M + hl = hh, 
| I 
Mo TS Rt, = By. 


Again calling the final steady currents 4,9 = #,/R,, [,9 = E,/R,, 
we have for the induced currents 7,0 =J,-—J,%, J,® =I, —J,%, 


1A) ) c 
L, 2 os uae — RL, => 0, 
(5) (i) cd) 


These equations are typical of all those in this chapter, and are 
readily integrated by the assumption 


where A, B and 2 are constants to be determined. Inserting 
these values in the differential equations (5), the factor e’ appear- 
ing in every term may be omitted, giving us the simultaneous 
equations 

(LA + R,) A+ MAB =0, 
(©) MrA + (Ld + B,) B=0. 
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These equations can be satisfied for values of A and B differing 
from zero only if the determinant of the coefficients, 


Dn + R,, Mx 
Mn , LA+Rh, 


vanishes. But this being expanded gives us the equation 
(7) (LD, — M*))2 4+ (RL, + RL.) + BR, = 0, 
a quadratic to determine X. If we call its roots A, and A,, we have 


_ (RL, + R,L,) +V (Ral, + RLY — 4B, R, (LL, — ) 


Cre 2 (LL, — M*) 
Palin + Bul.) - V Bal, + ByL,) — 4B, (Lal ~ IP) 
: 2 (L,L,— M) 


Both roots are real, for we can write the quantity under the 
radical sign 


(R,L, — B,L,) + 4B, RM, 


both terms of which are positive. Both roots are also negative, 
for since the electrokinetic energy 


T=thJ?+ MLI,+42L,1?, 
is intrinsically positive, we must have : 
L,L,— M? > 0. 


Having found the value of X either of the equations (6) will give 
us the ratio of the constants A, B. If we choose the value r, 
the first equation gives 


BB, LA4+h 

(9) i ae 

If we choose the value A, we obtain a different ratio 
B,_ Lath 

ro) ie ane 


The theory of linear differential equations shows that the sum of 
particular solutions is a solution, and that the general solution is 
given by 

I, = Aje* + A,e™!, 

I, = Bye! + Ber, 


where the constants A,, B,, A,, B, are connected by the equations 
(9) and (10). We may now determine the absolute values of these 
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constants by means of the initial values of the currents J, and 
I,. These being J, and J, we have for the induced currents 
when ¢= 0, 

i, =J,0 —1,9 = A,+ cA 
) fe 10500 = Boe Ri. 


These equations with (9) and (10) determine the four constants, 
so that the solution is complete. The most important case is that 
in which there is no electromotive force in one circuit, while the 
other circuit originally open, and containing an electromotive force 
E, is suddenly closed. The latter circuit is called the primary, and 
will be taken as that denoted by the suffix 1, the former the 
secondary, with the suffix 2. We accordingly have 


L%=1,%=F,0=0, 1,%=E/R, 


a Tale Reb 
E 1 ele \ 
i= — 1 — ( z= pee ety ew 
ae it, 2\/(RoL, — BL? + 4k, RIP x: ) 8 

1 Rae | 

— —]} grr 
ue +3 (TEE Se nL en 

—EM 


I, 


(ed? = est), 


” WORE, — RL, + 4, RM 
Since A, and A, are negative, the induced currents die away as the 
time goes on. The function 


I = Cet + Cre* 


vanishes when 
1 


G, 
ae - a) ‘ 
eee eee aC: 
has a maximum or minimum when 


Meme leat ay 
Tova 08 ( MC, 


and the curve representing it has a point of inflexion for 


t= lo (eR) 
~ As 8 APC, j 


These three points are equidistant, and, since d, and dA, have 
the same sign, are real if C, and CO, have opposite signs. This is 
the case for the secondary current J,, but the primary current has 
both coefficients negative, and consequently has no maximum nor 
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inflexion, but rises continuously, the appearance of its represen- 
tative curve to the eye being the same as in the case of a single 
circuit. The growth of the currents is represented in Fig. 92. 


Fie. 92. 


The total quantity flowing in the secondary is 


(13) [ ta0= es {.-st--ER 
? jo" ~=6(WRE Ri Fa Rd i. 05) eee 


This result may also be obtained by direct integration of the 
second of equations (4), with EL, = 0, 


M (1, —1,) +L, (1,9 — 1.0) + Ry | Pepa 


(14) 
Mh -1,9) 
iP Lat =-— 


To find the effect of breaking the primary current, we have 
I, = E/R,, I, =0, so that the whole quantity passing in the 
secondary on breaking is the same as on making. This is one of 
Faraday’s fundamental results. The manner of variation of the 
secondary is, on the contrary, very different from that on making. 
After the break we have to consider the primary circuit as sup- 
pressed, so that the secondary is to be considered by itself, and 
varies according to equation (3) above, where J,, the final value, is 
zero, and J,, the initial value, is to be found from the above value 
of the time-integral of the secondary, 


(15) : 
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The fact that the secondary jumps abruptly from zero to its 
maximum value J, at starting may be reached from considering 
the preceding case with R,=«. The time between the secon- 
dary’s taking the value zero and attaining its maximum and the 
time from then to the inflexion is (log A./A,)/(A, — Az), Which 1s less 
the greater R,, vanishing for R,= 0. 


The effects here described may be illustrated by means of any 
of the mechanical models described in § 71. For instance suppose 
that the mass m,, Fig. 30, is revolving with a uniform angular 
velocity, the centrifugal force, which represents the electromagnetic 
force, being just balanced by an applied force so that the distance 
of m, from the axis remains constant. If m, is at rest and we 
suddenly apply a force to the upper bar so as to increase its 
angular velocity, the lower bar will begin to turn in the reverse 
direction, the velocity representing the secondary induced current. 
If on the other hand the upper bar is suddenly retarded, the 
lower begins to move forward in the direct sense. Similar effects 
may be produced by suddenly changing the distance of either m, 
or m, from the axis, corresponding to a relative motion of the two 
circuits, producing a change in the mutual inductance. We have 
not in this section explicitly considered this case, but since if the 
change is made suddenly, and the circuits then remain at rest, 
the differential equations are the same as those we have used, and 
the solution is obtained from those here given. 


238. Periodically-varying Electromotive-force. 


(1) Stneve Circuit. Suppose that in the circuit is included 
a variable electromotive-force varying proportionately to the cosine 
of a linear function of the time, as would be the case if a coil of 
wire should rotate in a uniform magnetic field about an axis in 
the plane of the coil, and perpendicular to the direction of the 
field. Then the equation for the current is 


(1) Lo + RI=E, 0s wt. 


A convenient way of treating such an equation is by replacing 
the trigonometric term cos wt by the exponential e’“’, whose real 
part is the trigonometric part in question. The value of J thus 
obtained will be complex, and its real part will be the solution of 
_ the differential equation with the cosine term on the right, while 
its imaginary part will have as the coefficient of 7 the solution of 
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the equation with the sine on the right. In this way by separa- 
tion of the real and the imaginary we are enabled to use the 
exponential function, which retains its form on differentiation, 
while the sine and cosine interchange. Accordingly writing the 
equation 

dl iwot 
(2) L di +Rki= Ke 
we may get a particular solution by assuming J = Ae‘*’, inserting 
which in the equation gives, on removing the factor e'*, 


(3) (Iio+ R) A = H,. 
This determines the complex constant A as 

 £, _f(k-lIna) 

~Lieo+ RK DPor?+ RB?’ 
so that the solution of the equation (2) is 
EL, (Rk — Lia) (cos wt + 7 sin wt) 

Do? ak RR? x 

Taking the real part we obtain for the solution of the equation (1), 
_ £,(& cos wt + Lo sin wt) 
a3 Po + R? : 


This assumes a more convenient form if we determine two 
constants a and J so that 


A git = 


He 


R _ cosa Io — sina 
Te? ed Re Oo A Re 
giving 
(4) tan a= su J =(P’o? + Ry, 
when the solution becomes 
E, 
(5) I =~ cos (wt — a). 


We may obtain this result, and at the same time graphically 
represent the relations of the current and electromotive-force by 
making use of the fundamental properties of complex quantities. 
The complex quantity Z,e! has the modulus Z, and the argument 
wt, and is therefore represented by a vector of length #, making 
an angle wt with the real axis, that is a vector revolving about the 
origin with angular velocity . The projection of this vector on 
the real axis represents the impressed electromotive-force in the 
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circuit. A quantity varying in this manner is said to perform a 
harmome oscillation, with the amplitude E,. 


The electromotive-force takes on all values between LH, and 
— #, and returns to its original value in the time that the vector 
takes to make a complete revolution, 7=27/m. The time 7 
is called the period, and its reciprocal, the number of periods in 
unit time, n = w/2r,, is called the frequency. 

In like manner. the quantity Ae is represented by a vector 
revolving with the same period, of length equal to the modulus of 
the complex quantity A. Since the argument of a quotient is 
equal to the difference of the arguments, the vector representing 
Aet lags behind that representing Ze’ by the constant angle 


Ei, 
a= arg. A Q 


But from the equation (3) we find that this ratio is the complex 
quantity, R + 72, whose argument is tan“! Lo/R. The current, 
being represented by the projection of the second vector on the 
real axis, is said to differ in phase from the electromotive-force by 
the amount a, the difference in this case being a lag. The ampli- 
tude of the current, being the modulus of A, is the quotient of the 
moduli 

JH) 
|R+¢1Lo| (2+ Lo*)t" 


Expressing these results analytically we obtain equation (5). 


The quantity J, by which it is necessary to divide the ampli- 
tude of the electromotive-force in order to obtain the amplitude of 
the current, is called, as proposed by Heaviside, the «mpedance. 
If the circuit has no self-inductance, or if the current is steady 
(@ = 0), it becomes the resistance. 


It has been proposed by Hospitalier* to call the coefficient of 
z in the ratio L,/A, the reactance. 


The mean value of a quantity varying harmonically taken 
over any exact number of periods is zero, while in virtue of the 
formulae 


al 2 idt=7| sin*otdt=5 7 |. sin ot cos wtde = 0 
iad ery. G0 Tel i 


* Hospitalier, L’Industrie Electrique, May 10, 1893, See also, Steinmetz and 
Bedell, Trans. Am. Inst. El. Eng. 1894, p. 640. 
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the mean value of the square of such a quantity is one-half the 
square of its amplitude, and the mean of the product of two such 
quantities of the same period and a difference of phase equal to a 
right angle is zero. 


The quadratic mean, or square root of the mean square of a 
variable current or electromotive-force is called the effective or 
virtual current or electromotive-force. Its value in the case of 
a harmonically-varying quantity is accordingly the amplitude 
divided by V2. 


The activity, or power absorbed by the circuit, is 


Tee 


Ee 
J 
and its mean value, by the above formulae, 


K2 cos a EGR 
6) an BL ae eT 


To the solution (5) is to be added, in order to obtain the 
general solution of (1), the solution of the equation with the right 
hand member equal to zero, obtained in the preceding section, but 
as the current thereby represented rapidly dies away, the resulting 
state of the alternating current is that which we have found. 


A number of circuits in parallel, to which a single harmonic 
electromotive-force is applied, receive virtual currents inversely 
proportional to their respective impedances—if the frequency 
is great enough the distribution is almost independent of the 
resistances of the branches, the impedance being sensibly equal to 
the reactance. 


(2) Two Circuits. Suppose that we have two circuits, one 
of which, the primary, contains a harmonic electromotive-force, 
while the secondary contains no impressed electromotive-force, 
except that due to induction, The equations then are 


ee aes + RL, = £, cos ot, 
(7) dt dt 
dl, dl, 
Mat Ly ar 24+ RoI,=0, 
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or making use of complex variables as before, 


al, dl, 


8) La tM qt tat = oe 
iE, Ue Wile : 
Met ip Area RI, = 0. 


A particular solution is given as before by putting 
Vf, = Ag, i. as Bet, 
giving 
(Lio+ R,) A+ MioB = FE, 
(9) MioA + (Lyio + R,) B=0. 


Eliminating B from these equations we get 


Mw? (R, — La) 
LZ? + hee 


(io) © a ries | = th 

Comparing this with equation (3) above we find that the current 
in the primary is the same as if the secondary were absent, and 
the resistance and self-inductance of the primary were R’ and L’, 
where 


; RM? a? 
171) : eer eno? 
he ae 
as, ilies Se L2@? 


These results were first given by Maxwell in 1864 in his celebrated 
paper “A Dynamical Theory of the Electromagnetic Field*.” 
They constitute the basis of the theory of the alternating current 
transformer. 


We see from equations (11) that the effect of the presence of 
the secondary circuit is to cause an apparent increase of resistance 
and decrease of self-inductance in the primary. Both of these 
effects cause a decrease in the angle of lag of the primary current 
behind the electromotive-force, and accordingly, by (6), an increase of 
power. Inserting the values (11) in (6) we obtain for the power 

Eek’ 
2) 9 (RP + Vai) 
Ee { RR? + 0 (RL + R,M*)} 
~ O{ReR? + wo (L2R? + LR? + 2R, RM) + of (LL, — My} 


* Phil. Trans. Vol. civ. 


Ww. E. 31 
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As we increase the ratio L,w/R, the values of the apparent resist- 
ance and self-induction approach the limiting values 


Pe Roe 
(13) We 
La! = 1-7. 


These values are nearly approached in actual transformers, par- 
ticularly when fully loaded with a number of lamps in parallel in 
the secondary. Now although we have in general 


LL, > Ms 


still when the primary and secondary are toroidal coils wound on 
the same core (§ 231), so that very nearly the whole induction-flux 
due to either is linked with the other, we have very ned#ly 
L,L,— M?=0. 
The transformer is then said to have no magnetic leakage. In this 
case the apparent inductance JL,,’ is reduced to zero, the current 
does not lag, and takes on the largest value that it can have, 
namely 
f= BK. 
The expression (12) for the power becomes, if we neglect the 

square of R,/Z. in comparison with unity, 
7 Ee (RB, + B,M?/L.?) h 

“ 2B, + RLY + 0 (L,— WILY)’ 
as we see on dividing numerator and denominator by L.°e? and 
then adding and subtracting the term R,2M/*/L,‘ in the deno- 
minator. If there is no magnetic leakage, this increases as R, 
decreases, until it reaches the limiting value 

ee 

while if there is magnetic leakage, the power absorbed is a — 
maximum when 


M? M? 
R,+B,7;=0(L-7), 
2 2 


becoming equal to 


Ee 


and thence decreasing as R, decreases. 
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The power when f, is zero is only 
EGR, 
2 {Ry + w? (L, — M?/L,)?}’ 
which, for high frequencies, may be much less than the maximum”, 
being, when w is great enough, sensibly equal to the maximum 
value multiplied by 


A 
wo (L,— M?/L,) 
The second of equations (9) gives 
B -—-Mo 


(15) am Lito Ry 
The modulus of the quotient, being the quotient of the moduli, 
|B Mo 


(16) 174 = VLeo'+ Re Re 

shows that the amplitude J, of the secondary current is equal to 
the amplitude of the primary J, multiplied by Me divided by the 
impedance of the secondary. Inserting the values of Rf’, L’, from 
(11) in 7, 


(17) ey oem 


V Lo? + BR? 
- gives for J,', 

(18) is) al), 

KE, Mo 

[((R2R? + o? (L2R2 + LR? + 2M?R,R,) + of (LeL,? + M*— 20,0,M)} 

In the case of no magnetic leakage this becomes 

ifs) fia. Ey J Ty, . 0 

[R2R2 + o? (L,R,+ LR)? 

and if we may neglect R,/Z,o or R,/L,w in comparison with unity 
we have the simple form 


(20) I = 


E 
L, ve LL, 
hk, af 16: + R, ie 
This is the practical equation of the transformer. By § 231, (5) 
and (6), we have 
Ly _ ne 
Ly Me? 
* J. J. Thomson, Elements of the Mathematical Theory of Electricity and 
Magnetism, p. 409. 
31—2 
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where m, and n, are the numbers of turns in the primary and 
secondary coils. If n/n, is so small that its square may be 
neglected, we have 


Ey, 
(21) j TE <—~es 


2 


1 


The ratio n,/n, is called the ratio of transformation. 


The argument of the ratio B/A, being the difference of the 
arguments of the numerator and denominator, shows that the 
secondary lags behind the primary current by the phase-angle 


s 72 
5 + tan Rk, 


which approaches two right angles as the ratio L,w/R, increases. 


The efficiency of the transformation, or the ratio of the activity 
in the secondary $2,J,, to that in the primary, is, by (18) and (12), 


(21) RMP? ow? 
RR? + w (R,L2 + R,M?)’ 
which, neglecting R,R,/M?w?, becomes 
1 
se ee 


that is, in practical cases, nearly unity. 


239. Circuit containing a Condenser. In the cases 
heretofore considered the only energy of the system has been 
electrokinetic. If the circuits are connected with conductors 
upon which charges of electricity can accumulate, we shall in 
addition have electrostatic, or potential energy. 


As the simplest case let us consider a single circuit whose ends 
are connected to a condenser of capacity K. Ifthe charge of one 
plate of the condenser at any instant is g, then the current flowing 
into that plate is defined as 


d 
(1) “ae 
The electrostatic energy of the system is (§ 143) 
2 
(2) Wash 


re I 
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which gives rise to the difference of potential, or electrostatic 
electromotive-force impressed in the circuit in the direction of the 
current, 


ree eg 

(3) L=— Di 4K: 

Accordingly the differential equation for the current is 
dl q 

(4) L iP +RI=—- KR’ 


from which, substituting from (1), we obtain the equation for the 
charge, 


Md, pM, _ 
(5) Errata spare 
Again, assuming g =e we obtain the quadratic for X 
2 1 = 

(6) Ir + Br + 7 = 9, 
whose roots are 

oe R nm" : 1 

aa Avs Wr? 

0 LN a HD 

re R 1 


Bo TN ALA eK Le 
We have now to consider two cases, 
CasEL &?>4L/K. Both roots real. We then have 
(8) q= Aer’ + Ber, 
and as X, and A, are both negative, the charge, and likewise the 
current 
(9) T=) Ae + r.Bem!, 
die gradually away. If there is a permanent impressed electro- 


motive-force £, in the circuit, we must add the quantity LK to 
the charge, which, however, does not affect the current. 

Determining the constants A and B by the conditions that 
there is initially neither current nor impressed electromotive- 
force, and that the initial charge is q, we have 


(10) ee es) 


while if there is no initial charge, but an impressed electromotive- 
force H,, we obtain 


pL aaa 
(11) g= Bok {1 - ES) 


Ay — Ay 
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In either case, the curve representing the charge as a function of 
the time has a point of inflexion distant from the origin by the 
amount 


(12) t=—___ log — 


while the curve of current has one at an equal distance farther on. 
The curves of charge and of current are represented in Fig. 93. 


Fre. 98, 


Case I] R?<4L/K. Both roots complex. If we write 


ok hae seer 
Seo) ay Ne Kies 


we have for the roots 


A, = p+ dy, 
(13) ated 
Nie en C2 
and we may write the solution 
(14) q =e" (A cos vt + B sin vt). 


In this case the charge not only dies away, but periodically 
changes sign, performing a damped harmonic oscillation of the 


period 
2a 
me 
KL ip 


(15) 
We have for the current 
(16) ra“ (Ap + Bv) cos vt + (Bu — Av) sin vt}. 


Determining the constants so that the initial current is zero, and — 
the charge q,, we have 


(17) q= quer" (cos vt — e sin rt) ; 
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This case is represented in Fig. 94. The charge is zero at times 
such that 


vt = tan = 6, 
bb 


Fia. 94. 


which is later than the time of the vanishing of the current by 
the phase difference 0, which approaches 7/2 the smaller p. 


We may specify the damping, or decrease of the charge or 
current, by the relaxation-time of the damping factor et, namely 
7=2L/fh, or by the logarithmic decrement, that is the logarithm 
of the ratio of a maximum value to the absolute value of the 
next following minimum. Since the maximum and minimum 
values of the parenthesis in (17) are equal and opposite, and 
separated by intervals of time 7/2 =7/v, the ratio of the absolute 


er 


values of g ise ” , and the logarithmic decrement x, 


vile T 
(18) A= - a = Pies : 
KR 
If R=0, there is no damping, \=0 and the period is 
10) T, =20 VEL. 
Introducing these values of 7, and ) we may write (15), 
(20) ety ier (tae A.) 


so that if the damping is small it affects the period only by small 
quantities of the second order. 
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We have in this case a type of the very important class of 
phenomena known as electrical oscillations, of which we shall 
presently give the general theory. The theory here given was 
published by Lord Kelvin* in 1855 and by Kirchhoff in 1864. 
The theory was confirmed experimentally in a qualitative manner 
by Feddersen} in 1857, by observations on the electric spark 
arising when a Leyden jar is discharged, and by Helmholtz§ in 
1869, and Schiller || in 1874, under conditions admitting of quan- 
titative results. More exact determinations in absolute measu-e 
have been made by Lodge and Glazebrook by a method involving 
the spark, and by the author, by a method similar to that of 
Helmholtz. 


We have seen that the occurrence of oscillations is due to the 
presence of both kinetic and potential energy. If there is no 
kinetic energy, L =0, and we reach the case treated in § 207, while 
if there is no potential energy, we have the case of § 237, to which 
we may pass by putting K=o. A mechanical model of an 
oscillation may be obtained from any mechanical system possessing 
both potential and kinetic energy, such as a pendulum or a heavy 
body moved by a spring. The stronger the spring the quicker is 
the oscillation, so that we may assimilate the reciprocal of the 
capacity of the condenser to the elasticity of the sprmg. The 
self-inductance of the system, on the other hand, is the analogue 
of the mass, or inertia of the mechanical system. The analogy 
of the resistance may be obtained by making the system move in 
a viscous medium, so that the motion is retarded by a force 
proportional to the velocity. 


240. Periodic Electromotive force. Resonance. If 
into a circuit joined to the plates of a condenser is introduced 
a harmonically-varying electromotive force, we have for the cur- 
rent, instead of (4) of the preceding section the equation 


(1) LG ARI +z |Idt= i, coset 

* Thomson, ‘On Transient Electric Currents,” Phil. Mag. June 1853; Math. 
and Physical Papers, Vol. 1. p. 540. 

+ Kirchhoff, ‘‘ Zur Theorie der Entladung einer Leydener Flasche,” Pogg. Ann. 
Bd, 121, 1864; Ges. Abh. p. 168, 

{ Feddersen, ‘‘ Beitriige zur Kentniss des elektrischen Funkens,” Dissertation, 
Kiel, 1857; Pogg. Ann. 103, p. 69. 

§ Helmholtz, ‘‘ Ueber elektrische Oscillationen,” Wissensch. Abh. Bd. 1. p. 531. 

|| Schiller, Pogg, Ann. 152, p. 535, 
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Proceeding as in § 238, we write 


dl i 

a aes = toot 
(2) LG + RL +z [tat Eye, 
and assume for the particular solution J = Ae‘, which inserted 
in (2) gives 

; i 

(3) (io +R+7-) A=H,. 
From this we get, by comparison with § 238, for the impedance, 


1 \2)3 
(4) J={R+(Lo- 7.) > 
and for the lag of the current behind the electromotive force, 


Lo — we , 
(5) a=tan™ —— 
so that the solution of (1) is 


Ef, cos (wt — a) 


In order to obtain the general solution we must add to this result 
the solution of the equation with #,=0 from the previous section. 
An oscillation whose period is that of the force, as in our present 
case, is called a forced oscillation or vibration, in contradistinction 
to the case of the previous section, where, no force being applied, 
the period is governed by the constants of the system, and the 
oscillation is called a free oscillation. If there is damping, the 
free oscillation soon dies away, leaving only the forced oscilla- 
tion. We see by (6) that if there is no condenser, K =x, we 
obtain the case of § 238, and the current lags, while if on the 
other hand £ =0, the lag is negative, or the current advances by 
the phase-angle 


(6) I= 


1 

KoR’ 

The reason of this is of course that in the differential equation 
the inductance is multiplied by the derivative, and the capacity- 
reciprocal by the integral of the current, which, when the 
electromotive force is an exponential with imaginary exponent, 
introduce the factor t# into the numerator or denominator 
respectively, producing opposite effects on the argument of A. 


o— alien 
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Thus the tendency of the inductance and capacity is to neutralise 
each other’s effects, Exact neutralization is produced, so that 
there is neither lag nor advance, when 


1 es ee a 
®= iE 5 (ee VRL = T . 
In this case the impedance is the smallest possible, and the 
magnitude of the current is a maximum, being the same as would 
be given by Ohm’s Law for steady currents with a closed cireuit. 
The period of the electromotive force which gives this result is 
exactly that of the free vibration which would be natural to the 
system if there were no damping. Under these circumstances 
the system is said to be in resonance with the force. The 
magnitude of the current is inversely proportional to the resist- 
ance, and if there were no damping would be infinite. For this 
reason resonant oscillations, either mechanical or electrical, may 
be very intense. By connecting two similar circuits with two 
similar Leyden jars, Lodge has caused the oscillatory discharge of 
one jar to produce such violent resonant oscillations in the other 
circuit that a considerable spark-discharge is produced. The 
phenomena of resonance have been demonstrated in a number of 
interesting papers by Pupin*. 


L 


In order to show how the resonance depends on the agreement 
of the frequency of the impressed force with that of the free 
vibration, we give in Fig. 95 a graphical representation of the 
current as a function of the frequency. If we call w,, the value 
of w which gives the maximum current, 

rect a3 
On = KL’ 


the amplitude of J is 
E, 


L ay “Ga Ne 
yee ee a ; 
In Fig. 95 are plotted the values of the factor of #,/R as 


ordinates, the abscissas being those of w/w,,. The different 
curves are, beginning at the outermost, for integral values of 


the ratio . 2. / FR from 1 to 10. The resonance is sharper the 


larger this ratio. 


* Pupin, “Electrical Oscillations of Low Frequency and their Resonance.” 
Am. Journ. Science, April, May, 1893. 
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241. General Theory of Electrical Oscillations. We 
shall now consider the question of electrical oscillations in the 


Fie. 95. 


most general case of a network of linear conductors, conducted 
with any number of conductors K which may carry electrostatic 
charges. These may be grouped in pairs to form condensers, as 
in the last section, or they may be entirely independent of one 
another. Of the linear conductors, any one may form a closed 
circuit unconnected with the others, and affected only by current 
induction, or may end at points of embranchment with other 
conductors, or upon any of the conductors K. For brevity we 
shall call the linear conductors wires, and the conductors K 
accumulators. We shall suppose that the net contains p points 
of embranchment, & of which are connected with accumulators, 
for all wires which end on the same accumulator are to be 
considered as meeting in an embranchment. Let the number of 
wires be J. Then if all the wires form a part of the same net, 
the number of independent meshes is /—p +41, for we see at once 
that the smallest number of lines that can join p points to form 
a closed net is p, giving one mesh, and that after the first mesh 
every additional line adds a mesh*. 
For every wire r between points a and b we have an equation 

a oat eCOE es eT ee rey, 


where £,, is the impressed electromotive-force from a to b and Vy 
and V; are the potentials of the points a and b. There are / 
equations of this sort. 


+ My 


(7) 2, 


* By independent meshes we mean such that circulation about any one is not 
the resultant of circulation about any number of others. For instance the outer 
boundary of a plane net is not independent of its meshes. 
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For every point of embranchment a we have an equation 
(2) a RES Pee Ee ho + Tita 


the currents being now marked with double suffixes to denote the 
points between which they run, as in § 171, and e, denoting the 
charge of the accumulator connected with the point, or zero if 
there is no accumulator. These p equations are not all indepen- 
dent, for adding them all together, every current appears in both 
directions, so that the left-hand side in the sum is identically zero, 
giving 
de, de, de 

(3) ab + ap =t-folereiaiate Tt f 


which is merely the statement that the total charge of the system 
is unaffected by the flow of currents. There are accordingly p —1 
independent equations (2). 


For every accumulator K, we have an equation, § 138 (10), 


ow 
(4) Ve = Prali + Pras + +++. + Deal = ee 


From the equations (1) the V’s may be eliminated by Kirch- 
hoff’s principle, § 179. If, traversing any closed circuit, we add 
the equations (1) for each wire, every V appears with both signs, 
so that on the right we obtain the sum of the #’s around the 
circuit. We shall thus obtain as many equations as there are 
independent meshes in the net,/—p+1. Other equations may 
be obtained in the same manner by traversing any unclosed circuit 
ending on two accumulators. All the potentials at embranch- 
ments passed over are eliminated except those of the two ends. 
The number of equations to be obtained in this manner is one less 
than the number of accumulators, or k—1. We thus obtain in all 
l1—p+k=n equations, and there are the same number of inde- 
pendent variables. We may take as parameters to characterize 
the system a set of currents, one circulating in each mesh, so that 
the actual current in any wire is the sum or difference of the 
currents in the two meshes to which that wire is common. The 
time-integral of any mesh-current shall be taken for one of the 
parameters g. Besides the /—p+1 q’s thus defined, we will 
choose k — 1 others, denoting the integral currents along any series 
of wires joining the accumulators two and two, the whole series 
forming a chain with two ends. The charge of any accumulator is 
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_ thus the difference of the two q’s of this sort whose wires it 
separates. The whole number of q’s is now just equal to n, the 
number of degrees of freedom of the system. The current in any 
wire is the sum of two or three of the q’s with the proper signs, 
and as the electrokinetic energy is a homogeneous quadratic 
function of the currents, it becomes one also of the q’’s. The 


derivative -£ (=) is the electromotive-force of induction around 
8 


the circuit s, for 
aD _y Wal, 
CG, an deel Cg, 

and every oJ,/0q,' 18 zero except in the case of the currents which 
bound the circuit, for any of which @J,/dq,' is either plus or minus 
unity. The dissipation function, § 64, (7) 

Peat (hl + Bil? oc: els | 
becomes also a homogenous quadratic function of the q’’s in which 
the product terms will in general appear. The dissipative force 


will also be represented by — ee for 


Ogs. ? 


oF _y aPal, 
6g mm Cle0g,~ 


which is again the sum of the products RJ around the circuit. 
The terms 


A 
dt ee Ogs’ 

are accordingly what we get by adding the equations (1) for all the 
wires bounding the mesh s. 


Since any charge is equal to plus or minus one of the q’s of 
the second sort, or to the difference between two, W, the electro- 
- static energy, becomes a homogeneous quadratic function of these 


gs. Again T is the electrostatic electromotive-force belong- 
8 


ing to q,, for 
‘ aW _s aW ae, 
OG saat OC 00 rd 
we 
Ode 
lators at the beginning and end of q,, where the derivative has the 


Now by (4), on V,, while 


is zero except for the accumu- 
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values minus one and plus one respectively. We shall write our 
three functions 


i k; = 42,25 Or Os. 
(5) F=$2,2, RrsGr Qs 
We A Dia Dra eas 


where the. M’s are linear combinations of the inductances of the 
wires, the R’s linear combinations of their resistances, and the p’s 
linear combinations of the coefficients of electrostatic potential of 
the accumulators. The values of the coefficients of the three 
functions are such that each of the functions is positive for all 
possible choices of its variables. 


We may now apply Lagrange’s equations for any parameter q,. 

d /oT oF aW 

oD di (oa) Aare 

where #, is the total external electromotive-force around the 
circuit. Performing the differentiations this becomes 


=e he 


an Ga Ln 

Ue a ee Ms ae 
(7) dn dq adn 
Bist les ay eee Ruse 


+ PrsQi + Pos Qe verses + PnsQn = Hilps. 
a linear differential equation of the second order with constant 
coefficients. We have one such equation for each parameter q,. 


We shall first find the free oscillations, that is the solutions 
with every H;=0. As in the case of the simple examples of § 237, 
a particular solution may be obtained by assuming for every qs, 


(8) qs = ae, 
where 2 is the same for all the qs. Inserting these values in (7) 
we obtain 

(My? + Ryd + pn) G+... + Mind + Rind + pin) On =O, 
- (Ma? + BoA + Po) dy +... + (Min? + Ron + Pon) In =, 


ee 


a set of linear equations to determine the ratios of the a’s when A is 
known. If these are to be satisfied by other than zero values of 
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the a’s, however, the determinant of the coefficients must vanish, 
namely 
Mad? + Rub Diy vseees MiynyM+ Rinr+ py |=. 


ae nena cence ses, 


FOR Cem ere eee eer en eraser ers eereresesesseereeeseses 


Ce ee ee ee ey 


This is an equation of order 2n in 2X, from which the odd 
powers are absent if #=0. We shall denote its roots by 


My > No pe eeece Kon . 


If we multiply the rth equation (9) by a,, and take the sum 
for all ’s, we obtain 
(1 I) Md Lg M gps + ND Lehr rs + Sr DePrerls = 0. 

The double sum by which 2? is multiplied is the value of the 
function 27’ when for every q;' is substituted a;. We shall denote 
this by 27'(a). Similarly the coefficient of X is 2 (a) and the term 
independent of X is 2W(a). But by the fundamental property of 
the three functions, each must be positive. The equation (11), 

WT (a) + AF (a) + W (a) = 0, 
shows us at once that X can not be real and positive, for that 
would involve the sum of three positive terms being equal to zero, 


Secondly, if #’=0, that is, if the resistance of every wire is 
zero, 

W(@) 
— Fa)’ 
and X is a pure imaginary. In this case e’ and e’ are trigono- 
metric functions, representing an undamped oscillation of the 
same period for all the parameters 4g. 


N= 


Thirdly, if #’ is large enough, A can be real and negative. In 
_ this case each parameter q gradually dies away to zero, the relax- 
ation time being the same for all. This corresponds to Case I of 
§ 239. 

Fourthly, if either W or 7’ is zero, instead of a pair of roots we 
have a single one, which is real and negative, the cases correspond- 
ing respectively to § 237 or § 207. 

Fifthly, in other cases, that is when neither 7, F, nor W 
vanish, and F is not too large, X is complex. We shall prove that 
then the real part of ) is negative. 
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When any value of » is determined, the equations (9g) deter- 
mine the quantities a except for a common factor. If complex 
values enter, since any equation which involves 7 will also hold 
good if 7 be changed to —72, changing any root A to its conjugate 
»’ causes every a to change to its conjugate a’, We shall denote 
the a’s corresponding to the conjugate roots A and 2’ by a and a’, 
where 

AN=p+w, N=p—w, 
sy = As + 1Ds; as SCS Bs. 

Let us now apply the process that gave us equation (IT), 
except that we multiply the equations (9) containing ® by the a’’s 
belonging to ’, obtaiming 
(12) MX, de Mis Ay As. a rN, Qs Ry Ay As. Te =, LePreAr Ms = 0. 

In this equation, any coefficient M,, appears in the terms for 
which r=a, s=b and r=), s =a, so that the sum is 


Man (Gaty + apa’), 
or substituting the values of the a’s, 
Map (4a + tBa) (05 — 18) + (0 + 480) (4a — 78)} = 2May (40% + BaBr). 
Using a notation similar to that before employed, equation 
(12) 18 
(13) {2 (a) + T(B)} +r (F (a) + F(8)} + W@+ W@)=0. 
Now performing the same process on the equations (9) with WV, 
and multiplying by the a’s we obtain 
(14) A? {2(a) + (BY) +X (F(a) + F(B)} + W(a) + WOK) =0, 


so that \ and 2’ are roots of the same quadratic. We have there- 
fore for their sum 


_ F(a) + F(B) 
T(a) + T(8)" 
Accordingly w is negative. The solution therefore represents 


a damped vibration, as in the second case of § 239, the period and 
damping being the same for all the q’s. 


(15) N+ = 2 = 


Since for every root \ we obtain a set of values of the a’s, we 
shall distinguish the values for the different roots by a second set of 
suffixes, so that a,, means the coefficient of e in the coordinate OP 
for the sth period, The theory of differential equations tells us 
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that for the general solution we must take the sum of the terms 
ae for all the roots, so that we obtain 


qi = Ane b+ ayer +t ii... + Ayan eden’, 

92> Ae! + Ogg @rz? mt ot eerie + Aopn@r2nt, 
I 3 loess dsissniesendAeiieys 

In = An Ore + Anger’ + .cceee ++ Anon zn’. 


We may now replace the exponentials by trigonometric terms. 
The appearance of the terms with conjugate imaginaries 


a et + a, et = Qe" (a, cos vt — B, sin vt) 


leads to the disappearance of imaginaries from the result, so that 
we obtain, 


qh = 2 {e*(ay, cos mt = By Sin ryt) +... +e" (An COS Vat — Bin SiN Vpt)}, 


Yo= 2 {e* (aq COS yt — By SiN ryt) + ... + eM! (Ayn COS Unt — Bon SID Vpt)}, 


eee eee ee ee ee ee ee ee ee ee rs 


In = 2 {e!* (Gn, COS 2,6 — Byy SIN yt) +... + €#** (Any COS Unt — Ban SIN Ypt)}. 


The ratios of the a’s or of the @’s in any column are given by the 
equations (9), being different for the different columns. Since the 
ratios of the £’s of any column are the same as those of the a’s, we 
may otherwise write the equations as 


= 2 {Ane cos (yt — 91) + Are’ cos (Vat — Yo) ... + Aine’ cos (Unt — Yn)}, 
Qo = 2 {A e* cos (yt — y1) + Ane! cos (vat — 2)... + Aone cos (Yat — Yn)}, 
I 5 EIR aN hos 5c ev cladas dus insscetbicendeceaneum 


ee Oe eC a i ar i | 


Ay = Cea {- fa as | Uys ie 


(19) YY, = — tan — AL Ap». 


eae 
Ons 
We accordingly may state the general result :—The free vibra- 
tions of any electrical system consist, for each electrical coordinate, 
of the resultant of a number of damped harmonic oscillations of 
different periods, the number of different terms being n, the 
number of degrees of freedom of the system. The phase and 


W. £E. 32 
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damping of any particular simple oscillation are the same for all 
the coordinates, and the n factors of the amplitudes and the n 
phases are to be determined from the initial values of the q’s and 
of their first time derivatives. 


We will now consider the case of forced vibrations. 


On account of the linearity of the equations, if we find a solu- 
tion g,” for a particular set of values £,' of the right-hand 
members of our equations (7), and a second solution gq, for a 
second set £,”, then the sum q,” + q, will be the solution when the 
right-hand members are £,") + #,. We shall, therefore, consider 
the effect of each impressed force by itself. Suppose first then 
that in each circuit there is impressed a harmonic electromotive 
force, #, cos wt, all of the same period. Then we have the equations 
of which the sth is 


ac 
qa 
+ DiGi t «+» + DnsQn = Le. 


Re tear 4 


aq, 
M +...4M, ai ne 


(20) rhe 


Assuming q, = a,e"? these reduce to 


(— Myo? + Ryio +n) Mh oe. + (— Myo? + Rypto + Pin) Oy = Ey 


(— Myo? + Rito + Dm) 001g moos (—Mino?+ Rito + Pun) An = Ey, 
a set of linear equations to determine the a’s. 
If we call the determinant of equation (10), D(A), and D,, (») 


the minor of the element of the rth column and sth row, we have 


as the solution of (21), 
_ 2 Dix Wo) F, 
(22) a, = ~ D(iw) ‘ 


Since D(X) = 0 is the determinantal equation for the free vibration, 
whose roots are Aj, As... Ae,, We have 


(23) DOQ)=CQ—)A—)s. = CO Oana 
Accordingly the denominator D (iw) is 
(24) DD (éw) = CTL, (tw —2,) = OTT, {45 +4 (@— Oh 


\ 


The minors D,, (tw) are rational integral functions of 7#, and the 
numerators are therefore complex quantities, which reduce to real 
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ones if the R’s are zero. Calling the modulus of a numerator B,, 
and its argument 6,, 


(25) >,D,. (io) E, = Ber, 
0,,1s a small angle if the resistances are small. We thus have 
B, er Bei (,—% 5) 
6 = L = r 
(26) eee Ol (4,4 0(co vy) CILA, +” 
where 
(27) eee (o—o,)\2, tana== 2-2. 
Bs 


Retaining now only the real parts, we have for the solution 
(28) = B,, cos (wt + 6,— >A) 
OTL, [(14,°+ (w — v,)?)"] 


Thus if the resistances are small, all the oscillations are in 

nearly the same phase. If the frequency of the impressed force 
coincides with that of any one of the free oscillations, o — v, = 0, 
and one factor of the denominator reduces to p,, so that if the 
damping of that oscillation is small, the amplitude is very large, 
or infinite if there is no damping. This is the case of resonance. 
(Resonance may also be defined in a slightly different manner as 
occurring when ?z@ is one of the roots of the equation D(X) =0 in 
which all the &’s have been put equal to zero. This corresponds 
with our example in § 240. In practical cases the difference is very 
small.) 
If now we have a system acted on by electromotive forces each 
one of which is the sum of any number of harmonic components of 
different periods, any component may cause resonance with any 
free oscillation of the system, so that resonance may occur in a 
large number of ways. 


242. Examples. Two Circuits. We shall illustrate the 


‘principles of the preceding section, aside from the examples that 


have already been given in §§ 239, 240, involving one degree of 
freedom,.by an example of two circuits. Consider an induction 


— coil in which both the primary and secondary contain a condenser 


q 


in series. This is the case of the so-called Tesla high-frequency 
coil, in which a Leyden jar produces an oscillatory discharge 
through the primary, while the ends of the secondary are usually 
connected with a small capacity, say a pair of knobs. We shall 
32—2 


‘ 
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take for g, and q, the charges of the two condensers, so that the 
currents are 


(1) jG Te ie 


We accordingly have 
T=thl?+ MLL, + +L,1,, 
F= thf? + ¢heL’, 


(2) Bc 
W == $ RG = 4 Ke, 5) 

and the differential equations for the free oscillations are 
2 2 

, Man tli Get Bat gp B= 0. 


The equation for the frequencies is 


Drees a , Mn Fae 
(4) ‘ ‘1 
Mx en Nt eee EK, | 

or 
Lien 

(5) (LL, = M*) M a (LR, = L,,) 1S te (2 ate K. ar R.R,) NS 
Taek Lang 

+ (Et) aR 


As this equation is of the fourth degree, we shall treat only the 
case of no damping, which, as we have seen, will not cause a large 
error in the determination of the frequencies. Putting ther 
R, = R,=0 the equation becomes 

Lk, + LK, 
KK, (L,L,— M*) 


or, as we may otherwise write, 


Gy ee V+ 


z ~=0 

KY K, (LL,— MM) ”’ 

i! 1 

(7) yt Ait Lbs) Gt Ky KGL, DF— M0; 
If the two roots of this quadric are 


ig = 
a Ouse | 
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we have for the periods, 


T= 


Qart Q7t 
T’= 
ni > NE > 


so that 
T=nrN2{L,K,+1,K,+V(L,K,—L,K,) + 4K, KM, 
T= aN 2{1,K, + L,K,—V(L,K,— 1,8.) + 4h, Kk, Mt. 
If we introduce the periods of the two circuits alone, 

T,=2r /K\L,, T,=2r J K,Lp, 


and a quantity @ which is nearly a mean proportional between 
them, 


(8) 


ADEN Vite, 


these periods become 


fe SL (WUE T2)? +404 
T= 9 , 


(9) 


de + Tp — J (Te — Ty + 40 
T= - 5 ; 


In case T,=T,, 
be [?=T24+ 0 =40 (K,L,+M /K,K,), 
[= T? — 0 = 4? (KL, —-M JK,K,). 
This is a case of so-called resonance, though not the one that we have 


examined. We see that one of the periods is greater and the 
other less than the common period of the separate circuits. 


If the period of one of the circuits is much greater than that 
of the other, so that both 


Tel ean eh ne > 20%, 


we have, developing the square roots by the binomial theorem, the 
approximation, 


4 
PP = 2) + ape? 
3 (11) Hh. : 
19; = ao 
P= 13-73 


In this case the longer period is nearly that of the longer individual 
period, being somewhat longer, while the shorter period is some- 
what shorter than the shorter individual period. This is probably 
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the usual case of the Tesla coil, where only the longer oscillation 
plays much part. For a further treatment of this example, the 
reader is referred to articles by Oberbeck* and Bliimcket. 


We shall now consider the forced oscillation. Let there be 
an impressed force H,cos wt in the primary circuit, there beimg 
none in the secondary. Then we have for the secondary 


G2 = ae", 
Ey Mw* 
(12) nn 
(L, L,- M?) wt -(2+2 + RR) oz e+ {= (Rit Lek) 0+ (FE Zz) al 
The amplitude of the secondary current J, =. | a, | is 


(13) 1.%= 
Ey Mo 


2) a4 = 3 — 1 ee 
[ {eat ris ce +t RR, ort ec er hat tara (+E) | 


We get resonance when w? is one of the roots of the quadratic 


2 L, a 2 1 ae 
(14) (L,L,— M?) 0 — (7+ @ erayieen 
In case there is no condenser in the secondary, we have 
Ko Oe 
and there is then but one frequency for resonance, 
w? LT, 
(15) -Ki(l,- IP)’ 


This is the practical case of a transformer or induction coil, and 
is treated by J. J. Thomson in his Recent Researches in Electricity 
and Magnetism, Chapter VI., to which the student is referred for 
further examples of this subject. For a treatment at length of the 
subject of oscillations, the student may consult Rayleigh, Theory 
of Sound, Chapters IV, V. and X.B, and Routh, Advanced Rigid 
Dynamics, Chapter II. 


* Oberbeck. ‘‘Ueber den Verlauf der electrischen Schwingungen bei den Tesla’- 
schen Versuchen.” Wied. Ann. 55, p. 623, 1895. 

+ Bliimcke. ‘‘Bemerkung zu der Abhandlung des Hrn. A, Oberbeck.” Wied. — 
Ann, 58, p. 405, 1896. 


CHAPTER XIII. 


EQUATIONS OF ELECTROMAGNETIC FIELD. 
ELECTROMAGNETIC WAVES. 


243. Localized Electric Force of Induction. In the 
preceding chapter we have developed the theory of current induc- 
tion in linear circuits, on the basis of the treatment of a set of 
currents as a mechanical cyclic system, and we have thus arrived 
at equations which are justified by experiment. We have found 
for the electromotive force of induction in any circuit, 

ad for dp 
1) Bie leh) a 
where #, the electro-kinetic momentum corresponding to the circuit, 
is by the results of § 226 defined as the total flux of magnetic 
induction through the circuit, that is the surface integral 


(2) ne | | {& cos (nv) + M cos (ny) + Mt cos (nz)} dS 


over any cap bounded by the circuit. 


If we consider the electromotive force around the circuit as 
made up of electric forces acting at each point of the circuit, just 
as in § 166 we considered the electromotive force due to electro- 
static action as the line-integral of the electrostatic field-intensity, 
we may here consider the electromotive force as a line-integral 
around the circuit, 


(3) E,= | (Xde-+ Vay + Zaz) = i tos (Fas) ds. 


The vector / whose components are X, Y, Z is a quantity of 
the same nature as the electric field-intensity, and we shall not in 
future distinguish whether it is of electrostatic or electrodynamic 
origin. If we apply Stokes’s theorem to the line-integral in (3) we 


= 
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convert it into a surface-integral which, in virtue of (1), must be 
equal to the negative time-derivative of the surface-integral in (2). 


(4) IRE-3) ) cos (nz) + (S —%) cos (n D+ (a - by) fa 


=—5 al {2 cos (na) + M cos (ny) + R cos (nz)} AS. 


As we assume that the circuit does not change geometrically 
with the time the differentiation with respect to ¢ may be passed 
under the sign of integration, and operates only on the quantities 
2, M, RN. Since the two surface-integrals may be taken over the 
same surface, and the equality holds for any portion of surface 
whatever (as we may choose any cap over any circuit), the 
integrands are necessarily equal at all points of space, necessi- 
tating the equations 


_® a av 
Soy ane 
am _aX af 

(5) “aH teed OR 
_am _aV_ax 
a ny 


These equations, which are more compactly expressed by 
aB - 
(6) ee eae curl F, 


are the general equations of induction, and are justified because of 
their leading, by the reverse process, to the equation (1), which is 
directly verified by experiment. A direct experimental verification 
of equations (5) has been given but recently. 


If we wish to introduce the vector-potential belonging to the 
magnetic induction, by § 226 we have the alternative expression 
for p*, 


(7) p= |(Fda + Gdy + Hdz). 
Comparing this now with the line-integral in (3) gives us 
(8) | (Xde+ Ydy + Zde) =— : | (Fde + Gdy + Haz). 


* See the definition of p following equation (3), p. 469, 


243] EQUATIONS OF ELECTROMAGNETIC FIELD. 505 


From the equality of the line-integrals we must not conclude 
the equality of the integrands, for the line-integral of any lamellar 
vector point-function around a closed path vanishes. We accord- 
ingly obtain 

oF 


oS eer +X’, 

7 0G ; 

(9) Niet pratt 
oH ‘ 

Baas 


where (X’, Y’, Z’) is a lamellar vector. If X, Y, Z denote the 
whole electric force, when the state of the magnetic field is not 
changing it becomes the electrostatic force, so that the components 
X’, Y’,Z’ must be the negative derivatives of the electric potential. 
Accordingly the equations are 


oF oV 

mene 

oG oV 

(10) ES ae Ba, , 
oH OV 

Naat pe 


These are the equations as given by Maxwell*. We shall 
however prefer the form (5), not containing either potential, as 
introduced by Heaviside+ and Hertzt. Since the electrostatic 
field has no curl, it need not be considered separately in equa- 
tions (5). 


If however there are impressed electromotive forces X’, Y’, Z’ 
not of electrostatic origin, such as those due to chemical or 
thermal effects, and X, Y, Z still denote the total field, we must 
replace X, Y, Z in equations (5) by X —X’, Y—Y’, Z-Z’. 
(Heaviside, Vol. 1. p. 449.) 


In a closed conductor undergoing electromagnetic induction 
there are not necessarily differences of electric potential, for 


* Treatise, Art. 598, equations (B), 

+ ‘‘Hlectromagnetic Induction and its Propagation.” Electrician, Feb. 1885, 
Papers, Vol. t., p. 447, eq. (20). 

+ “Die Krifte elektrischer Schwingungen behandelt nach der Maxwell’schen 
Theorie.” Wied. Ann., 36, p.1, 1889. Jones’s trans., p. 138, 
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example in the case of a circular ring placed perpendicularly to the 
force of a varying uniform magnetic field the electric potential is 
constant. If however the circuit is broken, current flows for a 
very short time until the electric force vanishes; there is then 
produced a disturbance of charges producing differences of 
potential to be calculated from the equations 


OV OF ay SoG weno eel 
00 Ge 0k? Oe Cle ez mous 


Conductors connected: to the broken ends of the circuit, for 
instance the plates of an electrometer, will then show a difference 
of potential. 


244. Displacement Currents. If we compare the equa- 
tions (5) with the equations § 222 (2), 


dru aON _ all 
iw oy dz’ 

Laon 

(11) Arh ae? 
feel 

lof ay. 


we notice that they are analogous in having the right-hand sides 
equal to the curl of the electric and magnetic field respectively. 
We make the analogy still more complete by introducing the. 
conception introduced into the theory by Maxwell of the electrical 
displacement current *. 


Suppose that we have a condenser charged with electricity. 
There is then a field of electric force, the lines of force running 
from the positively charged plate to the negative. The electric 
induction is, by § 182 (16), 


& = Anco. 


If now the plates be connected by a conducting wire, the 
positive charge passes from the positive plate along the wire, until 
a state of equilibrium is reached. During this period the electric 
induction between the condenser plates is diminishing and finally 
reaches zero. The hypothesis of Maxwell is that the change of the 


* «A Dynamical on of the ee Field eget Phil. Trans. Vol. 
chy. 1864. 
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induction produces the same magnetic effect as would be produced 
by a current of current-density 

els 

1 Ger Ot 
at every point of the field, which together with the current in the 
wire would form a closed circuit. As the equations § 222 (2) were 
deduced from the magnetic effect of closed currents, some hy- 
pothesis is necessary if we are to deal with unclosed currents, and 
Maxwell’s hypothesis is justified by its remarkable consequences. 
Since Maxwell calls the vector §/42r the electrical displacement, he 
terms the vector = s the displacement current. 

The consequence of Maxwell’s hypothesis is that in the dielec- 

tric we must introduce the components of the displacement 
ior. 1 o2)° 1 33 
Aq ot? 4ar ot” 4a Ot 
tions (11), giving 


in place of u, v, w in the equa- 


current 


ak _ oN _aM 
| ot oy Oz” 
a) aL aN 
(12) | ete nee 
63 0M aL 
ot. oa. oy” 


These equations are now completely analogous to the equations 
(5) except for the difference of sign on the left, the two sets being 
represented by 


GPs) = 
' — 5, = curl £, 
13 a 

% _ curl H 

at = cur . 


If the dielectric is conducting, we must introduce both the 
conduction and the displacement current, so that the equations are 


oo 4 _ oN _oM 
: Ghee) a Oenios.” 
9) aD. av 
wae Re wah the. Z, 86/5200 
23 aM ab 
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Differentiating these equations respectively by a, y, z and 
adding we obtain 


(15) ae 7 eo een ‘\+ilegty w) = M 


so that the total current is solenoidal, like the flow of an incom- 
pressible fluid. Integrating (15) through a portion of space + 
bounded by a closed surface os 


Mee ilies : a r=— |G a +o) a 


= [[v cos (nx) + v cos (ny) + w cos (nz)} dS. 
which by § 182 (17) becomes 


(17) al pdr = © = |{(w c0s (rar) + 0 cos (ny) +0 00s (n2)} dS 


That is, the increase of charge of any portion of space is equal 
to the electricity brought in by conduction, This agrees perfectly 
with our previous conceptions. Our statement made in § 129 that 
electricity is not incompressible is also reconcilable with Maxwell’s 
statement that the total current, the resultant of the conduction 
and displacement currents, is like the flow of an incompressible 


fluid. 


By the analogy between the equations (5) and (12) we 
might call the vector iz = the magnetic displacement current, 
Magnetic conduction-currents do not exist, although they have 
been introduced into the equations by Heaviside* for the sake 
of symmetry. 


245. Complete System of Equations for Media at rest. 
We may now collect all the fundamental equations of the theory 
as it has been developed. Before doing this it will be convenient 
to make a slight change in our units. It will be recalled that in 
the whole of Part III since the introduction of the electro- 
magnetic system of units we have considered all quantities, 
whether electrical or magnetic, to be measured in that system. 
Up to the present this has been most convenient, and in prac- 
tical cases dealing with electro-magnetism and electro-magnetic — 


* “ Hlectromagnetic Induction and its Propagation.” Electrical Papers, Vol. 1. 
p. 441. 
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induction this will generally be true. We are now, however, about 
to consider a new class of phenomena, and it will be convenient to 
use the Gaussian system, that is, to measure all electrical quantities 
in electrostatic units, and all magnetic ones in magnetic units. 
We shall therefore be obliged to reintroduce the factor A, § 210, 
which will multiply the electric currents, and divide the electrical 
forces, according to § 212, equations (6) and (9). Equations (14) and 
(5) thus become* 


ox oN oM ny Ae 
ey oe” -Az Toy won: 
ay) ab an am aX of 
a3 aM aL am a aX 
een oe By’ ao Oe Oy” 


These are the equations of cross-connection between the elec- 
tric and magnetic fields and thus show that in non-conductors the 
curl of the force of either field determines, or is determined by, 
the time-variation of the induction of the other. If we know the 
state of the field ‘at any instant we may accordingly find it at any 
subsequent instant. For we have the three sets of equations 
expressing the Fourier-Ohm laws, 


X=eX, V = pl, u=rX, 
(Or 9) = eY, (D) M=pM, a) Pee 
3 =f, N= uN, w=rZ, 


The letter ¢ denotes the electric inductivity, which in Chapter IX, 
where we did not distinguish electric and magnetic quantities, was 
denoted by pw. It will be noticed that equations (A) and (B), 
which are the fundamental equations of the theory, contain no 
quantities that are intrinsic to the media, but only those quantities 
which completely specify the electric and magnetic state of the 
fields. The equations (C), (D), and (E), on the contrary, contain 
the quantities «, ~ and 2, which denote properties of the media. 
These latter equations are not fundamental to the theory, as they 
may under certain circumstances be replaced by others. In addition 


* In Hertz’s papers the right-hand members appear with the opposite sign, since 
Hertz employs the left-handed arrangement of axes. (Cf. Fig. 1.) 
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we have for the electric and magnetic energies and the dissipativity, 
or heat generated per unit of time, 


i ee 
W=5-|I (XE + YY +23) dr, 
1 
() T== | | C8 + UM + NR) dr, 


es Hf (Xu+ Yo+ Zw) dr. 


246. Eolotropic Media. The equations (C), (D) and (E) 
have been established on the supposition that the medium is 
isotropic, that is that it has the same properties in all directions 
at any point: In some bodies, such as certain natural crystals, this 
is not true. The assumption next im order of simplicity to that 
made in Chapter IX is to assume that the energy per unit volume 
is a homogeneous quadratic function of the components of the field 

os {én X42 + €V? + €332? + €3VZ + €, ZX + eX VY}, 
the six coefficients being properties of the medium. If we then 
apply the reasoning of § 180, we find that our results are the 
same as before, providing that we define the inductions by the 
equations 


RH=a,X+ eye Y¥ +632, L = py D+ peM + oN, 
(1) Hea Xt +e) +e,7, (D’)) WM = py L + ooo M + po, NV, 

3 =¢yX + eoY +enZ, M = py L + pos M+ poss LV, 
where Cue, een bee 


The inductions thus defined have all the properties that we have 
hitherto predicated with regard to them. It has been pointed out 
by Pupin* that these are not the only possible generalizations of 
the equations (C) and (D). 
Media which are not isotropic are called eolotropic. A body 
may also be eolotropic with respect to conduction, in which case 
U =X + AypY+22ZF, 
(EH) v=AgQX +AwV + ryZ, 
W = Dg X + AgweY + AggZ. 


* Pupin. ‘Studies in the Hlectro-magnetic Theory.” American Journal of 
Science, Vol. u., p. 326, 1895. 
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We shall in the future, as we have done in the past, consider only 
isotropic bodies. 


247. Consequences of the Equations of the Field. 
Propagation. If we differentiate the equations (A) respec- 
tively by w, y, z and add, we obtain 

‘0 fox 0%) 03 Ou Ov =) ae 

at (Gt oy ate Bea = ()) 
the consequences of which we have discussed in Chapter X. If the 
medium is an insulator, the relaxation-time is infinite, and 


Gk ey) 605 


dz dy 02 


is independent of the time. 
Applying the same process to the equations (B), we obtain 


a2 AM, aM 
Ci Oy © oz 


independent of the time, and the value of this divergence is zero, 
except in intrinsic magnets (§ 201). 


We shall now deduce the more important consequences of the 
equations, proceeding from the simpler to the more complicated 
cases. We shall first, therefore, consider the phenomena in insu- 
lators, in which the equations (A) and (B) are exactly symmetrical. 
On account of the dual nature of the relations of the two fields it 
follows at once that every effect of electrodynamic induction in 
producing electromotive forces has an analogous effect in the pro- 
duction of magnetomotive forces by electric displacement currents. 
For instance a closed iron ring placed in an electrostatic field 
varying with the time would: become magnetized. Effects of this 
sort have not yet been observed, on account of the extreme small- 
ness of the factor A, by which the displacement current is multi- 
plied. For the same reason, electrostatic forces produced in 
insulators by the variation of magnetic fields have not been 
successfully observed, although the attempt has been made by 
Lodge*. The justification of the equations (A) has been given 
by other results. 


- * Lodge. ‘Onan Electrostatic Field produced by varying Magnetic Induction.” 
Phil. Mag. (5) 27, p. 469, 1889. 
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If we perform upon the equations (13) the operation of curl, 
which is typified by the result of differentiating the third of 
equations (B) by y and subtracting it from the second differentiated 


2 
by z we obtain, after adding and subtracting ; 


OOK 10 Q /0OXe OY ee 
ai (Sy ~ Ge 9 ae (Gu tay be) 


oy dz Oa 


(1) dy dz 


Now supposing the medium to be homogeneous, that is e¢ 
and w constant, making use of the equations (C) and (D), and 
supposing there is originally no electrification, we have 

OAC Y 07, 


Ga toy a oe ae 


and making use of the first of equations (A) we transform (1) into 


Aine = We 


Proceeding in like manner we obtain for the other components, 


_ ayy aL 

ih AP Hea~e = Ad, 

(2) Pee Ane ne 
of a8 
eh eee Ni 


dt? 


We thus find that in insulators each component of the two 
fields satisfies a differential equation of the form 
Od 
ot? 


where i= iA AJ pe. 


Since this is an equation of great importance in mathematical 
physics, we shall investigate its general solution. Let us multiply 
both sides of the equation by the element of volume dr and 
integrate throughout the volume bounded by a closed surface 
S, applying the divergence theorem to the right-hand member, 


(4) [[[52ar=c |[[agar=— a [[Pas. 


(3) = vd, 
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f the surface S is a sphere of radius r with its center at the point 
P, we have 


5) = [z= dS = -{[< ride =r — é & |[Gde, 


where by ¢, we denote the values of ¢ at points on the surface of 
the sphere of radius 7, with center P. 

Introducing polar coordinates into the left-hand side of equation 
(4) also we may write it 


(6) ae all ies rll ue te 0dr). 


Now differentiating this and the transformed right-hand 
member (5) by the upper limit r changes our equation (3) into 


(7) 1p | [bdo =ars (r= [ede 


The surface integral 
[oa 


which appears on both sides is 47 times the mean value of the 

function ¢ on the surface of the sphere of radius r. Calling this 

mean value $, we have the equation 
aoe d, 1282), 

(8) ap inl ar 

which, on performing the differentiations and dividing by 7, may be 

written 


(rr) _ 408 (Thr) 
(9) at ore 


If we now introduce two new independent variables 


u=at+r, v=at—r7, 
we have, putting rd, =v, 
NN a Gees 
GhlmOULor Ov 0b Ou Laide)? 
ay _ tyr du , Oy Ou _Oy _ Oy 
or owor  ovor ow dv’ 
Oy Op Orb Op 
cd oe unre oi , 
2, 
De _ th 9 


or? Ow? dwov dv?’ 
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so that our equation (9) becomes 


Cs 
(10) ape =), 
Of this equation the general solution is 
(11) v= i (U) + g(r); 


where g, and g, are perfectly arbitrary functions of their arguments. 
We consequently have for the solution of (9), 


(12) rh,= 9, (at +r) +9, (at — 7). 
When r= 0 we have 
0= 9, (at) +92 (at), 
and this being true for all values of ¢ the functions 9, g. are not 


independent, but one is the negative of the other, whatever the 
value of the argument. Putting then 


n=9; C= Bf 
we have 
(13) ro, = (at+1r)—g (at—7). 
Differentiating by 7, _ 
(14) $47 Pr ag (attr)tg (at—), 


and again putting 7 = 0, we obtain 


(15) rma = 2g' (at) 

But ¢, is the mean value of ¢ over the surface of a sphere of radius 
r with center at P, and the mean value over a sphere of radius 
zero is the value at P itself. Accordingly 


(16) pp = 2g’ (at). 
Now differentiating (13) by r and ¢, 


0 1 / , 
a, (Tbr) = 9 (at +7) +9 (at—1), 


£ ($= alg (attr)—g (at-")), 
so that 2 
(17) be) | L00b) _ 99 (at-40), 
ans for t= 0, 
(18) 2 (r$,) ia 2680) = 2g! (r). 


or oh (hs 
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Now inserting the value of ¢,, 


(9) 2g )=| 5 (Ge []odo) +2 (7 [[Eeae)] 


Suppose that for a certain initial instant, for which we shall 
take t=0, the values of the function ¢ and of its time derivative 
op 
ot 


@)  [shw= Faye, [2] =Fene 


Inserting in the equation (19) it becomes 


(21) 2g (r)= 2 (7 [[Pedo) +27 [fede 


but when r=azt the value of the left-hand side is by (16) equal 
to dp. 
Accordingly we have finally, 


(22) gp= = Ee (at [| Fade) + t| [Fad | : 


This solution was given by Poisson*, It shows that the value of ¢ 
at all times may be calculated for every point P if we know the 
mean value of 0¢/ot at a time earlier by the interval at for all points 
on the surface of a sphere of radius at about P, as well as the rate 
of variation of the mean value of ¢ as the radius of the sphere is 


altered. Suppose that initially ¢ and o are both zero except for 


are given as functions of a point in space, 


a certain region whose nearest point lies at a distance r, from P 
and whose farthest at a distance r,, Then as long as t<7/a 
the mean value of ¢ on the sphere of radius at is zero, and after 
t>~r,/a as well. Accordingly there is no disturbance except 
between the times 7,/a and 7,/a, or the quantity ¢ is propagated 
in all directions with the velocity a.. It may be easily shown that 


$p is finite if F and f are finite everywhere. 


We might have obtained the same result in a more simple 
manner by transforming Ad to polar coordinates in equation (3), 


_ making ¢ independent of the angular coordinates, when the equa- 


= 
~~ 
i 


tion becomes 


Oh , 20g 
is} oe ee Pee r a: 


* Nouveaux Mémoires de V Académie des Sciences, t. 111, 


33—2 
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arp) _ 08rd). 


a oe” Or 
Of this a solution is 

at—r 
(24) p= ee F ys 


as has been shown (12). Accordingly for all points and times for 
which at—r has the same particular value we have the same 
value of rd, or a particular value of ¢ travels outwards with the 
velocity a. The value of ¢ is inversely proportional to the distance 
r traversed. The solution makes the value of ¢ infinite at the 
point from which it is propagated. This is only an apparent 
difficulty, for just as the potential due to a single mass-point is 
infinite at the point, but is never infinite when the mass is 
continuously distributed with finite density, so here if we consider 
a finite region in which ¢ is not zero, the infinite value will not 
occur, as is shown by our general solution (22). 


We see, accordingly, that a state of electric or magnetic field 
existing in any region of space has its action propagated with the 
finite velocity a=1/A Vue in all directions, and inasmuch as by 
the equations (A), (B), the time-variation of one field is propor- 
tional to the curl of the other, the second term of (22) shows that 
a curl of one field in any part of space causes a propagation of a 
field of the other kind. 


The conclusion that electrical and magnetic actions are pro- 
pagated with a finite velocity is the great and remarkable 
consequence of Maxwell’s theory, and was enunciated by him in 
1864 in his celebrated paper on the Dynamical Theory of the 
Electromagnetic Field. From this, and the other consequences 
of the equations, he was led to enunciate the theory that light 
was an electromagnetic phenomenon. In fact, the equation (3) 
is, as we have shown, the equation of wave motion, and is the 
basis of any undulatory theory, whether of light or of sound. 
The manner in which the equations give us a theory suitable for 
light and not for sound will be discussed in § 249. 


Since the velocity of propagation is 1/A Vey, in air the velocity 
should be 1/A =v, or the velocity which corresponds to the ratio’ 
of the two electrical units of quantity. Determinations of this 
purely electrical quantity, as refinements in measurement in-- 
creased, gave results showing a surprising agreement with the 
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determinations of the velocity of light, so that many German 
authors are accustomed to speak of A as the reciprocal of the 
velocity of light. It seems preferable, however, to keep the 
definition of A and v purely electrical, as we have given it in § 212, 


A further confirmation of the electromagnetic theory of light 
was sought in the fact that the index of refraction, being inversely 
proportional to the velocity, should in non-magnetic bodies, for 
which « =1, be proportional to the square root of the electric 
inductivity. This relation was experimentally verified for a 
sufficient number of transparent dielectrics to make it appear that 
the agreement was not accidental, although many exceptions were 
found. 


Nevertheless, although these considerations made the electro- 
magnetic nature of light very probable, the theory of propagation 
of actual electrical disturbances with finite velocity remained 
unverified by experiment until 1887, when Hertz began the 
publication of his remarkable researches*, which have since carried 
conviction of the truth of Maxwell’s theory of electricity and 
magnetism to the most conservative parts of the scientific world. 
For an account of them the reader is referred to Hertz’s collected 
papers on “Die Ausbreitung der elektrischen Kraft,’ or to the 
English translation by D. E. Jones. 


248. Transfer of Energy. Poynting’s Theorem. We 
shall now form the equation of activity for any portion + of the 
field. If H= W+T be the total energy, H the dissipativity, we 
have 


oH 


() G+H= all (EX 4+ HV + 374+ 2L4MM+4RN) dr 


= 
+ || ][(Xu+ Yo Zw) dr, 


Since e and pw do not vary with the time we have, by (C), (D), 


a aX aX ax 
5 (EX) =¥ +X = 2X 


ot at ’ 
0 ol og og 
ay Ch) =f ap eerie 2h =. 


*«<QUeber die Ausbreitungsgeschwindigkeit der elektrodynamischen Wirkun- 
gen.” Wied. Ann. 34, p. 551, 1888, trans. p. 107. 
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Inserting these and the corresponding values in the integrand, 
and replacing the time derivatives by the curl-components from 
equations (A) and (B), we have 


(2) Be 
wea IIl|¥ Gye) * ¥ Ge Fe) * 


{85-56 ) + (Gee) + (ae — a 


Now integrating by the theorem of § 226 (4), this becomes 


(Ge 3) 


OZ 0x 


(3) 4 Hie ri [eM Za) 60s (nex) + (ZL = XN) cos (ny) 
+(XM — YL) cos (nz)} dS. 


We have supposed that there are no intrinsic electromotive forces, 
but if there are, the components X, Y, Zin (1) must be replaced 
by X-—X’, Y—Y’, Z-Z’ (§ 243), except in the last integral 
representing the dissipativity, consequently that integral will not 
be entirely cancelled as above, but there will remain the term 


(4) i (X'u+ Vo Zw) dr =%, 


representing the activity of the impressed forces, in addition to 
the surface-integral. If we extend the integral in (3) to a space 
to whose boundaries electric and magnetic actions do not extend, 
since the integrand in the surface-integral vanishes we have 


(5) =~ +H=% 


as the equation of activity (cf. § 64 (6)), whose H is the present Z, 
while H of (5) is the 2F of § 64, (8).) 


If the fields are not zero at the surface S, the equation (3) 
shows that the energy in the volume will be accounted for by 
supposing that a quantity of energy 
{((YN—ZM)cos(nw)+(ZL—X N )cos(ny)+(X M — YL)cos(nz)}/4ar.4 
per unit of surface S enters the volume rt in unit time. We may 
therefore call the vector ; 


R=VFH |4rA, 


248, 249] ELECTROMAGNETIC WAVES. 519 


whose components are 
R,=(VYN — ZM)/47A, 
R,y=(ZL —XN)/47A, 
R, =(XM — YL)/47rA, 
the energy-current-density. 


The equation (3) accordingly states that the quantity of energy 
f is transferred per unit of time across the unit of surface tangent 
to the direction of both the electric and the magnetic force. This 
is Poynting’s* remarkable theorem. 


It has been remarked by J. J. Thomson, Heaviside and Hertz 
that this determination of the energy current is not the only 
possible one, since we may add to the above vector any solenoidal 
vector without changing the surface-integral in (3). Hertz has 
also pointed out that, as this makes energy flow at all points where 
fields of both kinds exist, it involves the continuous flow of energy 
(in closed tubes) when a magnetic pole and an electrified point 
exist in each other’s presence, In many cases, however, the notion 
of the motion of the energy here given is a very fruitful one. It 
has been further developed in several papers by Wient+t. The 
vector R is sometimes called the radiant vector. 


249. Plane Waves. Let us again consider a perfect insu- 
lator. The equations § 247 (2) are all satisfied by any function of 


the argument s=lx2+my +nz—at, where a=1/AVep. 
(1) p= > (lx + my + nz — at). 


For we have 


iy (9), ang, Pango, P=-a6') 


Po = 18" (0), SE = mid" (0), Fo = 0'$" (9), Ge =a" 0), 
Ap =(l-+m?-+n') $" (6), 


(2) 


and therefore 


(3) TP = ad, 


* Poynting, Phil. Trans. 2, p. 343, 1884. 

+ Wien. ‘Ueber den Begriff der Localisirung der Energie.” Wied, Ann. 45, p. 
685, 1892. ‘‘Ueber die Bewegung der Kraftlinien im electromagnetischen Felde,” 
Wied. Ann. 46, p. 352, 1892. 
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if we take 

(4) P+nt+n=1, 

The quantities XY, Y, Z, LZ, M, N accordingly have the same set of 
values for all points for which 


(5) la + my + nz —at=const. 


But this is the equation of a plane whose normal has the 
direction cosines J, m, n, and whose distance from the origin is 
at+ const. The plane is accordingly travelling in the direction of 
its normal with the velocity a=1/A Ve. The disturbance is 
accordingly a plane electromagnetic wave, whatever the nature of 
the function ¢. 


The six functions ¢ are not independent. For let 
(6) X =r, aon Z= ds, L= any, M =e, N=. 
Then inserting these in the equations (A) and (B) we have 


= ral é di = mrs — nr’, wl 2 yi = md; — nbs, 
(7) - we : do =n —hpy, (8) al b Wi = noi — Ids, 
a a : ds = ly’ — my, al i ps = Ip’ — mdy, 


a system of linear equations to determine the ratios of ¢$’’s 


and wW’’s, 
Multiplying the equations (7) or (8) in order by J, m, n, and 


adding either set, we obtain 
(9) lg,’ + mos = ns =0, Ia,’ oie maps = naps, = 0, 
These are two differential equations with regard to the 


variable s, integrating which gives 


Ig, + mo, + nbs = Ch, Wy + mp. + np; = C2, 
that is 


(10) iX+mY+nZ=C,, lLimM+nN =C,, 


This shows that the component of either field resolved parallel _ 
to the direction of propagation is constant as we travel in that 
direction as well as in the plane of the wave, and is therefore 
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constant throughout space. But such a constant field is not 
propagated at all, and we shall therefore disregard it, and put both 
constants equal to zero. Both fields are consequently perpen- 
dicular to the direction of propagation. It is for this reason that 
Maxwell’s theory is appropriate for an explanation of light, which, 
as the phenomena of polarization show, is due to transverse undu- 
lations. 


Although the forces of the two fields lie in the wave-plane, 
and are constant over any particular wave-plane, it does not 
follow that their directions are the same in all wave-planes, that 
is for different values of s. We shall however assume that their 
directions are the same in all wave-planes, and we will call the 
direction cosines of F, a, 61, y%, and of H, a, 8., y. Such a 
wave is said to be plane-polarized.. Then we have 


(i 1) Exe == ad, Y=£.¢, = nd, ie ar, M= Bab, N=, 
and our equations (7) and (8) take the form 


_ r/§ ah! = (my,— 08s)", We © oe = (my — 08s) 


(12) Es ve Bid’ = (na, ad lry») Vv’, (13) ale Bory’ a (nm oa ly) ¢’, 


| eS ve np’ = (1B,— ma) Yr". ye ye’ = (IB, — may) $’. 


Multiplying the equations of the first set respectively by 
M, Bo, Y2 and adding, we get 


(14) OMe + PuPo+ Y%%2= 9, 

or the electric and magnetic forces are mutually perpendicular, as 
well as perpendicular to the direction of propagation. There are 
accordingly two directions, either of which might be chosen to 
define the plane of polarization, and it rests with experiment to 
decide between them. 


Squaring and adding either equations (12) or equations (13) 
gives 
ep? = pry, 


Extracting the square root and integrating, 


Veb=Vup= f(s), 
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putting the integration constant equal to zero for the same reason 
as before. Accordingly the fields are 
a I (s Bs f(s) mn J(s) 
Pet, yo ae 
Ve Ve Ve 


2 


a, f(s) B2 f(s) 2 FCs) 
a oe aaa, ea 


The two fields are accordingly propagated together. 


Comparing the energies of unit volume we find 


ey ta: 2 2 aA) ae 2 2\e 
= (* +YV 8) ee + M?+ N?*)=T, 


or the energy is equally divided between the two fields. 


The radiant vector WKH is of course in the direction of 
propagation. 


250. Propagation in a Conductor. In § 247 in deducing 
the equations of propagation we have supposed the conductivity to 
be zero. If we do not make this assumption in substituting the 
value of the curl-components on the left of equation (1) we obtain 


(1) ve nie ox ax 


Fi aes ;) eh 
and in like manner all the components of both fields satisfy the 
equation 
(2) A (ue saga WAe 9) Ad. 

The general solution of this equation has been given by 
Boussinesq, but it is too complicated to be given here. A 
particularly interesting special case will be treated below. In the 
mean time we shall content ourselves with the consideration of 
disturbances which are harmonic functions of the time. For this — 
purpose we shall assume 


(3) p=e U(a, y, 2), 
when our equation becomes 
(4) A? (— pew? + 4rrApwt) U= AU. 


The equation 


(5) AU =kU 


249, 250] ELECTROMAGNETIC WAVES, 523 


has been made the subject of a treatise by Pockels. We shall 
here consider only the case in which U depends on a single 
rectangular coordinate x, the circumstances being the same all 
over each plane perpendicular to the X-axis. In a conducting 
dielectric the value of k? is complex. In metals we know nothing 
regarding the value of the electric inductivity e, for whereas 
electrostatic phenomena may be explained by supposing it to be 
infinite, in variable states this is far from being the case. In 
fact in all experiments that have been performed with electric 
waves thus far the value of w has not been great enough to make 
the influence of the term containing ¢ appreciable in comparison 
with that containing >. (See § 206.) We shall therefore neglect 
the first term, so that our equation of propagation is 


(6) Amr AA ze = Ad. 

This is the equation for the conduction of heat, as given by 
Fourier. We shall consider it in some detail below (§ 254), but 
shall now return to the consideration of the equation 


Ul get 
(7) a = BU, 


in which k? is the pure imaginary 
(8) k? = 47 A" por. 

The solution of equation (7) is 
(9) U = Oe + C,e-™, 

Since we have V7 =(1+2)/V2 the value of k is 
(10) k=+AV2rApo .(1 +72). 

Accordingly the real and imaginary parts of 

ei (wt AV Imruw. 2) Gr An/2mruw. a 

furnish us with particular solutions of (6). We thus obtain 
h =e AN 2H. Cog (at — A V2rApo .@), 
h =e" AN? 2 sin (wt — A V2mApo . 2), 
h = eA N2mAuw.@ Cos (wt + A V27A pw. a), 
b = AN 270-2 sin (wt + A V2Qidwo . 2). 


(ti) 
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x 
Of these the first two, being of the form e #/(x—at), represent 
damped waves travelling in the direction of increasing # with the 


velocity a a au . The periodic factor at any time repeats 
Lf Sr 

A'V dye’ 
which is called the wave-length, the frequency bemg n=o@/2r. 


its values when a is increased by the distance /= 


The damping factor e~4V2"°-* which causes the amplitude of 
the wave to decrease in geometrical progression as the distance 
travelled increases in arithmetical, has the relaxation-distance, or 
the distance in which the amplitude diminishes in the ratio 1/e, 
1 
d SS eee Fn 
AV 2a po 

The last two particular solutions represent waves travelling in the 
opposite direction with the same velocity and damping. 


Since the velocity depends on the frequency, there is no 
definite velocity of propagation in a conductor. On account of the 
damping, harmonic disturbances of high frequency rapidly die out, 
consequently alternating fields penetrate but a short distance into 
conductors. This was shown by Maxwell*, but its importance 
was brought out by the researches of Heaviside}, Lord Rayleight 
and Hertz§. 


We shall now consider the relations between the two fields. 
If the components X, Y, Z, L, M, N are equal respectively to the 
complex constants A,, A., A;, B,, B,, B;, each multiplied by 
ettke inserting in the equations (A) and (B) we obtain 


47 ANA, = 0, —ApioB, = 0, 
(12) 4m? AXA, =—kB,, — ApioB,=—kAsy, 
47 ANA, =kBa, — ApioB,=kA,. 


Eliminating A,/B, or A;/B, we obtain the value for & already ; 
found. We thus see that the directional relations of the fields 


* Treatise, Art. 689. 

+ “The Induction of Currents in Cores.” Electrician, 1884. Papers, Vol. 1., 
p. 353. 

~ ‘On the Self-induction and Resistance of Straight Conductors.” Phil. Mag. 
21, p. 381, 1886. 

§ ‘‘ Ueber die Fortleitung elektrischer Wellen durch Drihte.” Wied. Ann. 37, 
p. 395, 1889. Jones’s trans, p. 160. 
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and the direction of propagation are the same as in insulators, but 
the ratio of the two fields is 


(13) 7-2. /a-9, 


The magnetic field accordingly lags in phase by one-eighth of a 
period behind the electric, while in an insulator the fields have the 
same phase. 


251. Reflection of Waves by a Conductor. We shall 
now consider the effect of a train of plane waves in an insulator 
striking the plane surface of a conductor which is parallel to their 
plane. We shall suppose the conductor to extend to infinity in 
one direction. Let us take the plane «=0 as the face of the 
conductor. Let the waves be harmonic in the insulator, for which 
“<0, and let the electric force be parallel to the Y-axis, the 
magnetic to the Z-axis. Then in the wave approaching the con- 


ductor we have 
C; iw (t - 9) 
= —=e a/, 
Ve 


(1) RE 
wa & gio (t-3) : 
Vp 
In the conductor we have 
Y = Ciot—ke, 
(2) 
N=C, Nea Clint) ella ky, 


At the plane x =0 the boundary conditions to be satisfied are 
that the tangential components of both forces and the normal 
components of both inductions are continuous. The latter com- 
ponents being zero we have only the first two conditions to satisfy. 
_ There are not enough constants to enable us to satisfy them both, 
it is accordingly necessary to add to the terms representing the 
disturbance in the insulator other terms representing a wave 
travelling in the opposite direction, or a reflected wave. We 
therefore take 


ya 2 o(t- eee 1 gio (¢+2) 


We Ve é 
(3) 
ee A ee SEA 
Vw Vu 
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in the insulator. Our boundary conditions are then, dividing 

Dyes 

C,+ C, 
Ve : 

Ce Qar 

mee ne 


(4) 


Accordingly we have 


Oy = gine - 
oe 2 
CO Qar) 


Since these two ratios are complex, at the surface of the con- 
ductor there is a difference of phase between the direct, reflected 
and transmitted waves. As we increase the conductivity of the 
conductor the ratio C,’/O, approaches the value — 1, in which case 
the electric force vanishes at the boundary, which is a node for the 
electric field, while the magnetic field is a maximum. On the 
other hand, as we increase the frequency of the oscillation or the 
magnetic inductivity of the conductor the ratio 0,//O, approaches 
+1, or the magnetic force vanishes at the boundary, while the 
electric is a maximum. If we put 


Qa 


EM, 


Yj a 


we find for the ratios of the amplitudes of the reflected and trans- 
mitted to that of the direct waves 


Pape eee 
2, 


~ Ve(A tret ep 


Accordingly whether r be very great or very small the reflected ~ 
waves tend to become as great as the direct, while the larger r the 
less is the magnitude of the transmitted waves. 
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The experiments of Hertz* confirmed the above results, the 
boundary of the conductor being more nearly a node for the electric 
than for the magnetic force. If the amplitude of the reflected 
waves approaches that of the direct ones, the two systems will 
interfere and produce a set of standing waves, with nodes at regular 
distances from the conductor. This field was explored by Hertz 
by means of a resonator, composed of a circle of wire with its ends 
terminating in two small balls near together, constituting a con- 
denser. This system has a certain period of its own, and what has 
been said in § 240 applies to it. It was tuned to the period of 
the waves, and being placed anywhere in the field would have 
currents induced in it by the harmonic electromotive forces of 


the field. 


Thus where the force is a maximum sparks appear between the 
balls of the resonator, disappearing at the nodes. For the further 
theory of the resonator the reader is referred to Poincaré, Les 
Oscillations Electriques, J. J. Thomson, Recent Researches in Elec- 
tricity and Magnetism, and Drude, Physik des Aethers. 


252. Spherical Oscillator. We have hitherto considered 
waves in insulators, without considering how they are produced. 
In the experiments of Hertz the waves were produced by disturb- 
ing the charges in a peculiar dumb-bell-shaped conductor, and 
allowing oscillations to set in, which were propagated outward 
through the air. A satisfactory theory of the oscillations in Hertz’s 
oscillator has not been given. We may state the general problem: 
given a charge disposed in any manner not in equilibrium upon a 
conductor of any form, find the nature of the oscillations that 
ensue while the conductor is settling down to its state of equi- 
librium, together with the fields to which they give rise. This 


problem is a very complicated one, and has been solved for very 


few cases. We shall consider the case of a conducting sphere, 
the charge upon which is that induced by placing the sphere in a 


steady uniform electric field. The field is supposed suddenly 


b 
t 
{ 
4 


4 


destroyed, and the charge then oscillates until equilibrium is 
attained, 


We shall suppose e =u = 1. 


* “Ueber elektrodynamische Wellen im Luftraume und deren Reflexion.” Wied. 
Ann, 34, p. 609, 1888, 


528 THE ELECTROMAGNETIC FIELD. ([PT. Il. CH. XIII. 


Since both fields are propagated according to the equation 


Com 

ee TN 

et ae 

and since any derivative of a solution is also a solution, we may 
take 


eo? Op 
~ 0a0z’ ae oyat’ 
_ op ey 
OE AE Siri: Me Aa 
LCR GEDN op = 
ee Goa OO aA) meee 


which satisfy the solenoidal condition and the equations (A) and 
(B). If we assume ¢ to be a function only of r and ¢, we have for 
a diverging wave 


r—at 
(2) db Ae) 
Differentiating ¢ by the coordinates we obtain 
0p dpor_ dpz 
oz oroz orr’ 
Op 5 3 (109) or _ 9 (0.08) 
oxdz ~° or\r or Bae or) vr’ 
Od _ 4 2 ( so) Ce ae eee yz 
aydz ~ or\r or) oy or \r or) Tr’ 
Op _ 2 (- ae) Ue Gh ( oe) Bp ee 
a2 ar \r or) dc (ror or\r or) r ror’ 
so that the forces are 
SOW MCD) ae 
a, G a r? 
ol o) yz 
(4) ~ or (= ar/ 7° 
an 0 Veb\ 2 ee lied 
are G s ev eA = ian 


The field is thus the resultant of two parts, the first, equal to 


° Or = (7 =|, 
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parallel to the radius, and the second, equal to 


1 a¢ 
time 


parallel to the Z-axis. At the surface of the sphere, r = R, if the 
conductivity is large, the lines of force are normal to the surface, 
so that this second component vanishes, and we have 


that is 
Op lop) _ 
(5) E os | = 


r or 
When ¢= 0, the electric forces are derivable from a potential, 


which is, by (1), equal ee (since Af = 0). But by § 194 (7) 


0z 
the potential is, in the case supposed, proportional to 
ne 
i GAG 
Consequently initially 
= (r>R) 


Gad 
Introducing the value of ¢ from (2) this gives 
(6) S(r)= C. 


Consequently the function f is constant for all values of its argu- 
ment greater than R. Hence the value of ¢, 


pee) 


remains equal to C/r so long as r—at> R, and the field remains 
unchanged. When ¢=(r— &)/a, the wave arrives at the distance 7, 
and to determine the field at subsequent instants we must deter- 
mine the values of f for values of its argument less than R. 


Let us make use of equation (5). 
Differentiating ¢ by 7 gives 
op f(r—at) f(r—at) 
Cr es oa 


if Whe 


(7) 


Op f (r—at) 2 (r—at) , 2f(r—at) 
ee ud wi 


. 


530 THE ELECTROMAGNETIC FIELD, [PT. II. CH. XIII. 


and inserting these in the equation (5) we have 


f’(R-at)_f'(R-at) f(R- at) _ 9 


2 R B RB 
This is an ordinary differential equation, which, if we put 
u= R—at, 

becomes 

CR SE 
(9) duzs«#sR es RR a 
This has the solution f= e, where 

rasa 1 14+iVv3 


From this we obtain the general solution 


fw= 08 (4 cos v8 + Bsin Ley 


r—at V3 
A (A COS 555 v3 AG —at)+Bsin v3 (r— at)) 
Ne 2R 


r 


representing a damped harmonic spherical wave of wave-length 
l= 4orR/V3 =7:255R. 
The logarithmic decrement is 
1/3 =1°814, 


so that the oscillation almost ceases after a complete vibration. 
This extreme damping is due to the radiation of the energy, and 
not at all to the dissipation in the conductor, of which we have 
taken no account. 


The nature of the field radiated by an oscillation of this sort 
has been discussed by Hertz*, making certain assumptions. 


The preceding problem is the simplest that can be proposed 
to represent a practical case of oscillations in a conductor: The 
above demonstration is giveri by Poincaré. It is evident, from 
the investigation of oscillations in the last chapter, that a system’ 
has as many possible periods as there are degrees of freedom. In 
a conductor of three dimensions the currents have an infinite 


* Hertz. “Die Krafte der elektrischen Schwingungen, behandelt nach der 
Maxwell’schen Theorie.” Wied. Ann. 36, p. 1, 1889. Translation, p. 137. 
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number of degrees of freedom, and there are an infinite number of 
periods. The above problem corresponds to the lowest possible 
frequency for a sphere, when the surface-density of the electrifica- 
tion is a zonal surface-harmonic of degree one. For the general 
treatment of oscillations in spheres and cylinders the reader is 
referred to J. J. Thomson, Recent Researches in BIN and 
Magnetism. 


253. Waves on Wires. We now come to what is perhaps 
the most important practical problem connected with electrical 
waves, namely their propagation along wires, for upon this question 
depends the theory of telegraphy and telephony. The subject has 
been treated in great detail by Heaviside*, to whose papers the 
reader is referred. 


We shall suppose that the direct and return conductors are either 
cylindrical wires parallel to the X-axis, or concentric tubes. Let R 
be the sum of the resistances of the two wires per unit of length. 
Let K be the capacity of the pair of conductors per unit of length, 
L their self-inductance per unit of length. Let the total current 
in one wire be J and the difference of potential between points 
on the two wires having the same a-coordinate be V. All these 
quantities are supposed measured in the electromagnetic system. 


We may describe the phenomenon as follows. When an 
electromotive force is applied between any two corresponding 
points on the wires, say by connecting them with the poles of a 
battery, electricity of opposite signs flows out upon the surfaces 
of the two wires, producing an electric field in the surrounding 
space. The electrifications then move along the wires, causing a 
current, thus producing a magnetic field. Both these fields im- 
mediately begin to penetrate into the conductor, and are there 
dissipated into heat. As the electric field, whose lines are in the 
planes perpendicular to the conductors, rises from zero, it gives 
rise to displacement currents in the planes perpendicular to the 
_ conductors. The magnetic effect of these displacement currents 
we shall ignore in comparison with those of the conduction 
currents in the wire. We shall also ignore the penetration of the 
currents into the conductors, the theory of which would lead us 
too far for the present purpose. This we may safely do if the 


* Heaviside. ‘‘Contributions’to the Theory of the Propagation of Current in 
Wires.” Papers, xx. et al. 


34—2 
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wires are small enough, or the tubes thin enough, or in any case 
if the conductivity is great enough. Ignoring the manner of 
distribution of the current, then, we consider only the total cur- 
rent J in the wire at any point. This is variable from point to 
point, and is, like V, a function of # and ¢t. We shall suppose 
that the phenomena are exactly symmetrical in the two conductors 
as far as the currents go, so that J has equal values with opposite 
signs at corresponding points in the two conductors. 


Let us consider the charge that exists at any instant on the 
portion of one conductor between the points # and #+dzx. Since 
the capacity per unit length is K, the difference of potential V, 
we have for the charge dq, 


dq=V Kade. 


If the current flowing in the positive direction at a is J, that at 
“+da is 
IE ae as es 


so that the total gain of charge of the element in unit time is 


7 aw=F (ag = K © ae. 
We accordingly obtain the differential equation connecting the 
current and difference of potential, 

ol oV 

G) Se et 

Considering now the flow of the current, we have in the pair of 
corresponding elements of the two wires the electrostatic electro- 


; OV : : : 
motive force —~—da and the electromotive force of induction 


Ox 
- Ldn, the resistance being Rdw. Accordingly the current 
equation is 
ol oV 


The equations (1) and (2) are the equations of the problem. 
Differentiating (1) by t and (2) by # we may eliminate J, obtaining. 
eV oV_ eV | 


(3) Kile par Re aes 
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Differentiating (1) by # and (2) by t we eliminate V, obtaining 


' ol ee A 
(4) KL ae t +KR — at = age 
Consequently both the current and the potential are propagated 
in accordance with the equation 
Ce) op op 
(5) ma crURt Gee cet? 
which, as it will be observed, is of the same form as the equation 
§ 250 (2), the resistance of the wires here taking the place of the 
conductivity of the medium. We shall, with Poincaré, refer to 
the equation (5) as the Telegraphic Equation. If the wire is sur- 
rounded by a concentric tube, we have (§ 144), inserting the factor 
A? for electromagnetic measure, 
ree eA? 
VES Ee 
fi, 


2 log 


while if the currents be supposed concentrated in the adjacent 
surfaces of the tubes, we have by § 234 (21), since 7» = 7m, 
Rh, 


L = 2w log 5, : 


Consequently the coefficient of the first term is 
Kien As 
If we have two wires of the same diameter, which is small with 
respect to their distance apart, the formula § 159 (29) becomes 
eA? 
2 log fe 


while the formula of § 234 (22) gives 


eX 


L=2plog S, 


so that we have the same relation as before. This relation is of 
course not accidental, depending upon the similar equations 
satisfied by the electric and magnetic fields between the conductors, 
relations which are brought out in § 234, The only reason for 
any deviation from the above relation is that in obtainmg ZL the 
current density was supposed uniform, while in obtaining K the 
surface density was not. The theory of electromagnetic waves 
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in free space however shows us that in all cases we must have the 
op 
ot 


coefficient of equal to eA” 

If accordingly the resistance of the wires is negligible, the 
disturbances are propagated with the speed 1/AVew or in air 
with the velocity 1/A=v. The determination of this velocity 
and the comparison of it with the results of determinations of 
the ratio of the two units v is thus a matter of great importance. 
Determinations of the velocity have been made by Blondlot*, by 
Trowbridge and Duanet, and by Saunderst, under the direction 
of the author. These have given a satisfactory agreement with 
theory, and are the only direct experimental verifications, for it is 
to be noticed that in the determinations of Hertz, based upon 
measurements of wave-lengths, the frequency was not observed, 
but calculated, thus virtually begging the question. 


The result just announced, and the statement that the velocity 
of the waves should be approximately that of light, were contained 
in a paper published by Kirchhoff§ in 1857, and were afterwards 
rediscovered by Heaviside||. The equations (1) and (2) were given 
by Heaviside] in 1876, and both researches remained singularly 
unnoticed until recently. 


254. Particular Case. Submarine cable. The first case 
of the telegraphic equation to be treated was that in which the 
self-inductance of the circuit is negligible in comparison with its 
resistance. This is the case in a submarine cable, in which the 
wire is surrounded by a concentric tube of water, separated from 
it by a thin layer of dielectric. We may then neglect the first 
term of (5), making use of the equation 

CV ay, 


(6) KRa = ae 


* Blondlot. Comptes Rend. 117, p. 543, 1893. 

+ Trowbridge and Duane, ‘The Velocity of Electric Waves.’ Phil. Mag. (5), 
40, p. 211, 1895. \ 

~ Saunders. ‘On the Velocity of Electrical Waves.” Physical Review, (4), 2, 
p. 81, 1896. 

§ Kirchhoff, ‘‘ Ueber die Bewegung der Electricitiét in Drihten.” Pogg. Ann. 
Bd. 100, 1857; Ges. Abh. p. 181. 

|| Heaviside. ‘‘On the Extra Current.” Phil. Mag. Aug. 1876; Papers, Vol. 1. 
p. 53. 


t 
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and obtaining the current from the equation 


10V 
We thus arrive at the so-called electrostatic theory of propagation, 
given in 1855 by Lord Kelvin in his paper “On the Theory of the 
Electric Telegraph*,” which established beyond question the feasi- 
bility of an Atlantic cable. 


As we have seen in § 250, harmonic disturbances are propagated 
with a velocity proportional to the square root of the frequency. 
There is therefore no definite velocity of propagation in a cable, 
and there is liability of signals mixing with each other and losing 
their character. We are however more concerned with the question 
of how a single arbitrary short disturbance is propagated. If we 
consider a cable with different constants, for which 


OV ene Ve 


Ob Oe 


by changing the variables by multiplying by constant factors we 
may make one solution do for both. If we put 


Bes 


“«=ax, t = bi, 


we have 
LOS OE Te NE 
bt . a? On?!” 
so that VEG) Vey E), 
-¢ aie aiy 
: @ KR’ 
that is 


KR = KR. 


Accordingly the time necessary to produce a given potential at a 
distance w from the origin is proportional to KR multiplied by 
the square of the distance. We quote Lord Kelvin’s words: 


“We may be sure beforehand that the American telegraph 
will succeed, with a battery sufficient to give a sensible current 
at the remote end, when kept long enough in action; but the 
time required for each deflection will be sixteen times as long as 
would be with a wire a quarter of the length, such, for instance, 


* Proc. Roy. Soc., May 1855; Math, and Phys. Papers, Vol. 1. p. 61. 
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as in the French submarine telegraph to Sardinia and Africa. 
One very important result is, that by increasing the diameter of 
the wire and of the gutta-percha covering in proportion to the 
whole length, the distinctness of utterance will be kept constant ; 
for R varies inversely as the square of the diameter, and A 
(the electrostatical capacity of the unit of length) is unchanged 
when the diameters of the wire and the covering are altered in 
the same proportion.” 


(The so-called “A R-Law” has been applied to the theory of 
telephony on long-distance land-lines, to which it is not at all 
applicable, as has been shown by Heaviside. The use made of 
this law by the chief electrician of the English telegraphs would 
have prevented long distance telephony in England, even had there 
been any long distances.) 


Guided by the conclusion announced above, we shall insert a 


new variable, w= a/Vt, and attempt to satisfy the equation (6) by 
a function of w alone. 


We have 
OV ov cu eV a 
ot 46Owot.)06©) 2 Ow Vp’ 
a eV _oVu_aV 1 


dx (Ou Om ~~ Ou Wiz’ 


Vale Vier Noe 
Ox? = /t OW Ow =«t OU?’ 


so that our equation becomes 


(9) EN OY 
: 2 du du’ 
or 
di dV ICR 
(10) x (Iog ae ee 
The integral of this equation is 
nt) log ee u? + const., oF = Ca " 


or, integrating from 0 to w= a/v i 


aINt KR 
(12) R= o| Wr du. 


0 
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If we now write wu instead of uVKR/2 this is 
KR 
ee 
(13) V=C | e-” du. 
0 
This definite integral is a function of its upper limit, and 
therefore of w and ¢, satisfying equation (6). For «>0 and t=0 
the value of the integral is HI | 2*, As we may add any constant 
to V, we will put 


x /KR 
2 ve 
(14) Vie, (1 — 
Vor Jo 
Thus for e<>0Oandt=0, V=0. For «=0,¢>0, the value of 
the definite integral is zero, so that V=V,. Consequently the 
solution (14) represents the result of connecting one end of the 
cable with a constant battery, and leaving it permanently con- 
nected. 


ew du) : 


The definite integral in (14) is the transcendent known as the 
probability-integral, for which numerical tables have been cal- 
culated. From these the values of V have been plotted, showing 
the potential at the different poimts on the cable, Fig. 96, the 
different curves being for times 1, 2, 3, 4, 5 times KR. It is to be 
noticed that however small the interval of time from the instant of 
connecting the battery, the disturbance is felt somewhat at all 
points, however remote. Thus the velocity of propagation would 
be infinite, if we could speak of a velocity. This shows that the 


* This may be shown as follows. We have 


a) 0 4 
r=] oF ae= | e-¥ dy. 
0 0 


foo) foo) 
y= | | e~@ +9") dx dy. 
0 0 


Changing to polar coordinates, 


Tv 
o 9 00 é 


Spi 
z le Jo die 


~ Consequently 


is C) 
Therefore J= at = | : e~“ du. 
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theory is only an approximation, for it is hardly imaginable that 
the velocity should be greater than in free space. 


V 


Fie. 96. 


The current is obtained, according to (7), by differentiating 
with regard to « We must therefore differentiate the integral 
by its upper limit, multiplymg this by its derivative by 2. 
Accordingly 


__ _ER# 
Ki 6.a3 


Fie. 97. 
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The values of the current for different points are shown in 

Fig. 97 for times 4, 4, 4,1, 4 times KR. When z=0 we have 

El 

TH v/¢” 

so that when ¢=0 the value of the current is infinite, instan- 

taneously. 


T=V, 


The rise of the potential at any given point other than 
%=0 is shown by the outside curve in Fig. 98, taken from Lord 


Se 


Te 
Fic. 98. 


Kelvin’s paper, the abscissas representing the time, the ordinates 
the potential. 


The potential rises asymptotically to its value at the origin, but 
the current rises to a maximum, which occurs at the time 


_ ¢=K Ra’/2, and then dies away to zero. The maximum values of 


CS a ar 
cottaed as - 


I are inversely proportional to tht distance from the origin, and to 
the resistance R. 


Since our differential equations are linear, disturbances due to 
different initial states are merely added. If the battery is con- 


nected, instead of permanently, for a definite time 7, and the 


cable then put to earth, the effect is the same as if, in the preced- 
ing case, after a time 7 we permanently apply the potential — V, 
at the origin. If the preceding solution be called V(t) the present 
will be V (¢)— V (¢—7), consequently we may obtain the graphical 
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representation by taking the difference of ordinates of the outside 
curve in Fig. 98 and the same curve pushed to the right the 
distance 7. The other curves in Fig. 98 represent the potential 
at « when the battery is applied for times 1, 2, 3, 4, 5, 6, 7, times 
K Ra. 


Since any derivative of a solution of (6) is a solution, the 
derivative of (14) by a is also a solution, and 


KR @? 
"Roe Go 
a aK Wt 


represents the result of instantaneously connecting a battery and 
then insulating the end of the cable. The distribution at any 
time is of course shown in Fig. 97, and while V is initially infinite 
at the origin, the total charge 


q=K| Vde=q 
0 
is finite, and remains constant throughout. 


255. General case of Telegraphic Equation. The 
telegraphic equation (5) has been treated by Heaviside, Poincaré*, 
Picard+, and Boussinesq}. We shall give the solution of Bous- 
sinesq, not only because he has given the general solution of the 
more general equation § 250 (2), but because his method obtains 
the solution by an ingenious artifice from Poisson’s solution § 247 
(22), and the knowledge of other methods required by the processes 
of Poincaré and Picard is unnecessary. 


Let us put 


al R 
dhe One 
so that our equation is ; 
Vv OMe pe 
(1) OF + 2b ca Cee a ? 


* Poincaré. ‘Sur la propagation de Vélectricité.” Comptes Rendus, 117, p 
1027, 1893. 

+ Picard. ‘Sur l’équation aux dérivées partielles qui se rencontre dans la ~ 
théorie de la propagation de V’électricité.”” Comptes Rendus, 118, p. 16, 1894. 

{ Boussinesq. ‘‘Intégration de l’équation du son pour un fluide indéfini,” 
Comptes Rendus, 118, p. 162, 1894. 


eae 
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and let us suppose that initially the state of the line is given, that 
is the potential and current are given at all points, by 
Via (an TD = (a), 
(2 eV Gh sls, t=, 
= eaet ee =F) 


Let us transform the equation by putting 


(3) V=eP u, 
Accordingly 
oV fou 
Ot =(5 ape u) i 
eV /e®u 0 
(4) 28 & +2p 5) +p" ¥) ot 
OAK alge 
Ae wie 
so that if we put » =— 0 the equation becomes 
put p q 
‘og woe 


The initial conditions now become 
“=P (a), 
6 Ou i 
©) Ot =f (a) + OF (@)=9 (2), 


The method of Boussinesq may be applied to the more general 
equation 

Ou Ou OU 

7) we lat tay 

which we shall accordingly consider, putting whenever we choose 

u independent of y. The artifice employed is the introduction 


wat + Bu 


into the function wu of one more degree of freedom, by making it 


depend upon another parameter z which is finally to be given any 
constant value we please. Let then wu satisfy the auxiliary equa- 
tion 

2, 
(8) aot = bu, 


ig? 


so that the equation (7) becomes, taking this into account, 


7u ou Ow du 
(9) oe ye ie a oy? x = ; 
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We will suppose that the initial conditions are now, 


u=P (a, ¥, 2), 
(10) C= (ay, z), 


Then the solution of (9) is, by § 247 (22), inserting explicitly 
the rectangular coordinates and the direction cosines cos a, cos P, 
cosy, of the radius 7 in the functions Dg, daz, 


Ka) roll 0,77, j= tP(«+at cos a, y+ at cos B,z+ at cosy) dw 


oe al [eo w+ at cos a, y + at cos B, z+atcosy)de. 
The equation (8) holds for all values of ¢. Solutions of it are 


® (a, y, 2) =F (2, y)cos 2+ Hw y) cin”, 
(12) 7 
b (2, ¥, 2) =9 (@, y) cos +h (a, y)sin ™, 


and for z=0 these reduce to D=F, 6=f, so that for t=0 we 


have the proper values of w ie We therefore insert the values 


Ot 
(12) in the integral (11). Now as we integrate over the whole 
sphere, the sine terms, being odd functions of z, disappear, while 
the cosine terms, being even functions, give us double the value 
that we should get by integrating over the hemisphere for which 
z>0. 


Accordingly, giving z the constant value zero, 


(13) = on [|e Pe@tateosa y + at cos 8) cos (tbt cos y) da 


+ = | tg («+at cosa, y + at cos 8) cos (bt cos y) dw. 


In the telegraphic equation # and g are independent of y, and 
are therefore constant on all small circles of the sphere normal to 
the X-axis. We will therefore employ polar coordinates, a the | 
angle made by 7 with the X-axis, and y the angle that the plane 
of r and the X-axis makes with the XZ-plane. Then 

cos y = Sin @ cos y, 
(14) dw = sin ee 
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and 


T 


m2 
(15) w= a =. | | tf («+ at cos a) cos (bt sin a cos y) sin adady 
es 2 
2 


1 2 
eo Cy [ ee (a + at cos a) cos (zbt sin a cos y) sin adady. 


ter 


Let us put 
abt sina = € 
The definite integral 
ip 
(16) Bec) == | _cos (f cos x) dy, 
7 
is one of the set 
ae 
(17) Z(E)= =] sin’ y cos (£ c0s yx) dy, 
“% 


which may be evaluated by developing the cosine into a series 
and integrating each term. We thus obtain 


(18) Laem e CIM inery £4 cosy dy 
T q=0 = (29)! 
an infinite power-series in €, the coefficient of €°2 being 
Cl 
(aq) 
where 
iseee 
(19) Tg = = | sin” y cosy dy, 


an integral which we can evaluate. Integrating by parts, writing 


the integrand (sin” y cos x) cos y, 


T 
73 2p+1 29—lay 2 
Sine Cos Xl eg 1 


= 2 (p+1) 2(q—1) 
oa (20), Ly, p+ Is + op +i _sin x cos y dx 
172 
= = = : | Sin”? x (1 — cos? x) cos? ydy 
oe: 
2q-1 
Sari ter 7 (1 nC Ly), 


a la ananinsiels 


544 THE ELECTROMAGNETIC FIELD. [PT. IIL. CH. XIII. 


from which follows the reduction-formula 
2q-1 
Lq = 5 Lo, 1 
(21) r= 2 (p4q) %2 
Integrating (19) again by parts, writing the integrand 
sin? y (cosy sin y), 


T 


2g-+1 Wl, | 2 Ww — 2 
T1y9=— ee er *| Is a oy es (+3) 7 sin? (P—)) y dy 
22 ah ie) 
C2 = s, 4 cos” (1 — sin? y) sin? ’?~) dy 
2p —1 


= +1 m (Ips, q — pq); 
giving the reduction-formula, 
\2p = 1 
pag 2" 
By q successive applications of the reduction-formula (21) and p 
of the formula (23) we get 
(2q-1) (2q—8)...1.(2p-1)(Qp-3)-1 
2(p+q)2(ptq-1)...2(pt1)2p.2(p-1)...2°” 


But we have 
1 2 
Te = is [a a ae 
2 


Accordingly, introducing even factors into numerator and 
denominator, 
____ (2p)! (29)! 
M2) ‘a= B00 pl g! (p+ ql’ 
and our integral (17) becomes 


(23) I pq = 


(24) Lpg= 


se 1)7 (2p)! 
420) Or ree oir 


If we multiply this by Le = a Et fae Sy the series 


= oer a ver 
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is called the Bessel’s function of order p, and tables of its values 
have been calculated for real and pure imaginary values of the 
argument ¢*. Our integral (16) is therefore equal to 


J,(f) =J,(ibt sin a) 
and (15) is 


(23)5) su = an t F (x + at cos a) J, (tbt sin a) sin ada 


+ an tg (x+at cos a) J, («bt sin a) sin ada, 
0 


The Bessel’s function 7?J, (1) of a pure imaginary argument is 
usually denoted by J, (x) (not the J, of the preceding). Putting 
then 

atcosa=r, —atsna=dr, 6=ibVP—r2/a?, 


our solution becomes 


(29) =5 * =|. F(@-+r)1n(bVP—]@) dD 


+ sal. g (@-+r) Ly (6 VPM Ja#) dD. 
2aJ -at 
Performing the differentiation by t (§ 26), since Z,(0)=1 
=5 {F (2+ at) + F (a — at)} 


Ls fe g aa 
(30) +5, [ F@+y 2 Lov =] a*) dn 


at 
+5. g (w+) I,(b VP — Ja) dd 
—at 
This solution was obtained by Heaviside+ and by Poincaré, by 
entirely different processes. 


We shall now suppose that initially there is no current in the 
line, and that the potential is zero except between two points 


Ly < Mo. 
_ That is 
F' («)=0, except when 4, < # < &, 
G1) OR 
or all x. 
g (2) = bF (x) 


* See Gray and Mathews, Treatise on Bessel Functions. 

+ ‘The General Solution of Maxwell’s Electromagnetic Equations in a Homo- 
geneous Isotropic Medium.” Phil. Mag. Jan, 1889, p. 30; Papers, Vol. 1. p. 478, 
eq. (40). 

W.E. 35 
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Then for 
L—% > at or 4,—«#> at 


all the functions occurring have the value zero, therefore V is zero. 
This at once distinguishes the solution from that for the case of 
the cable, for the disturbance does not arrive at # until the time 


t= =~ on the right, 


or t= ae on the left. 


When G—-2,>at>x—a, 


we have 


Veta ke. “F@+n) (b+ 5 5) Fa 


Tee 2) (64 Z\n, ar}. 


L—By 


(32) on 
me a (x — at) +2 


This represents the disturbance while the wave is passing over, 
for a point on the right. In like manner for a point on the left, 


for @—-“2<at< m—2, 
eat at 0 
G3) Ves Feta +f" Pw+r(o+2)h an |. 
e— 
Finally, at later instants, 
“2-2, <at or %—2“ < at, 
eat w—2, 
(34) Vie a cD) (0+ ) Loan. 
2 J a, ot 


This represents the disturbance after the wave, travelling with 
velocity a, has passed on. Accordingly the solution, while repre- 
senting a wave travelling with the velocity a, as in free space, 
differs from that case in that there remains a residue, or taal to the 
wave, which does not fall to zero however great the time. The 
exponential factor shows that the disturbance, both in the wave 
proper, and in the tail, is continually becoming attenuated. 


Thus when successive impulses are transmitted, each leaves 
a tail, which interferes with all the succeeding waves, and the’ 
possibility of telephonic speaking depends not only on the attenua- 
tion and distortion with the distance, but on the magnitude of 
the tail of the wave. The tail also explains the discrepancies 
that existed between the results of the attempts made to determine 
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the velocity of electric waves by means of telegraph lines, what 
was generally observed being more probably the maximum dis- 
turbance than the front of the wave. 


In order to give a concrete idea of the nature of the propagation, 
and to afford a means of comparison with the electrostatic theory, 
we shall suppose that the function V is constant and equal to V,, 
from #, to z,. We shall also change our units of time and length, 
by taking the relaxation-time rt =1/b for the unit of time, and the 
relaxation distance, d = at = a/b, as the unit of length. Accordingly 
putting 
Pee. Pi Ga Ole Cle ON 

a = bt, Xu = a = a 3 mln 
we have 


et, ee 
(35) va-% i+ [i+ at b J =e dp | 


for a point on the right while the wave is passing over. This 
equation was given by Heaviside in 1888, who carefully refrained 
from giving his method of deduction, remarking “since, although 
they were very laboriously worked out by myself, yet as mathe- 
matical solutions, are more likely to have been given before in 
some other physical problem than to be new*.” 


Inasmuch as not only Heaviside’s results but any others were 
overlooked by the three French mathematicians quoted, who 
published results six years later, we may conclude that in the 
English writer modesty and original productiveness were more 
strongly developed than historical research. (This modesty is not 
maintained on the same plane throughout.) 


Inserting in the value of V the series for J, : (dropping accents), 


7 cs 2 oo — pe)! 
(36) I, Je= pw =0 2°42 (q 224 (q!P 7 


and developing each term by the binomial theorem, we obtain 
q=0 p= q(— 1)? pe?) pe 


LJ/e@—-w=> 
(37) ET fe op-0 2%! pl(q—p)! 


* «Electromagnetic Waves.” Phil. Mag. 1888; Papers, Vol. 1. p. 373, 
eq. (52), 
35—2 
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Changing the order of summation and putting 


q=U +P, 
p=n Y= — 1)” 227 pw 
(38) I, /@- p= = eee 


p=o go PT (G+ p)i pig? 
which by the definition of J,* 1s equal to 

? p= 2 (— iby per 
(39) ze, ‘De ple (t). 
Differentiating by ¢ and adding to itself, 


1+) eee (ea ee I, (0) I(t) _ ply (t) 
Cf) ee aE tP tP jer” |? 


(40) 


which by the formula connecting the derivative of J, with the 
contiguous function I+, 


Ty () =" 1, (6) + Inn 


[Gray and Mathews (141)] may be written 
(41) ase (= 1)? nw? (Lp) +LrnO} ; 
ei Peay OM P 
Inserting in the integral (35), and integrating from «@ to ¢, 
Viet 2 (—l)Pin 
eo [i aes ees 
= Cre? [hO+ Lon O} 
0 2? p! (2p +1) tP : 
The terms free from # may, by writing out the sums for J,, and 
collecting terms, be shown to be equal to e’. 
We, therefore, finally obtain for V 
LA a2 10355 ..2p = 1 
(43) Vag [tec ae 


etd) + Ions (gen 
tP : 


From this the values of V have been calculated and plotted by 
Mr W. P. Boynton in Fig. 99, which shows the distribution of . 
potential along the line to the right, for times ¢ = 1, 2, 3, 4, 5 times 


* From (27) we have for the present I, (¢), 


Tp ei= > Joten=(3)""2) artergn (a) 
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the relaxation-time. This may be compared with Fig. 96 showing 
the electrostatic theory. The rise of potential at particular points 


2 


V 


Fic. 99. 


as a function of the time, is shown in Fig. 100, which is the 
analogue of the outer curve in Fig. 98. The different curves 


Fre. 100. 


are for the points at 1, 2, 3, 4 times the relaxation-distance 
- from the start. 


The potential produced by connecting the battery for a definite 
time, and then removing it may, as before, be obtained by taking 
the differences of two curves relatively displaced. In this way the 
effect of the initial potential shown by the rectangle in a is shown 
in b,c, d, e, Fig. 101 for the times ‘2, *4, 6, 1'6 times the relaxation- 
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time, the dotted lines showing the wave as it would be if there were 
no resistance. The last figure, f, Fig. 101, shows the effect of short- 
ening the duration of a signal, the tail left bemg noticeably smaller. 


V, 


- Sia 


i eee Ke Se P 4 


Fie, 101. 


From these figures we may obtain an idea of the distance to 
which telephony is possible, if we know the relaxation-distance of 
the line. With ordinary land-lines the relaxation-distance is of 
the order of several hundred kilometers. This has made speaking 
possible between Boston and Chicago. Obviously it is of importance 
to make the relaxation-distance d=v.2L/R as great as possible. 
by making the distance between the wires great, and using large 
copper wires. 


256. Terminal Conditions. In the preceding examples we 
have considered the line to be without end. In many practical 
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cases we wish to know what goes on in a line of finite length, when 
the ends are connected, to any electromagnetic systems whatever, 
both when the systems are left to themselves and when electro- 
motive-forces are applied. Space is lacking for more than the 
briefest possible treatment of this matter, which is very fully 
treated in Heaviside’s papers on wires to which reference has 
already been made. 


The method of procedure is the same in every case. 
We shall make use of the equations 


av av av 


(1) KL 3p +KR =o) 
Let us seek particular solutions of the form 

(3) Veeruce), [=e wa). 
Inserting in (1) we have 

(4) (KIN + KB) u=S, 

and if we put 

(5) KIn24 KRN=— pt, 

we have the equation for w, 

©) ws neu = 0. 


The solution of this is 
(7) u=A cospx+ B sin pa, 


where A and B are constants to be determined. From (2) we 
obtain 
dw ‘ 
. ——_ =Kkhdu=KnX(A cos po + B sin po), 
(8) a 


waa (B cos wa — A sin px), 


The functions (3) are solutions of the differential equations 
whatever the value of X. The values of X that are admissible are 
determined by the terminal conditions. We shall take as an 
example one of the simplest cases possible. Let us suppose that 
at one end, where x= 1, the two wires are connected, while at the 
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other they are connected with the plates of a condenser of capacity 
K,. The conditions are then 


V=0, v=, 
(9) d VAR sere ee 
IE, Are 1G Pressly, 


Applying these to the solutions (3), (7), (8), we have 
A cos pl + Bsin pl = 0, 


ro} Kad =—=> B 
Eliminating A/B we obtain 

I1) t l= i) 

( joten pls 


a transcendental equation to determine w. This has an infinite 
number of roots, which may be real or complex. When these are 
determined, > is determined for each root by the equation (5). 
Thus we find that there are an infinite number of possible periods 
for the free vibration, corresponding to the n periods for a system 
with n degrees of freedom. The equation (11) corresponds to the 
determinantal equation of § 241 (10). The ratio B/A is determined 
by (10). The determination of the absolute value of the co- 
efficients depends on the initial conditions. 


Having found an infinite number of particular solutions, any 
root ws being distinguished by its suffix, the general solution is 


(12) V=>,e# (A, cos wet +B, sin p,2), 

where we sum for all the roots. If the ae is initially giver by 
(13) V= hie), t= 

we must have 


(14) F (a) =, (A, cos wv + B, sin po). 


The problem to be solved is then that of developing an 
arbitrary function of # in a trigonometric series of the form (14) — 
where the y,’s are the roots of a certain transcendental equation, 
namely (11). The problem is in general of considerable com- 
plexity, and we shall content ourselves with referring to Heaviside, | 
who has treated it at great length. 

If there is no condenser at #=0, but the circuit is open, » 
equation (11) is 

tan pl = 0 
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and the roots are 


(2s+1) 7 
(14) eee ap 
The series (14) then becomes 
(1s) F(a) =%, (4, Een EY, 


a Fourier’s series, with the even terms omitted. If R=0 we see 
by (5) that % is a pure imaginary, so that all the oscillations are 
harmonic. 

The wave-length Z is 

Al L 

or the length of the wires is an odd number of quarter wave- 
lengths. 

If on the other hand the capacity K, is infinite, we get 


(17) wtan pl =0, 

which is the same as if we had considered the circuit closed at the 
origin also, putting V = 0, for c= 0, from which (7) and the first of 
(10) would give 


sin pl = 0, 
(18) _ 87 _ al 
Lee as 


The length of the line is then a multiple of a half -wave---— 
length. The two cases correspond to the cases of an organ pipe 
open at one end and closed at the other,or closed at both ends. 

These conclusions have been verified by experiment. The 
above theory applies, for instance, to the experiments of Saunders 


- cited above. 


The method employed in this example is typical of the general 
process, for the terminal conditions, of whatever nature, are given 
in the form of an ordinary linear differential equation in the time, 
involving the derivatives of V and J. Applying this to our 
assumed solutions (3) introduces algebraic functions of X, so that, 
eliminating by means of (5), we obtain an equation of the form 


(19) tan pl = $ (4), 
where ¢ is an algebraic function. The case we have considered is 
the simplest case of this transcendental equation. 
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257. Equations for Bodies in Motion. All the equations 
of this chapter have been deduced on the supposition that all the 
media were at rest. In deducing their extension to the case of 
media in motion we shall follow the method of Hertz, as given in 
the last and crowning paper of his remarkable researches*. 


We shall suppose the media to be moving at every point with 
velocities v whose components at any point are a, B, y. The 
medium is not supposed necessarily to be moving like a mgid 
body—it may be deformed im any manner. At the surface of 
separation between two media, although the velocity may be 
discontinuous its normal component must be continuous, in order 
to preclude the occurrence of vacant spaces. The fundamental 
assumption made by Hertz is that as the medium moves or is 
distorted, the lines of force are carried by the medium so as to pass 
through the same material pots. That is, this would be the 
effect of the motion if it were the only influence at work to change 
the field. Besides this, we have the usual effects that appear in 
bodies at rest. 


Let ¥, 9, 3, %, M, N, represent the field at any point at rest 
with respect to the coordinate-axes. The total change in ¥ ata 
point in motion will depend on several causes, the first being the 
change that is instantaneously taking place at the fixed point 
through which the material point happens to be passing. This we 


shall denote by w . Secondly the point is displaced to new parts 


of the field where the forces are different. The sum of these two 
parts we shall call 


ae aX  a¥da  a¥dy , o¥dz OF, a¥ ax 
) dt | an dt! dy dt oe dt ob +d Ft Pag + Vag: 


If a small element normal to the X-axis of area dS were 
displaced parallel to itself, the flux through it would vary as just 
stated. But if the element rotates, it takes in new amounts of 
flux. At the start the flux through it was ¥dS, but as it turns, 
it acquires a projection normal to the Y-axis at the rate a 
sequently its flux in the positive direction decreases from this 


con- 


* “Ueber die Grundgleichungen der Elektrodynamik fiir bewegte Kérper.” 
Wied. Ann. 41, p. 369, 1890; Trans. p. 241. 
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cause at the rate Y = and in the same manner from its Z-projection 
at the rate 3 a But the area of the X-projection of the element 


is also increasing, at the rate ae in the Y-direction and a in the 


oy 


4-direction. From this cause the flux increases at the rate 
0B +o. 
. et 0z 


We have therefore to replace the term — aby in equations (A) by 


Ot 
the sum 
exe Ox ox ox OB | Oy da) 
ihe oo a sty +3 - ant San 


= oy * Gy BE- AD) -E (08 - eral OS. 


We have thus added in virtue of the motion two parts, the 
first of which is the component of the curl of the vector whose 
components are | 


yD) — B3, a3 - yk, BX - a), 


that is the vector product of the induction of the field and the 
velocity. The last term is the component of the velocity times 
the divergence of the induction. We may therefore abbreviate 
our equations which replace both (A) and (B) thus 


(A”) A 1 + curl Vu + v div § + srg} = Sanislyah, 


(B”) —A \F +curl VBvu + v div %| =curl J. 


We may interpret the meaning of the new terms physically 
thus. In the equation (B”) the term 


— Acurl VBu 


produces a part of curl ¥. Two vectors having the same curl 
differ only by a lamellar vector (§ 223). Consequently the motion 
gives rise to an electromotive force —-AVSv= AVv& perpen- 
dicular to the magnetic field and to the direction of the motion. 
This is the ordinary electromotive force of induction, and its mag- 
nitude may be specified as equal in any element of conductor 
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to the number of unit tubes of induction cut perpendicularly 
by the element in unit time. 


On the left of (A”) appears the term 


A ‘e + curl V§u + v div § + srg} 4 
consisting of, first, the ordinary conduction current q, as in § 222 
(2), second, the displacement current, as in equations (A), third, 
a new term equal to the product of the velocity by the density of 
electric charge. In other words a charge in motion produces the 
same effect as a current. This is verified by Rowland’s celebrated 
experiment*. The corresponding quantity in equation (B”) shows 
the known electromotive forces produced by the motion of magnets, 
and also explains the phenomena of unipolar induction. It is to 
be noticed that the theory makes the magnets carry their lines of 
force with them. 


The complete symmetry between electrical and magnetic 
phenomena may now be said to have been completely verified by 
experiment, with the exception of the second term of equation (A”) 
which would show the existence of a magnetic field due to the 
motion of insulating bodies in an electric field. The existence of 
such magnetic fields is made probable by an experiment made by 
Rontgent. 

The method of deducing the equations (A”) and (B”) may be 
applied even when our axes of coordinates are in motion, if a, B, y 
be the velocities relative to the axes, and e, wu, » refer to the points 
fixed with respect to the moving axes. Thus the mutual actions 
of bodies depend only on their relative motion. Some simple 
considerations of this nature elucidating the phenomena of uni- 
polar induction are found in a paper by the author in the Electrical 
World}, the statements there made being borne out by experi- 
ments by Lecher$. 


* Helmholtz, ‘Bericht betreffend Versuche iiber die elektromagnetische 
Wirkung elektrischer Convection, ausgefiihrt von H. A. Rowland.” Pogg. Ann. 
148, p. 487, 1876; Wiss. Abh. Bd. 1. p. 791. 

+ ‘Ueber die durch Bewegung eines im homogenen elektrischen Felde befind- 
lichen Dielektricums hervorgerufene electrodynamische Kraft.” Wied, Ann. 35, p. 
264, 1888. 

+ “Unipolar Induction and Current without difference of Potential.” Elec. 
World (N.Y.), 23, pp. 491, 523, Apr. 14—21, 1894. 

§ ‘‘ Hine Studie iiber unipolare Induction.” Wied. Ann. 54, p. 276, 1895. 
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258. Other Systems of Units. The systems of units that 
have been explained in this book are those in universal use. The 
electromagnetic system is the one altogether used in practical 
measurements, but as we have seen when considering the mutual 
effects of electrical and magnetic phenomena the Gaussian system 
is least liable to produce confusion. When only electrostatic 
phenomena are under consideration the electrostatic system is 
most convenient. 


A change of units has been proposed by Heaviside, who would 
define the unit of electricity and magnetism in such a way that 
the flux of force due to unit charge out from a closed surface in 
air should be unity in value, instead of 47. This would have the 
convenient effect of causing the disappearance of the factor 4ar 
from many of our equations, for instance from the equation 


San st Son = 4c, 
while the energy per unit volume would be 
4 (XX + YY + Z3), 
4(12 + MM+ NN). 


A practical advantage would be the disappearance of 47 in 
the formula connecting current-turns with magnetomotive-force. 
On the other hand the quantity 4 would be introduced in certain 
places where it is now absent. For instance the force at a distance 
r from a charged point m would be 


m 
4crer? 


It is rather singular that Maxwell adopted this method in his 
definition of electrical displacement, making the density equal to 
the divergence of the displacement, but did not do it in the case 
of the magnetic induction, nor even of the electric force. He was 

€ 
Ar 
force, and his equations have an unfortunate appearance of dis- 
symmetry. This has been avoided by Hertz, and in the present 
book, and it therefore seems merely a matter of convenience in 
writing whether we adopt Heaviside’s proposition or not. Heavi- 
side has called the new units rational, probably not because they 
are more reasonable than the old ones, but because of their avoid- 
ance in the majority of cases of the irrational number 47. Of the 


therefore obliged to make the displacement equal to times the 
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convenience of this there can be no question, but the question of 
units seems now to be beyond the control of theoretical writers*. 


A system of units has been proposed by Dr Johnstone Stoney, 
who advocates the choice of units so as to make the velocity v the 
unit of velocity. This would make the numerical measure of all 
quantities the same in both electrostatic and electromagnetic 
units, which would be convenient, but inasmuch. as the velocity v 
is not yet accurately known, the proposal is hardly practical. 


A table of dimensions of the principal electric and magnetic 
quantities is annexed, 


TABLE OF DIMENSIONS. 


Quantities. Dimensions. 


Fundamental Units. 


Length It 
Mass M 
Time fe 


Derived Units. 


Area LP? 
Volume TP 

Angle TI 

Solid Angle iby 
Velocity OTS 
Angular Velocity o he 
Acceleration LT 
Momentum MLTo 
Force MLT~ 
Pressure MI-T= 
Energy ML? Dae 
Activity or Power WME ALES 
Energy-Density MI“ T= 
Energy-Current-Density MT- , 


* Heaviside. ‘The position of 47 in Electromagnetic Units,” Nature, July 
28, 1892, p. 292; Papers, Vol. 1. p. 575. : 
+ B. A. Report, 1891. 


Electrical Units. 


Charge 

Volume- Density 
Surface-Density 
Moment 
Polarization 
Potential 
Field-strength 
Induction 
Induction-Flux 
Current 
Current-Density 
Capacity 
Resistance 
Conductance 
Inductivity 
Conductivity 
Resistivity 


Magnetic Units. 


Charge 
Volume-Density 
Surface-Density 
Moment 
Polarization 
Potential 
Field-strength 
Induction 
Induction-Flux 
Vector-Potential 
Inductance 
Reluctance 
Inductivity 
Reluctivity 


TABLE OF DIMENSIONS. 


gn, SIG Ue 

Mr? 7-18 MutT w 
ML? 7-12 MeL wt 
ML 7-18 MeT-t yt 
ML 7-126 ME pt 
MLIT-1é2 Mer  yn4 
ML 7-1.-3 ML 7-25 
MtEL-*T-1.-4 ML? 7-248 
MLtT-18 ML yt 
Mey 7-id MtL* pt 
MeL 7-23 MeL? Ti, -8 
MEL? 7-22 ML T-1,-3 
6 5 L-17? y-1 
Ib AEG Ue Bhan 
1h. Gk Se fi pre! 
re IG ree 
T-1¢ eT at 

(ore ars 
ML Py; MeL? Tl ys 
MeL" Ame ML? T-1,3 
MtL=? Ae MPL T-1,3 
ML eat MeL: T-1 3 
ME Tat ent Ms r-* 7-148 


MtL=? 3 

MD At 

ML «3 
Get 7T2 eo! 
Th, IR 
DATs eat 
i? T-%e 


M? L T-1y-3 
MeL T-1y-4 
MEL~* 7-13 
MeL T-iys 
WL Tips 
L a 
L-1 


Ou 
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TABLE OF COMPARATIVE NOTATION. 


This book. Maxwell. Kirchhoff. Helmholtz.* Heaviside. 


Electric Field LH, KOGG PQR XYZ A YZ E 
Electric Induction ®, 403 4nf4ag4rh 4nk4rV4r3 4nD 
Electric Current-density g, wow wow wow C 
Magnetic Field H, LMN aBy AYZ H 
Magnetic Induction %, £MM abe Arl4rM4rN B 
Vector Potential uVW 
belonging to vast FCGH FCGH OVW | Aller B 4D A 
netic induction 
Vector Potential of } POR LUN LYN 
magnetization f 
Polarization ABC ABC aBy Apulmn I 
Mechanical Force ZHZ POPE KOU INGO — NOWG 
Volume Density p p k 0,6) T p 
Surface Density c o hye -@ o 
Electrical Potential Wy V,¥ Vio p P 
Magnetic Potential Q Q Q, co) Q 
Electric Inductivity € K 1+47rk 1+4r7e, 4re é 
Magnetic Inductivity im pe 1+47, 4p pe 
Susceptibility K k k 6 
‘Conductance r C r k 
Capacity KG 
Resistance R 
‘Total Current IL 


* Helmholtz’s usage is variable, particularly as to the position of 47. 
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Note to § 199, 200. According to the equations (6) § 199, 
the force on an element of medium in an electric or magnetic field 
becomes infinite at the surface between two media of different 
inductivities, for there w is discontinuous. The layer in which 
this takes place is however infinitely thin, so that the total force 
on the surface is finite. We may find the force, as stated in § 199, 
by integrating throughout the space included in an infinitely thin 
layer containing the surface of discontinuity, as in § 85. We may 
also use the results of § 200, finding the components of the stress 
in both media by equations (8). The six components X,, Y,, 
4, Yz, 4,, X,, will in general have discontinuities at the surfaces 
of discontinuity of w, and the forces on the unit of surface are 
equal to these discontinuities. For instance let us consider a 
surface bounding a medium of inductivity »., surrounded by a 
medium of inductivity ,, the surface being such that the lines of 
force are normal to it in both media. Then taking the direction 
of the normal to a certain element for that of the X-axis, we have 
in the medium 1, 


(1) X= 5 OF, Yy=2,=V,=2.=Xy=0, 

the force being a tension. In the medium 2 we have 
il 

(2) De = = Solo 


The two tensions being in opposite directions on the two sides 
of the surface, the resultant force acting on unit of surface is the 
difference, 


a 1 
(3) T= ane (GL, aa F,), 


i W.E. 36 
Be 
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acting towards the medium 1. But since the induction is con- 
tinuous, we have 4 = §, and the force becomes, 


1a Kad? 
F-F, ae ! =) is habay 
(4) ry 2) = eo aie eens 
We may also obtain the formula (4) in a simple manner by 
considering the energy-density in the two media. This is in the 
media | and 2 
Ohne ios so 
one an Sale respectively. 


If now we consider the surface displaced normally a distance 
dn toward the medium 1 the prism standing on the element dS 
exchanges its energy 


e dSdn, 
ST py 


for the amount 


a dSdn, 
87 fl 


so that there is a loss of energy 
vw \ _ =| isan 
Sar (be 


during the motion through the distance dn. Accordingly the 
force on the element dS is that given by (4) towards the medium 
1*, If there is areal charge on the surface, so that the induction is 
discontinuous, we have 


() T= —- (iF — BF) 
and if u,= f, this becomes 
(6) T =e (Ff, + F,). 


This is exemplified in § 147. 


As a second particular case, let us consider a surface of discon- 
tinuity at which the induction is tangential. Then we have in the ~ 
medium 1 the pressure 


* The deduction given by Maxwell, art. 440, is only approximate, lacking the ~ 
factor wu. in the denominator. 
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and in the medium 2 the pressure 


1 
ie pl Sa OL, Qo 
in the opposite direction. 


There is accordingly on the element of surface the difference of 
pressure 


(7) = ee (SF, a bP), 


acting towards the medium 1. If the two media lie side by side 
between the plates of a plane condenser we have /' the same in 
both media, so that the pressure is greater in the medium for 
which yw is greater, and the surface is impelled towards the other 
medium. This has been verified by Quincke*, who blew a large 
bubble of air into a liquid contained between the plates of a con- 
denser, and observed the additional pressure necessary to be given 
the air in order to resist the pressure due to the fluid. Quincke 
also verified the tension in the direction of the lines of force by 
filling an absolute electrometer with liquid. The stresses in 
magnetized media have been similarly verified by experiments by 
Quincke+ and Taylor Jonest. 

Upon the principle of the sidewise force Mr A. P. Wills has 
founded an accurate method for determining « for substances in 
which it is extremely small, both for magnetic and diamagnetic 
substances, by observing the attraction or repulsion on a slab with 
its edge in a uniform field. 


* Quincke, ‘‘ Hlectrische Untersuchungen,” Wied. Ann. x1x, p. 705, 1883. 


+ Ibid. xxtv. p. 347, 1885. 
+ Jones, ‘“‘On Electromagnetic Stress,” Phil. Mag. xxx1x. p. 254, 1895. 
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Absolute electrometers, 281 

» value, 2 
Absorption, electric, 402 
Acceleration, definition of, 94 

aa unit of, 99 

Action and reaction, 96 
Activity, equation of, 125 

3 “A ,», for steady flow, 334 

A of circuit, 479 
Addition, geometric, 9 
Adiabatic changes, 470 

on motion, 133, 134 
Africa, 536 
d’Alembert’s Principle, 107 
Algebraic function, 14 
Ampére, 409, 412, 416, 431, 449, 471 

“4 unit, 416 
Amphigenic charge, 260 
Amplitude of oscillation, 479 
Angle, solid, 76 
Apparent charge, 359 

hs current, 443 
Argand, 8, 79 
Argument of complex number, 8 
Arithmetic, 1 
Arithmetical mean, 39 
Arons, 399, 400, 407 
Association, British, 416 
Associative law, 1 
Attenuation of waves, 546 
Axioms, physical, 95 
Axis of polarized distribution, 242 


Bacharach, 171 
Bedell, 479 

Beltrami, 199 
Begsel’s functions, 545 


Betti, 256 

Bichat, 282 

Biot, 420 

Blondlot, 282, 534 

Bliimcke, 502 

Body in motion, equations for, 555 
du Bois, 375 

du Bois-Reymond, 41 

Boltzmann, 139, 142 

Bosanquet, 360 

Boston, 550 

Bound charge, 246 

Boussinesq, 66, 522, 540, 541 
Bowl, spherical, distribution on, 302 
Boynton, 548 

Branch-point, 89 

Bridge, Wheatstone’s, 342 

British Association, 100, 416 


Cable, submarine, 534 
Cadmium ray, wave-length of, 97 
Calculus of variations, 48 
Capacity, 265, 360 
<5 of cylindrical condenser, 278 
. of ellipsoid, 274 
a and inductance, neutralization 
of, 480 
a instantaneous, 404 
* of plane condenser, 279 
specific inductive, 357 
“ of spherical condenser, 275 
Cavendish, 251 
Cavity, force in, 231 
Cayley, 85 
Centimeter, 97 
Centrifugal force, 138 
Centrobaric body, 155 
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C.G.S. system, 100 
Changes, isocyclic and adiabatic, 470 
Charge, amphigenic, 260 
» apparent, 359 
Bs bound and free, 246 
» induced, 360 
aa instantaneous, 404 
8 monogenic, 260 
3 relation to induction, 358 
Chasles, 165 
hi theorem of, 208 
Chicago, 416, 550 
Circuits, linking of, 410 
5 primary and secondary, 475 
3 rectangular, 455 
Circular circuits, 456 
‘3 harmonic functions, 87, 179 
development 
in, 181 


” 2? ” 


Clairaut, 101 
Clifford, 56 
Coefficients of induction, 265, 450 
i of potential, 266 
ni of potential and induction, 
properties of, 268 
Coercive force, 394 
Cohn, 399, 400 
Coil, toroidal, 451 
Coils, induction, 453 
Comité international des poids et me- 
sures, 97 
Commutative law, 1 
Complex numbers, 4 
in extended sense, 5 
multiplication of, 79 
variable, function of, 
80 
function of, on 
surface, 196 


” ” 


” ” ” 


Component, 9 
Concealed motions, 127 
Concentration, 65 
~ of potential, 152 

Condensers, 277 

5 circuit containing, 484 

5 conducting, 401 

x cylindrical, capacity of, 279 

a discharge of, 401 

ong spherical, capacity of, 275 
x standard, 280 
“3 with two dielectrics, 402 


INDEX, 


Condition, equations of, 92 
Conditions, terminal, 550 
Conductance, 333 
Conduction, electrification by, 245 
Conductivity, 326 
Conductor, carrying current, forces on, 
426 
of definition of, 245 
Conductors, energy of systems of, 266 
5h heat developed in, 333 
A linear, 336 
Pr mechanical forces on, 440 
A networks of, 337 
46 non-linear, 344 
5 in parallel and series, 336 
% propagation in, 522 
5 steady flow in, 325 
Cone, potential of, 158 
Confocal ellipses and hyperbolas, 319 
* quadrics, 28 
Conformal representation, 83, 199 
of sphere on plane, 
200 
», in two-dimensional 
problems, 307 
Conjugate functions, 82, 85 
Connectivity, 59 
Conservation of Energy, 110, 125 
Conservative systems, 110 
Constraint, equations of, 103 
Continuity, 17, 81 
Coordinates, 21 
cyclic, 128 
Fr, cylindrical, 26 
¥ ellipsoidal, 27 
generalized, 116 
= orthogonal, 21, 83 
5 polar, 26 
re positional, 132 
dp semi-polar, 26 
Correction for end of wire, 346 
Coulomb, 251, 257, 352 


” ” 


” 


af unit, 416 
Couple experienced by polarized ellip- 
soid, 370 


» hysteresis, 397 
», moment of, due to polarization, 
227 
Critical point, 89 
Curl, 53, 57 
Current, apparent, 443 


— 


INDEX. 


Current, displacement, 506 
ap element of, force due to, 422 
an equivalent to magnetic shell, 412 


Ae extra, 471 

os force due to straight, 420 

a forces on conductor carrying, 
426 

i. induced, 471 

7% linear, force due to, 421 


“3 magnetic energy of field of, 436 
‘5 magnetic force due to, 409, 436 
35 potential due to, 410 

3 potential due to circular, 418 
o total, 407, 508 


30 virtual and effective, 479 
Current-sheets, cylindrical, 349, 454 
op magnetic field dueto, 449 


Currents, circular, 456 
a, as cyclic systems, 439, 467 
oH energy of, 428 
5 and magnets, mutual energy 
of, 444 
is non-linear, 432 
‘5 in parallel cylinders, 457 
7 in three dimensions, 432 
Curvilinear coordinates,Green’s Theorem 
in, 171 
Cyclic coordinates, 128 
» forces, 128 
» . momenta, 133 
» motions, 128 
» system, electrostatic analogy of, 
271 
systems of currents as, 
439, 467 
» systems, 132, 134 
», velocities, 128 
Cylinder, elliptic, polarization of, 373 
Cylinder, hollow, magnetization of, 375 
as », potential of, 158, 175 
Cylinders, eccentric, distribution on, 311 
electrification of concentric, 
278 
elliptic and hyperbolic, distri- 
bution on, 315 
parallel non-linear currents 
in, 457 
Cylindrical condenser, capacity of, 279 
current-sheet, 454 


” 39 


” 
” 


” 


29 


Damped oscillation, 486 
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Damping factor, 487 
Darboux, 193 
Decrement, logarithmic, 487 
Definite integrals, 36 
Demagnetizing factor, 375 
Density, 74 
Ae definition of, 144 
2 magnetic, 352 
” surface, 159 
Derivative, 17 
i in direction, 22 
p partial, 19 
p of potential function, 146 
Derived units, 98 
Development in circular harmonics, 181 
Hf in spherical harmonics, 191 
op of potential of polarized 
body in spherical har- 
monies, 240 
of reciprocal distance in 
spherical harmonics, 189 
Diagrams of lines of force, 201 
Dicyclic systems, 139 
Dielectric, 245 
conducting, 398 
constant, 357 
45 “ of slab, 365 
Dielectrics, condenser with two, 402 
Differential, perfect, 58 
Differential equations of motion, 97 
os parameter, 21, 64 
Differentiation of definite integral, 44 
Dimensions, of e, 418 
5 of electrical units, 251, 414 
PA of w, 367 
table of, 558 
at of units, 98 
Dirichlet, 12, 169, 183, 193, 212, 259 
principle of, 169, 171 
problem of, 169 
3 x for circle, 180 
fe A for sphere, 186 
Disc, potential of, 157 
i », in zonal harmonies, 193 
», repulsion of, 160 
Discontinuity, 17 
of derivative of potential, 
162 
Fa of potential of shell, 238 
Displacement, current, 408, 506 
electrical, 408 


” 


92 


99 


”? 


2 


2? 
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Dissipation of energy in hysteresis, 375 
Dissipation function, 125 
Distance, reciprocal, 75 
Distortion of waves, 546 
Distribution on ellipsoid, 273 

‘ on spherical bowl, 302 
Distributions, double, 226 

5f polarized, energy of, 239 
potential of, 

231 


9? ” 


Distributive law, 1 
Divergence, 66 
‘f of force, 154 
es theorem, 66 
for two dimensions, 
177 
in curvilinear coor- 
dinates, 173 
Double distributions, 228 
Doublet, potential of, 233 
Drude, 527 
Duane, 397, 534 
Duhem, 260 
Dynamics, 91 
Dynamo-machine, 453 
Dyne, 100 


” ” 


” ” 


Earth-plates, 345 
Kecentric cylinders, 311 
Effective current, 479 
Efficiency of transformer, 484 
Hlectrets, 389 
Electric field, 244 
Electrical equilibrium, 253 
* “fluid,” 248 
ae force, law of, 248 
i image, 294 
s » in sphere, 298 
33 inversion, 301 
- phenomena, 243 
quantities, dimensions of, 251 
iaieainielty: not incompressible, 248, 508 


an true, 358 
= unit of, 252, 366 
Electrification, 244 
ne theorems on sign of, 260 


Electrified sphere, energy of, 272 
Electrodes, 336 

Electrodynamic potential, 429 
Hlectrokinetic energy, 439 
Electrokinetics, 325 


INDEX. 


Electromagnetic field, dynamical theory 


of, 515 
* » equations of for 
media at rest, 509 
55 theory of light, 517 
05 units, 413 


Electromagnetism, equations of, 433 
Electrometer, Bichat and Blondlot’s, 282 
5 Lord Kelvyin’s, 281 

+ Quadrant, 284 
Electrometers, 281 
3 symmetrical, 283 
Electromotive force, 333 
of induction, 469. 
555 
» periodic, 477 
Electrostatic system of units, 252 
a theory of cable, 535, 549 
" units compared with prac- 
tical, 417 
Electrostatics, general problem of, 263 
% and magnetostatics, paral- 
- ' lel treatment of, 353 
Element of circuit, force on, 426 
» of current, force due to, 422 
Elements, parallel, attraction of, 431 
Ellipses and hyperbolas, confocal, 319 
Ellipsoid, capacity of, 274 
3 distribution on, 273 
x polarized, couple experienced 


9 ” 


by, 370 
a potential of, 210 
Ss - forinternal point, 
213 


3 of revolution, attraction of, 219 
polarization of, 
374 
A uniform polarization of, 369 
Ellipsoidal coordinates, 31 
0 homeeoid, 203 
Elliptic cylinder, polarization of, 373 
»,  eylinders, distribution on, 315 
Embranchment, point of, 338, 491 
End of wire, correction for, 346 
Energy, 91 
“7 conservation of, 110 
,, dissipation of in hysteresis, 395. 
- of distributions, 219 
FA electrokinetic, 439 
Fh equation of, 109 
5 in terms of field, 221 
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Energy, Gauss’s theorem of, 219 
» kinetic, 109 
5 magnetic, 352 
»  ofmagnetic field of currents, 436 
Bs maximum theorem for, 223 
9 mutual, of magnetsand currents, 
444 
2 mutual potential, 220 
a mutual, of two currents, 428 
m of polarized distributions, 239 
a of system of conductors, 266 
iY transfer of, 517 
D unit of, 111 
Holotropic media, 510 
Equation of activity, 125 
7 me for steady flow, 334 
= telegraphic, 533 
a aa general case of,540 
Equations of condition, 92 
oe of constraint, 103 
“1 differential, of motion, 97 
“A of electromagnetic field for 
media at rest, 509 
6 of electromagnetism, 433 
be of equilibrium of stressed 
body, 387 
ks of induction, 504 
re of lines of force, 194 
5 for moving bodies, 555 
# of propagation, 512 
Equilibrium, condition for, 104 
electrical, 253 
a of stressed body, 387 
Equipotential layer, 165 
5 layers as screens, 289 
3 surface, 145 
Equipotentials, condition for infinite 
family of, 204 
Eiverett, 101 
Ewing, 375, 394 
Extra-current, 471 


Factor, demagnetizing, 375 

Family of equipotentials, 204 

Farad, 416 

Faraday, 154, 243, 245, 251, 259, 335, 
382, 384, 389, 467, 469 

Feddersen, 488 

Field, electric, 244 
» energy in terms of, 221 


5, of current, magnetic energy of, 436 
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Field, magnetic, 351 
», due to polarization of sphere, 372 
» strength of, 144 
Field-magnet, 453 
Flow, steady, in conductors, 325 
5 variable, 398 
Flux of force through circuit, 440 
», Of vector, 68 
Flux-function, 195 
3 for magnetic induction, 
460 
Force, centrifugal, 138 
5, coercive, 394 
5, On conductor carrying current, 
426 
»  €lectrical, law of, 248 
5, electromotive, 330 
of induction, 469 
induction, lo- 
calized, 503 
equations of lines of, 194 
», flux of through circuit, 440 
» impressed, 97 
» Of inertia, 108 
» law of electrical, 248 
» lines of, 145 : 
» Magnetic, due to current, 409, 436 
»,  Mmagnetomotive, 453 
»» Mechanical, on element of cur- 
rent, 426 
», tubes of, 260 
» unit of, 100 
», unit tube of, 154 
Forces acting on polarized body, 381 
» elementary, various resolutions 
into, 430 
s, mechanical, on conductors, 440 
Force-function, 110 
5 Newtonian, 111 
Formulae, symbolic, 435 
Fourier, 98, 183, 326, 523 
series of, 183 
Fourier-Ohm law, properties of vectors 
obeying, 330 
Free charge, 246 
Freedom, degrees of, 92 
Frequency, 479 
Function, algebraic, 14 
7 analytic, 81 
5 of complex variable, 80; on 
surface, 196 
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Function, conjugate, 82, 85 
ay continuous, 17, 19 
4 dissipation, 125 
is Green’s, 290 
a harmonic, 65 
A holomorphic, 14, 88 
¥ homogeneous, 25 
A irrational, 14 
43 monogenic, 81 
"9 multiform, 13 
. of point, 20 
i rational, 14 
‘3 transcendental, 14 
5 uniform, 13, 81 
Functions, circular harmonic, 87, 179 
rs force-, 110 
Ps hyperbolic and circular, 317 
As reciprocal, 123 
+) spherical harmonic, 183 


Gauss, 8, 77, 100, 165, 199, 220, 238, 416 
» integral of, 77 
,, theorem of, 75 
», theorem on energy, 219 
Gaussian system of units, 367, 413, 414, 
418, 509, 557 
General problem of electrostatics, 263 
Generalized coordinates, 116 
. equations of Lagrange, 118 
Geometric addition, 9 
AS mean distance, 461 
= multiplication, 10 
* product, 11 
Gibbs, 153 
Glazebrook, 488 
Gram, 98 
Gray, 457 
» and Mathews, 545 
Green, 59, 164, 290 
» formulae of, 162 
for logarithmic poten- 
tial, 178 
» function of, 290 
for plane, 293 
» » for sphere, 295 
» problem of, 290 
,, theorem of, 59, 63 
for plane, 176 
in curvilinear coordi- 
nates, 171 
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Guard-ring, 281 


INDEX. 


Gyrostat, 129 


Hamilton, 6, 8, 25, 57, 116, 123, 124 
75 equations of, 124, 467 
Hamilton’s Principle, 116, 142 
Harkness and Morley, 18, 44, 171 
Harmonic functions, 65 
circular, 87, 179, 181 
development 
in, 181 
spherical, 183, 186, 
187, 188, 189, 191, 
240 
% oscillation, 479 
Harnack, 179 
Heat developed in conductors, 333 
Heaviside, 56, 153, 360, 390, 391, 392, 
393, 449, 479, 505, 508, 519, 524, 531, 
534, 536, 540, 545, 547, 551, 557 
Helmholtz, 56, 125, 128, 385, 355, 384, 
392, 418, 430, 435, 447, 448, 467, 469, 
472, 488, 556 
Helmholtz’s theorem, 433 
Hertz, 137, 392, 407, 418, 449, 505, 517, 
519, 524, 527, 530, 534, 554, 557 
Heterogeneous medium, effect of, 441 
Hollow cylinder, magnetization of, 375 
Holomorphic function, 14, 88 
Homeeoid, attraction of, 210 
ellipsoidal, 203 
Homogeneous function, 25 
Hopkinson, 394 
Hospitalier, 479 
Hyperbolas, orthogonal equilateral, 86 
Hyperbolic and circular functions, 317 
§ cylinders, distribution on, 
315 
Hysteresis, 393 
: couple, 397 
3 dissipation of energy in, 375 
55 loop, 394 
rn static, 394 
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Idiostatic method, 284 

Image, electrical, 294 
Pe A in sphere, 298 

Impedance, 479 

Impressed force, 97 

Indefinite integral, 41 

Index of refraction, 517 


Induced charge, 360 


INDEX, 


Induced current, 471 
Inductance, 450 
and capacity, neutralization 
of, 490 

Induction, coefficients of, 265 

as coils, 453 

a », high-frequency, 499 
definition of, 230, 356 
electrical machines, 286 
5 electrification by, 244 
electromotive force of, 469 


bed 


5 general equations of, 504 

5. Hertzian, 391 

i localized electromotive force 
of, 503 


A Maxwellian, 390 
particular cases of, 471 
is relation of charge to, 358 
Inductive capacity, 357 
Inductivity, 357 
Inertia, 91 
> definition of, 95 
s forces of, 108 
» moment of, 130 
Infinite integrand or limit, 43 
straight current, force due to, 
420 
Infinitesimal, 16 
are, area, and yolume, 34 
transformation, 49 
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Infinity, 16 
Influence, electrification by, 244 
Instantaneous capacity, 404 

charge, 404 
Insulators, 245 
Integrability, 37 
Integral, 36 
definite, 36, 46 
double and multiple, 45 
of function of complex vari- 

able, 88 
indefinite, 41 
rd line-, 50 
p surface-, 50 
Integral form of Ohm’s law, 332 
Intrinsic polarization, 389 
Heaviside’s treat- 
ment of, 391 
Invariant of transformation, 309 
Inverse points, 295 
Tron, hard, 389 
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Irrational, 2 

5A algebraic, 4 

9) function, 14 
Isocyclic changes, 470 

4; motions, 133, 134 
Ivory’s theorem, 216 


Jacobi, 69, 73, 173 
Jones, 517, app. 563 
Jordan, 193 

Joule, 416 

Joule’s law, 335, 469 


Kelvin, 240, 259, 281, 288, 298, 302, 357, 
382, 469, 471, 488, 535, 539 
» and Dirichlet’s Principle, 169 
Kelvin’s replenisher, 286 
Kilogramme prototype, 98 
Kinetic energy, 109 
» potential, 127 
‘5 theory of gases, 134, 399 
Kirchhoff, 326, 331, 337, 339, 488, 534, 
415 
Kirchhoff’s laws, 337 
Kohlrausch, 415 
“ KR-law,” 536 
Kronecker, 44, 171 


Lagrange, 108, 119, 123 
" equations of, 118, 467 
Lagrangian function, 118, 124 
An Fy modified, 127 
Lamé, 22, 64, 173 
Lamellar polarizations, 235 
. vectors, 59 
Laplace, 189, 192, 251 
Ae equation of, 68, 85, 148 
in spherical coordi- 
nates, 173 
cylindrical coordi- 
nates, 174 
mr operator of, 68 
Law, associative, 1 
» commutative, 1 
» distributive, 1 
», Of electrical force, 248 
», of force, generalized, 354 
», doule’s, 335 
» Kirchhoff’s, 337 
»  KR-, 536 
» Lenz’s, 137, 471 
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Law of motion, Newton’s, 95, 96 
Layer, equipotential, 165 
Layers, equipotential, as screens, 289 
Leakage, magnetic, 482 
Lecher, 556 
Legendre, differential equation of, 189 
~ polynomial of, 188 

Length, unit of, 97 
Lenz, 467, 471, 476 

ay yetoliy Wey, CUAL 
Level sheet, 58 

», surface, 20 
Leyden jar, 488, 490, 499 
Light, electromagnetic theory of, 517 
Limits, 2 

», of functions, 14 
Linear conductors, 336 

* ‘a resistance of, 343 

» current, force due to, 421 
Lines of force, 145 

™% » equations of, 194 
Linking of circuits, 410 
Lipschitz, 302 
Lodge, 488, 490, 511 
Logarithm, 89, 90 
Logarithmic decrement, 487 

3 ’ potential, 175 
50 transformation, 322 


Machines, electrical induction, 286 
Maclaurin, 209, 210 
Magnetic density, 352 
of energy, 352 
* field, 351 
. », due to current-sheet, 449 
r force due to current, 409, 436 
5p leakage, 482 
a potential, 352 
s a due to current, 409 
a resistance, 360 
* shell, current equivalent to, 412 
a solenoid, 352 
Magnetism, true, 358 
Hi unit of, 366 
Magnetization, 352 
- induced, of cylinder, 377 
of hollow sphere, 
378 
% residual, 389 
a uniform, of ellipsoid, 370 
of sphere, 371 
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Magnetomotive-force, 453 
Magnetostatics and electrostatics, paral- 
lel treatment of, 353 
Magnets, 226, 351 
and currents, mutual energy 
of, 444 
' permanent, 389 
Magnification, 84 
Map, 199 
Mascart, 457 
Mass, definition of, 97 
» unit of, 98 
Matter, 91 
Maximum or minimum of harmonic 
function, 154 
419 theorem for energy, 233 
Maxwell, 56, 59, 65, 67, 97, 139, 243, 
251, 302, 324, 339, 384, 399, 407, 420, 
431, 436, 439, 444, 446, 457, 461, 466, 
467, 481, 505, 506, 507, 508, 516, 517, 
521, 524, 557 
Mean, arithmetical, 39 
», distance, geometrical, 461 
» quadratic, 479 
,, theories of the, 41 
Mechanical force on conductor, 440 
on element of circuit, 
426 
Medium, action of, 354 
93 effect of dielectric, 247 
be eolotropic, 510 
heterogeneous, effect of, 441 
<a stress in, 384 
Megohm, 417 
Mendenhall, 159 
Mereator’s projection, 200, 350 
Métre prototype, 97 
Michelson, 97 
Microfarad, 417 
Minimum condition for equilibrium, 111 
in Dirichlet’s Prin- 
ciple, 170 
aa in Fourier-Ohm law, 331 
Models, mechanical, of induction, 13%, 
149, 477 
Modulus, 8 
Moment of polarized distribution, 242 
Momentum, generalized’ component of, 
121 
Monoeyclic system, 137 
Monogenic charge, 260 
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Motion, adiabatic, 133, 134 

» concealed, 127 

» Gyclic, 128 

,, differential equations of, 97 

»  isocyclic, 133, 134 
Multiform function, 14 
Multiplication, geometric, 10 
Multiplier, Jacobi’s, 69 

os undetermined, 105 

Muraoka, 407 
Mutual potential energy, 220 


Nabla, 25 
Nachwirkung, 394 
Networks of conductors, 337, 491 
Maxwell’s treat- 
ment of, 339 
Neumann, 179, 290, 429, 431, 467, 469, 
471 
Newton, 108, 203 
55 laws of, 95 
“A theorem of, 203 
Newtonian forces, 113 
ages law, electric, 251 
Nichols, 407 
Non-linear conductors, 344 
Notation, table of comparative, 560 
Numbers, complex, 4 
x imaginary, 5 
2 integer, 1 
i irrational, 2 
Numeric, 97 
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Oberbeck, 502 
Oersted, 409 
Ohm, 325 
» unit, 416 

Ohm’s law, 326, 332 
Operators, abbreviations for, 153 
Order, right-handed, 8 
Orthogonal coordinates, 21, 83 
Orthomorphosis, 85 
Oscillation, damped, 486 
electrical, 488, 491 
forced, and free, 489 
of function, 37 

35 harmonic, 479 
Oscillator, spherical, 527 
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Parallel, conductors in, 336 
Parallel elements, attraction of, 413 
Parallelogram, Wheatstone’s, 342 
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Parameter, differential, 21 
first, vector, 22 
second, scalar, 64 


Paris, 97, 416 
Path, dependence of integral on, 53 
Pendulum, gyroscopic, 131 
Period, 479 
Periodic electromotive force, 477 
Permanent magnets, 389 
Permeability, 357 
Permittance, 360 
Physics, axioms of, 95 
a definition of, 91 
os mathematical, 91 
Picard, 56, 171, 179, 183, 540 
Planes, parallel, distribution on, 279 
Pockels, 523 
Poincaré, 527, 530, 533, 540, 545 
Point, branch or critical, 88 
Point-function, 20 
5 charge in sphere, 366 
Poisson, 193, 515 
a equation of, 152 
P for logarithmic potential, 178 
3 for surface, 162, 169 
Poisson’s theory of induction, 368 
Polarization, 361 
a of ellipsoid, 370 
i intensity of, 228 
43 intrinsic, 389 
aA Heaviside’s treat- 
ment of, 391 
a lamellar, 235 
a solenoidal, 235 
% of sphere, 371 
ss » field due to, 372 
A uniform, 368 
potential due to, 
234 
Polarized body, 226, 228 
3 distributions, energy of, 239 
- forces on, 381 
3 potential of, 231 
Fa 5 development of, 240 
es shells, 236 
Positional coordinates, 132 
Potential function, characteristics of, 154 
coefficients of, 266 
completely defined by 
characteristic pro- 
perties, 167 
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Potential function, definition of, 144 
of cone, 157 
of cylinder, 158 
of dise, 157 
of ellipsoid, 210 
of polarized distribu- 
tion, 231 
Potential due to circular current, 418 
due to uniform polarization, 
234 
% electrodynamic, 429 
. energy, 110, 114 
re kinetic, 127 
- logarithmic, 175 
3 magnetic, 352 
A mutual, 220 
mS vector, 433 
ns zero, 259 
Pot, operator, 153 
Power absorbed by circuit, 479 
Poynting’s theorem, 517 
Practical system of units, 416 
Pressure, 385 
Bs perpendicular to lines of force, 
388 
Principle, d’Alembert’s, 107 
#5 Hamilton’s, 116 
re Kelvin and Dirichlet’s, 169 
Primary circuit, 475 
Probability integral, 537 
Problems, Dirichlet’s, 169 
bs Green’s, 390 
Problems, uniplanar, 308 
Projection, Mercator’s, 200, 350 
$ stereographic, 201 
5 of vector, 9 
Propagation in conductor, 522 
es of disturbance, 515 
es equation of, 512, 515 
Pupin, 490, 510 


Quadrant electrometer, 284 
Quadratic mean, 479 
Quaternion, 7 

Quincke, app. 563 


Radiant vector, 519, 522 
Rational functions, 14 

5 numbers, 1 

i units, 557 
Rayleigh, 125, 139, 347, 502, 524 
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Reactance, 479 
Reaction, 96 
Reciprocal distance, 75 
development of in 
spherical har- 
monics, 189 
35 functions, 123 
PA theorem in electrostatics, 266 
Rectangular circuits, 455 
Reflection by conductor, 525 
Refraction, index of, 517 
¥ of lines of flow, 327 
Relaxation-distance, 524 
3 -time, 399 
ne 5, of induced current, 472 
Reluctance, 369, 453 
Replenisher, 246, 286 
Representation, conformal, 83 
,», electric application, 
307 
Residual magnetism, 389 
Resistance, 333 
4 of linear conductor, 343 
ee magnetic, 360 
Resistivity, 326 
Resolutions, various, into elementary 
forces, 430 
Resolved part, 9 
Resonance, 488, 499, 501 
Resultant, 23 
Riemann, 82, 171, 183 
Right-handed order, 8 
Roéntgen, 556 
Rotation of vector, 56 
Routh, 125, 502 
Rowland, 407, 556 
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Sachse, 183 
Sardinia, 536 
Saturation, intensity of, 393 
Saunders, 534, 553 
Savart, 420 
Scalar product, 10 
Scalars, 9 
Schiller, 488 
Secondary circuit, 475 
Series, 97 
5, conductors in, 336 
» trigonometric, 179 
Sheet, current, 349 
» vector, 199 
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Shells, polarized, 236 
Singular point, 17 
Slab in uniform field, 364 
Soap-bubble, electrified, 272 
Solenoid, magnetic, 352 
a polarized, 235 
Solenoidal property of induction, 230 
5 polarizations, 235 
+ vectors, 66 
Solid angle, 76 
potential of shell propor- 
tional to, 238 
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Somoff, 173 
Specific inductive capacity, 357 
Sphere, attraction of, 157 
» hollow, magnetization of, 378 
> potential of, 155 
» uniform polarization of, 371 
Spheres, concentric, electrification of, 275 
Spherical bowl, distribution on, 302 
en harmonic, 183 
axis of, 187 
development in, 191 
development of po- 
tential of polarized 
body in, 246 
forms of, 186 
a fi zonal, 188 
5 oscillator, 527 
Spin, 56 
Standard condensers, 280 
Steinmetz, 479 
Stokes’s theorem, 53 
Stoney, 557 
Strength of field, 144 
a of polarized shell, 238 
Stress in medium, 384 
Submarine cable, 534 
Surface-distributions, 159 
.,  -tension, 272 
Susceptibility, 367 
Symbolic formulae, 435 
Symmetrical electrometers, 283 
Systems of conductors, flow in, 327 
», conservative, 110 
» of currents ascyclicsystems, 467 
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Tannéry, 44 

Taylor’s theorem, 49, 181 
Telegraph, theory of, 535 
Telegraphic equation, 533 
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Telegraphic equation, general case of, 540 
Telephone circuits, 459 
Telephonic speaking, possibility of, 546 
Telephony, long-distance, 536 
Tension, 385 
% along lines of force, 388 
Tensor, 8 
Terminal conditions, 550 
Tesla, 499, 502 
Tetrahedron, equilibrium of infinitesi- 
mal, 386 
Theorem, du Bois-Reymond’s, of the 
mean, 41 
a Chasles’s, 208 
ue divergence, 56 
r Gauss’s, 75 
or 59 on energy, 219 
35 Green’s, 59, 63 
3 Helmholtz’s, 433 
a Ivory’s, 216 
+ Maclaurin’s, 209 
on maximum, for energy, 223 
39 Newton’s, 203 
ry reciprocal, in electrostatics, 
266 
9 Stokes’s, 58, 56 
. Taylor’s, 49, 181 
Theorems on sign of electrification, 260 
Thomson, 171, 240, 488 
Thomson and Tait, 95, 132 
Thomson, Elihu, 399 
Thomson, J. J., 189, 381, 444, 483, 502, 
519, 527, 531 
Time, relaxation-, 399 
>, unit of, 98 
Tore, 451 
Toroidal coil, 451 
Total current, 407, 508 
Traction, 385 
Transcendental function, 14 
Transformation of curve, 48 


An infinitesimal, 49 
S logarithmic, 322 
Transformer, 481, 483 
3 efficiency of, 484 


Transverse undulations, 521 
Trigonometric series, 179 
Trowbridge, 534 

True electricity and magnetism, 358 
Tubes of force, 260 

unit, 154 


ced 39 
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Undulations, transverse, 521 
Uniform function, 13 
op polarization, 368 
Uniplanar problems, 308 
Unit of acceleration, 99 
,, of electricity, 252, 366 
,, of force, 100 
, of length, 97 
,, of magnetism, 366 
,, of mass, 98 
», of time, 98 
,, Of velocity, 99 
,, tube of force, 154 
Units, absolute, 100 
,, derived, 98 
,, dimensions of, 98 
,, electrical, 414 
;, electromagnetic, 413 
, electrostatic compared with prac- 
tical, 417 
;, Gaussian, 367 
5, practical, 411 
», Yational, 557 
;, various systems of, 557 


Value, absolute, 2 
Variable, complex, function of, 10, 196 
Variable flow, 398 
Variation of multiple integral, 73 
Variations, calculus of, 48 
Vector potentials, 433 

» product, 11 
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Vector, sheet, 199 
» radiant, 519, 522 

Vectors, 9 
a addition of, 9 
3 lamellar, 57 
7 multiplication of, 10 
a obeying Fourier-Ohm law, 330 
A solenoidal, 66 

Velocity, definition of, 93 
5 generalized component of, 117 
3 of propagation, 515 
os unit of, 99 

Virtual current, 479 

Volt, 416 

Vortex motion, 435 


Warburg, 394 
Water, dielectric constant of, 402 


Watt, 416 
Wave-length, 524 
i as standard of length, 97 


Waves, plane, 519 

Weber, 415, 416, 431 

Weierstrass, 18, 171 

Wheatstone’s bridge, 342 

Wien, 519 

Wills, 397, app. 563 

Work, 102 
»,  indisplacement of conductors, 269 
» virtual, 103 : 


Zero potential, 259 
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